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PREFACE. 



In presenting a revision of tbeit " Plane and Solid Geom- 
etry " (Boston, 1896), the authors feel that an explanation of 
its distinctiTe features may be of service to the teacher. 

It is Bometimes asserted that, we should break away from 
the formal proofs of Euclid and Legendre and lead the student 
to independent discovery, and so we find text-books that give 
no proofs, others that give hints of the demonstrations, and 
still others that draw out the demonstration by a series of 
questions which, being capable of answer in only one way, 
merely conceal the Euclidean proof. But, after all, the 
experience of the world has been that tha best rwulte are 
secured by setting forth a minimum of 'formal proofs as 
models, and a maximum of unsolved or unproved propositions 
as exercises. This plan has been followed by the authors, 
and the success of the firat edition has abundantly justified 
their action. 

There is a growing belief among teachers that such of the 
notions of modem geometry as materially simplify the ancient 
should find place in our elementary text-books. With this 
belief the authors are entirely in sympathy. Accordingly 
they have not hesitated to introduce the ideas of one-to-one 
correspondence, of anti-parallels, of negative magnitudes, of 
general figures, of prismatic space, of similarity of point 
systems, and such other concepts as are of real value in the 
early study of the science. All this has been done in a cod- 
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Bervative way, and such material as the first edition shoved 
to be at all questionable has been omitted from the present 
revision. 

Within comparatively recent years the question of methods 
of attack has interested several leading writers. Whatever 
has been found to be usable in elementary work the authors 
have inserted where it will prove of most value. To allow the 
student to grope in the dark in his efforts to discover a proofs 
is such a pedagogical mistake that this innovation in American 
text-books has been generally welcomed. Upon this point 
the authors have freely drawn from the works of Petersen of 
Denmark, and of RoucW and de Comberousse of France, and 
from the excellent treatise recently published by Hadamard 
(Paris, 1898). 

With this introduction of modem concepts has necessarily 
come the use of certain terms and symbols which may not 
generally be recognized by teachers. These have, however, 
been chosen only after most conservative thought. None is 
new in the mathematical world, and all are recognized by the 
leading writers of the present time. They certainly deserve 
place in oui elementary treatises on the ground of exactness, 
of simplicity, and of their general usage in mathematical 
literature. 

The historical notes of the first edition have been retained, 
it being the general consensus of opinion that they add 
materially to the interest in the work. For teachers who 
desire a brief but scholarly treatment of the subject the 
authors refer to their translation of Fink's "History of 
Elementary Mathematics" (Chict^o, The Open Court Pub- 
lishing Co., 1899). For the limitations of elementary geom- 
etry, the impossibility of trisecting an angle, squaring a 
circle, etc., teachers should read the authors' translation of 
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Klein's valuable work, "Famous Problems of Elementary 
Geometry" (Boston, Ginn & Company). 

It is impossible to make complete acknowledgment of the 
helps that have been used. The leading European text-books 
have been constantly at hand. Special reference, however, is 
du,e to such standard works as those of Henrici and Treutlein, 
" Lehibuch der Elementar-Geometrie," the French writers 
already mentioned, and the noteworthy contributions of the 
recent Italian school represented by Faifofer, by Soeci and 
Tolomei, and by Lazzeri and Bassani. 

Teachers are urged to consider the following suggestions in 
using the book : 

1. Make haste slowly at the beginnii^ of plane and of solid 



2. Never attempt to give all of the exercises to any class. 
Two or three hundred, selected by the teacher, should auf&ce. 

3. Require frequent written work, thus training the eye, the 
hand, and the logical faculty blether. The authors' Geometry 
Tablet (Ginn & Company) is recommended for this work. 

W. W. BEMAN, Ann Arbor, Mich. 
D. B, SMITH, Bbockpobt, N. Y. 
JuNB 15, 1999. 
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PLANE GEOMETRY. 



INTRODUCTION. 
1. ELBHENTABT DBFIHITIOnS. 

h la Arithmetic the student has considered the science of 
numhers, and has found, for example, that a number which 
ends in 6 or is divisible by 5. 

In Algebra he has studied, among other things, the equation, 
and has found that if ^x — 1 = 5,x must equal 12. 

In Geometry he ia to study form, and he will find, for 
example, that two triangles must necessarily be equal if the 
three sides of the one are respectively equal to the three sides 
of the other. 

Before beginning the subject, however, there are certain 
terms which, although familiar, are used with such exactness 
as to require careful explanation. These terms are solid, sur- 
face, line, angle (with various kinds of eaeh), and point. As 
with most elementary mathematical terms, such as number, 
space, etc., it ia difficult to give them simple and satisfactory 
definition. Explanations can, however, be given which will 
lead the student to a reasonable understanding of them. 

2. The space with which we are familiar and in which we 
live is evidently divisible. Any limited portion of space is 
called a solid. 

In geometry no attention ia given to the substance of which 
the solid ia composed. It may be water, or iron, or air, or 
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That which separates one part 
ining part is called a point. 
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wood, or it may be a vacuiun. Indeed, geometry conaidera 
only the space occupied by the substance. This space is called 
a geometric solid, or simply a solid, while the substance ia called 
a physical solid. Thus, a ball is a physical solid ; the space 
which the ball occupies is a geometric solid. 

3. That which separates one part of apace from an adjoin- 
ing part is called a anrface. So we speak of the surface of a 
ball, the surface of the earth, etc. 

4. Every surface is divisible. That which separates one 
part of a surface from an adjoining part is called a line. 

5. Every line ia divia: 
of a line from an adjoi 

A point is not divisible. 

Thus, in the figure the surface of the block eeparates the apace occu- 
pied by the hlock from all the rest of space. This surface is diviaible in 
man; ways ; for example, it ia divided into 
o parts by the line passing from A through 
B and C and back to A. TIub line is divisible 
In many ways ; for example, it is separated 
o tiaee parts by tlie points A, S, O. Is the 
case of a line that retnms into itself, — i.e. a 
closed line, like the one just mentioned, — tiBO points are necessary com- 
pletely to separate one part from the other. 

It is impossible to draw mechanically a geometric line. A 
chalk mark, a thread, a fine wire, an ink mark, are all very 
thin physical solids used to represent lines ; for this purpose 
they are very helpful. So, too, a dot may be used to represent 
a point, and a sheet of paper may be used to represent a surface, 
although each ia really a physical solid. 

6. The preceding definitions start from the solid and take 
the surface, line, and point in order. It is also possible to 
atart vrith ih^ point and proceed in reverse order. 

The point is the aimplest geometric concept ; it has position, 
but not magnitude. 
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A moving point describes a line. 

This ma; be repreaented by a pencil point moving on a piece of paper. 
A moving line describes, in general, a miface. 
This may be repretented by a crayon lying flat against the blackboard, 
How may a line move bo as not to describe a 

A moving surface describes, in general, a Mild. 
Thus, the sm;lace of a glass of water, i 
describe a solid. How may a surface m 

7. Through two points any number of lines may be imagined 

to pass. 

For example, tbrough the points P|, Pj X l?^^^--''^ ""^ 'v^ i 

(read "P-one, P-two") the Lues g. "^^ ^^ ^*^ 

may be imagineil to pass. 

A straight line is a line which is determined by any two of 
its points. 

In the figure, » represents a straight line, for, given the points Pi, Pi 
on the line, ite position is fixed ; it is determined. 

But q and r do not represent strught lines, because Pi and Pi do Mot 
determine them. 

The word line, used alone, is to be understood to refer to a 
straight line. 

The expression straight line is used to mean both an unlim- 
ited straight line and a portion of such a Une, In case of 
doubt, line-segment, or merely segment, is used to mean a 
limited straight line. 

As has been seen, a point is usually named \ij some capital 
letter. A segment is usually 

named by naming its end points, — ■ ■ ■ '—5— — 

or by a single small letter. 

In the annexed figure, AB, AC, SC, and o are marked off. 

Two segments are said to be eijual when they can be made 
to coincide. 
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8. If three points, A, B, C, are taken in order on a line, 
as in the preceding figure, then the line-aegment AC \R called 
the sum of the line-segments AB and BC, and AB is called the 
difference between AC and BC. 

9. If a point divides a line-segment into two equal s^- 
ments, it is said to bisect the line-segment and p 

is called its mid-point. 

A line is eaaily bisected by the use of a stiaight- 
edge and compasses, thus : 

With centers A and B, and equal radii, describe 
arcs intersecting at P and P'. J~ 

Draw PP". This bisects AB. 

The proof of this fact is given later, 

10. If a segment is drawn out to greater 
length, it is said to be produced. 

To produce AB means to extend it through B, toward C, la the second 
figure in § 7. To produce BA means to extend it through A , away from B. 

11. A line not straight, but made 

\^ up of straight lines, is called a broken 



12. Through three points, not in a straight line, any num- 
ber of surfaces may be imagined 
to pass. 

For example, through the points A, B, 
C the surfaces P and S may be imagined 



A plane surface (also called a plane) is a surface which is 
determined by any three of its points not in a straight line. 

In the figure, P representa a plane, tor it is determined by the points 
A, B, C. But S does not represent such a surface. 

A plane is indefinite in extent unless the contrary is stated, 
To proditce it means to extend it in length or breadth. 
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13. If two lines proceed from a point, they are said to form 
an angle, the lines being called the ums, and the point the 
vertex, of that angle. 

The sixe of the angle is independent of the length of the 
arms ; the size depends merely upon the amount of turning 
necessary to pass from one arm to the other. 

The methods of naming an angle will be seen from the 
Minexed figures. It is convenient to letter an angle around 
the vertex, as indicated by the arrows, that is, opposite to the 
course of clock-hands, or counter-clockwise. 




Angle 0. Angle AOB. Angle <i(. 

A line proceeding from the vertex, turning about it counter- 
clockwise from the first arm to the second, is said to turn 

through the angle, the angle being greater as the amount of 
turning is greater. 

14. If the two arms of an angle lie in the same straight 
line on opposite sides of the verteic, a stra^ht angle is 
said to be formed. If the angle still further increases, until 
the moving arm has performed a complete revolution, thus 
passing through two straight angles, a per^n is said to be 
formed. 

For practical purposes angles are measured in degrees, min- 
utes, and seconds. A 

perigon is said to eon- g ^ 

tain 360°. ^ * ® 

In general, if two lines "*<'^- ■ "'^>>t wgle- a perigon, or angle 

, - - , flO^, aslraighHuigle. of 360*. 

are drawn from O, two 

angles, each less than a perigon, are formed. Of these the 
smaller is always to be understood if "the angle at 0" is 
mentioned, unless the contrary is stated. 
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15. If a line turns through an angle, all points or line- 
s^ments through which it paaaea in its tumii^, except the 
vertex, are said to be within the angle. Other points or lines 
are either on the arms or without the angle. 

16. Two angles, ab, a'b', are said to be equal when, without 
chai^ng the relative position of a and b, angle ab may be 
placed so that a lies along a', and b along b'. 

This equality is keted by placing one angle on the other, the vertJcea 
coinciding. Then If the arms can be made to coincide, the angles ue 
equal, otherwise not. 

17. If three lines, OA, OB, 00, proceed from a conimon 
point 0, OB lying within the angle AOC, 
then angles AOB and BOO are called ad- 
jacent angles. Angle AOC is called the sum 
of the angles AOB, BOC. Either of the 
adjacent angles is called the difference be- 
tween angle AOC and the other of the adjacent angles. 

As two angles may be added, bo several may be added, 

18. If a line divides an angle into two 
said to bisect the angle and is called its 
bisector. 

In the anneiied figure, if angle AOY equals 
angle YOB, then 07 is the bisector of angle 
AOB. 

And, in general, to bisect any magnitude means 
to divide it into two equal parts. 

An angle is easily biseclad by the use of a 
straight-edge and compasses, thus : 

It AOB \s the given angle, mark off with the 
compasses OC equal to 0I>. 

Then with G and I) as centers and (77> as a 
radius draw two arcs intersecting at P and P*. 

The line joining P or P' with O is the required bisector. The proof 
of this fact is given later. 
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19. A right ai^le ia half of a straight angle. 

It follows from this definition that the sum of two riffht 

angles is a straight angle; and from the 
definitions of a straight angle and of a 
perigon, that the sum of two straight an- 
gles, or of four right angles, is a perigon. C 

It also follows that a straight angle 
contains ISC and a right angle contains 90°. 

20. If two lines meet and form a right angle, each line la 
said to be perpendiculAT to the other. 

Each is also spoken of as a perpendicular to the other. 
Thus, in the preceding figure, BO is perpendicular to CA, or 
is a perpendicular to CA. The segment FO is called the per- 
pendicular from P to CA, since it will presently be proved that 
it is unique ; that is, that there is one and only one perpendic- 
ular. is called the/oo( of that perpendicular. 

The word unique, meaning one and only one, is frequently 
used in mathematics. 

A line is easily drann perpeadicnlaf to another line by the aee of a 
Btr^ght.«dge and oonipasses. This is seen in the figure in g 9, where 
PP' is petpendioular to AB. 

21. An angle less than a right angle is said to be acute; one 
greater than a right angle but less than a straight angle is said 
to be obtuae ; one greater than a straight angle but less than a 
perigon is said to be reflex or convex. 

22. Two lines which form an acute, obtuse, or reflex angle 
are said to be oblique to each other. 

Acute, obtuse, and reflex angles are classed under the gen- 
eral term oblique angles. 

The meaning ot the expressions oUUjue lines, an obliqae, foot of an 
oblique, will be understood (rom § 20. 

Draw a flgnte representing acute, obtnse, and reflex angles, oIiiiqaB 
lines, an oblique from P to CA, the fool of an oblique. 
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23. Two angles are said to be complements of each other if 
their sum is a right angle. Two angles are said to be Bupple- 
ments of each other if their smn is a straight angle. Two 
angles are said to be conjugates of eaeh other if their sum is a 
perigon. 

If one angle is the complement of another, the two angles 
are said to be complemental or comple- 

Zmentartf. Similarly, if one angle is the 
supplement of another, the two angles are 
^ said to be supplemental or supple-mentary. 

/ Id the anneied figure, angles AOB and BOC 

/ are Eupplemenlal, also angles BOC and OOH, 

4) etc. 

24. If two lines, CA, DB, intersect at 0, as in the above 
figure, the angles AOB and COD are called Terticol or opporitd 
angles; also the angles BOC and DOA. 

Ezercisea. 1. How many degrees In a rigbt angle ? How man; 
minuWs ? How many seconds ? 

2. What is the complement of one-half of a right angle ? of one- 
fourth f 

3. How many degrees in the supplement of an angle of (a) 75° ? 
(b)90°f (0)160=? (d) 179°? 

4. AIbo in the complement of an angle of (a) 75° ? (b) 1° ? (c) 69° ? 
(d)46°? (e)90°? (f)0°? 

5. Also in the conjugate of an angle of <a) 270° ? (b) 180° ? (c) 359° ? 
{d)90°? (e) 1°? (f)3a(l°? 

6. Bran a figure showing that two str^ght lines determine one point ; 
also one showing that three striught tines determine, in general, three 

7. How man; degrees in each of the two conjugate angles which the 
hour and minui« hands of a clock form at 4 o'clock ? 

a If six lines, proceeding from a point, divide a perigon into six 
equal angles, express one of those angles (a) in degrees, (h) as a fraction 
of a light angle, (c) as a fraction of a straight angle. 
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2. THE DEHOIfSTKATIOIfS OF GEOMBTKT. 

25. The object of geometry is the investigation of trvthM con- 
cerning cambinations of lines and points, and of the methods 
of making certain constructions from lines and points. 

26. A propoidtion ia a statement of either a truth to be 
demonstrated or a construction to be made. 

For example, geometrj investigates ttiis proposition ; If two lineft 
Intersect, the vertical angles are equal. It also investigates the netbods 
of drawing a line perpendicular to another line, and Tarious other propo- 
sitions reqoiring some conBtruction. 

Propositions are divided into two classes — theorems and 
problems. 

A theorem is a statement of a geometric tnUk to be demon- 
strated. 

A problem is a statement of a geometric eoTistmction to be 
made. 

For example i Tbeoreh, If two Wn«« iniersect, the vertical angles are 
equal. — Problek, Kequired through a point in a line to draw a perpen- 
dieular to that line. 

27. There are a few geometric statements so obvious that the 
truth of them may be taken for granted, and a few geometric 
operations so simple that it may be assumed that they can be 
performed. Such a statement, or the claim to perform such 
an operation, is called a postulate. . 

The geometric operations thus assumed require the use of the 
straight-edge and compasses. The elraighl-edge and the eompaases are 
the only insframenis recognized in demerdary geometry. 

The postulates used in this work are set forth from time to 
time as required. At present three general classes suffice, 
as follows: 
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28. PoBtuUtes of tlie Stroiglit Line. 

1. Two points determine a straight line. 
This follows from tbe definition. 

2. Two straight lines in a plane determine a point. 

3. A straight line ■may be drawn and revolved about one 
of its points as a center so as to include any assigned point 
in space. 

4. A straight line-segment maybe produced. 

5. A straight line is divided into two parts by any one of 
its points. 

29. Postulates of the Plane. 

1. Three pm-nts not in a straight line determine a plane. 
This follows from the definition, 

2. A straight line through two points in a plane lies wholly 
in the plane. 

n an unlimited plane blackboard, 

3. Aplane may be passed through a straight line and re- 
volved about it so as to include any assigned point in space. 

4. A portion of a plane Tnay be produced. 

5. A plane is divided into two parts by any one of its 
straight lines, and space is divided into two parts by any 
plane. 

30. Postulate of Angles. 

All straight angles are equal. 

31. There are also a number of simple statements, of a 
general nature, so obvious that the truth of them may be 
taken for granted. These are called axioms. 

The following are the axioma most frequently used in geometry, and 
they are so important that they should he learned by number. 
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1. Things which are equal to the same thing, or to equal 
things, are equal to each other. 

That is, <1) ifA = B, and C = B, then A = C. Or, (2) il ^ = B, and 
B = C, and C = D, then A = D. 

2. If equals are added to equals, the sums are equal. 
That JB,\IA= B, and il C = D, then A + C =^ B + D. 

3. If equals are subtracted from equals, the remainders' are 
equal. 

That is, if .4 = B, and if C = I), then A - C = B - D. 

4. ^equals are added to uneqnals, the sums are unequal in 
t/te same sense. 



5. If equals are subtracted from iinequals, the reTnalnders 
are -unequal in the same sense. 

That iB,ilA= B, and it C ia greater than I>, then C — A ia greater 
than D-B. 

6. If equals are multiplied by equals, the products are equal. 
That is, il -i = B, and m ia any numher, then mA = mB. 

7: If equals are divided by equals, the quotients are equal. 
That ia, as in axiom 6, — = — ■ It will be aeen that axiom 6 covers 
axiom T, for m may l« a fraction. 

8. The whole is greater than any of its parts, and equals 
the sum, of all its parts. 

The latter part of this axiom is merely the definition oE whole. 

9, If three magnitudes are so related that the first is greater 
than the second, while the second is greater than, or equal to, 
the third, then the first is greater than the third. 

E.g. if ^ is greater than B, and if B ia greater than, or equal to, O, 
then A is greater than C. 
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33.- Symbols and Abbreviations. 

The following aie uaed in this work, and ai-e inserted here 
merely foi leferenoe, and not for memorizing : 



e.g. 


Latin, eixmpU gratia 
example. 


for 


-^ 


/, !, and fractional form, de- 
note division. 


i.e. 


Latin, id est, that is. 




= 






since. 




= 


U identical with, aeAB=AB, 




therefore. 






or coincides with. 


pL.ptS. 


point, points. 




^ 


is congruent to. 


rt. 


right. 




■^ 


is Himilar to. 


St. 


straighL 




:== 


approaches as a limit. 


ax. 


axiom. 




> 


is greater than. 


post 


postulate. 




< 


is less than. 


def. 






^ 


is not equal to. I.e. > or < . 


prop. 


proposition. 




> 


isnotgreat«rthan, j.«. =or<. 


th. 


theorem. 




< 


is not less than, I.e. = or >. 


pr. 


problem. 

corollary. 




X 


is perpendicular to, or a per- 
pendicular. 


BubBt. 


substitution. 




II 


is parallel to, or a paraUel. 


prel. 


preliminary. 






and so on. 


const, 
ppd. 


construction. 




The above take the plural also; 
thus, = means are equal, as well 


O.© 


circle, cirelea. 




as i» equal. 


A, A 


triangle, triangles. 




The manner of reading some of the 


D, E 


square, squares. 






□, m 


rectangle, rectangles. 






D, S 


parallelogram, parallelo- 








grams. 




P". 


P.prime; P", P-second; P"', 


Z.zS 


angle, angles. 




P^ird, etc. 


+ 


plus, increased by. 




Pj 


p-one ; P,, P-two, etc. 


— 


minus, diminished by 




A'B', A-prime B-prlme, etc. 


X, ■, 


and absence of sign, 
note mdltiplication 


de- 


-^1 


A-one-prime, etc. 



References to preceding propositions are made by book and proposi- 
tion thus, I, prop. IV ; if the first Roman numeral is omitted, the prop- 
osition is in the current book. Section references are also used. 

Other simple abbreviations are occasionally used, but they will be 
easily nndetetood. 
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3. PfiXUHIRAHT PSOPOSITIOITS. 

34. The following theorems are designed to show to the 
beginner the nature of a geometric proof, and to lead him bj 
easy steps to appreciate the logic of geometry. Some of them 
might properly have been incorporated in Book I, and others 
might have been omitted altogether ; but they form a group of 
simple propositions which lead the student up to the more diffi- 
cult work of geometry, and for' that reason they ai-e inserted 
here. The student and the teacher are advised to proceed 
slowly until the logic of the subject is understood, and under 
no circumstances to allow mere memorizing of the proofs. 

Proposition I. 

35. Theorem. All r^kt anglei are equal. 

SnaaasTiON. The oulj angles ot whose equality we are thus lar 
UBured are straight angles. Hence in some way we must base our proof 
ot this theorem on the posCulaU ot angles, which aaaerui this fact. We 
then consider how a right angle Is related to a atraigbC angle, and the 
proof Ib at once suggested. 



<Hven any two right angles, r, r'. 

To prove that r = /. 

PtooI 1. r and f are halves of straight angles. Def. rt. ^ 
(3 19. A right angle Is half of a straight angle.) 

2. All straight angles are equal. S 30 

3. .*. all right angles, and hence r and r', ai'e equal. 

Ax. 7 
(If equals are divided by equals, the qnotiente are equaL) 
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Proposition II. 

36. Theomn. At a given point in a given line not more 
than one perpendicular can be dravm to that lijte in the game 
plane. 



GiTen ¥T X XX' at 0. 

To prove that no other perpendicular can be drawn to XX', 

at 0, in the same plane. 
Proof. 1. Suppose that another ±, ZZ*, could be drawn. 

2. Then Z XOZ would be a rt. Z. Def. J. 
{If two lines meet and form a rt. Z, each is said to be X to (he other.) 

3. But Z XO r is a rt. Z. Given ; def. ±, § 20 
(For it is given that TY' ± XS", and tlie def. of a ± is given in step 2.) 

4. .-.ZXOrwould equal ZJOZ. Prop. I 

(All light angles are equal.) 
6. But this is impossible. Ax. 8 

(The whole is greater than any of its parts, etc.) 
6. .'. the supposition of step 1 is absurd, and a second 
perpendicular is impossible. 

Note, In prop, I we proved directly from the deflnitioD of straight 
angle that all right angles are equal. In prop. II a different method of 
proof U followed. We have here supposed that the theorem is faUe and 
have shown that this siipposiljon ia absurd. Such proofs have long been 
known by the name " reduetio ad abaurdum," a reduction to an absard- 
ity. They are also called indirect proofs. 
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Pkopositiok III. 
37. Theorem. The eomplementt of eqaal angles are equal. 

SnoQESTioN. Three lines ol proof may present tbemselves. We may 
baae out proof on the equality of Btraigbt angles, as we did in prop. I, or 
we may take an indirect proof as in prop. II, beginning by supposing the 
theorem false and showing the absurdity of this supposition, or we may 
base the proof on prop. I. Since the complements su^^st right angles, 
which of the three methods would it probably be best to follow 7 



Giren two equal A, AOB, A'O'B', and their complements, 

£0C, B'O'C, respectively. 
To prove that Z BOC = Z B'O'C. 

Proof. 1. A AOC and A'O'C are rt. A. Dei. compl. 

(§ 23. Two i± are said to be complements if their snm is a rt. Z.) 

2. .■.ZAOC=ZA'0'C'. Prop. I 
(All right angles are equal.) 

3. But ZAOIt = Z A'O'B'. Given 

4. .-. A BOC = Z B'O'C. Ax. 3 
(If equals are subtracted from equals, the remainders are equal.) 

Pkoposition IV. 
38. Theorem. The lupplements of equal angles are equal. 

Let the student draw the f^iire and give the proof after the manner of 
prop. IIL Use only four steps in the proof. 

GWen 

To prove 



iitizec by Google 



PLANS &EOMSTBT. \bm. 

Pbopositiom V. 
The coTigugatea of equal angles are equal. 



Qjr^ — e^ 

Given two equal angles, ab, a'b'. 
To prore that Aha = ^ b'a'. 

PnOt, 1. The given A may be so placed that a lies along a', 

and b along b'. Dei. equal A 

(§ 16. Two A, ab, a'V, are satd to be equal when Z ob can be placed 

BO tiiat a lies along a', and. b along V.) 

2. But then /. ha must equal /. b'a'. Def. equal A 



Pkopositios VI. 
40. Theorem, ff two lines eut each other, the vertical 
angles are equal. 

SuaoESTtoH. After examining tbe figure tbe student might say that 
because ^ o + <; 6 = sL Z, and Zb + Za' = at. iH, .■.Za + ^b = /:b 
+ Z a', and then subtract Z b from these equals ; or he might say that 
Za = Za' because each Is the supplement of Z b. He ahoold always feel 
ODCOnraged to try various proofs, selecting the shorlest and the clearest. 
Does the following proof meet these requirements ? 

Given two lines cutting each other, 
forming two paii'S of opposite 
angles, a, a', and b, b'. 
To pnrve that Aa = Aa'. 
Proof. 1, Z a and A a' are supplements of Z b. Def. suppl. 
(g 23. Two A are said to be supplements if their sum Is a st. Z.) 
2. .■.Za = Za'. Prop. IV 

(The supplements of equal angles are equal.) 



Props. TH, Tm.] PRSLIMIITABT PROPOSITIONS. 17 

PEOP08ITIOK VII. 
41. Theorem. A line-segmetU can be bitected in onljf one 



(Hven 3, Ime-segment AB, bisected at M. 
To prore that there is no other point of bisection. 
Proof. 1. Suppose another point of bisection exists, as J*, be- 
tween M and S. 

2. Then since AM and AI" are both halves of AB, they 
are equal. Ax. 7 

(SUt« ax. T.) 

3. But this is impossible, for AM is part of AJP. Ax. 8 

(State ax. 8.) 

4. .'. the Bupposition that there is a second point of 
bisection is absurd. 

(Another reduclUi ad abeurdum, bb in prop. H) 



Proposition VIII, 

■2. Theorem. An angle can be bisected hy only one line. 
(The stadent may prove this aiter the manner of prop. YII.) 



Ezercisn. 9. Of two supplemental angles, a and b, (a) suppose 
a = 2 6, how many degrees in each ? (b) suppose a = 3 6, how man; f 

10. How mauj straight lines are, in general, determined by three 
points? by four? (The points in the same plane.) 

11. If of Ave angles, a, b, c, d, e, whose sum is a perlgon, a = 20°, 
6 = 30°, = 40°, d = 50°, how many degrees in e ? 

12. Of three angles whose sum is a perigon, the first is twice the sec- 
ond, and the second three times the third ; how many degrees in each f 
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Proposition IX. 

43. Tbeorem. The hiteetora of two adjacent angles formed 
by one line cutting another are perpendicular to each other. 

Sdooebtioh. Consideriag the figare, we see that to prove OA ± OB 
we muet show that Z A OB ie a rt. Z. Now the only way that we have as 
yet of showing an angle to be a right angle is to show that it is half of a 
straight angle. But evidently ZAOYta half of Z XOY, because Z XOY 
is blseoted ; similarly, Z TOB is half of Z YOZ', and this suggests the 
following proof. 




To prove 
Proof. 1, 



two lines, XX', TT', cutting at ; also OA, OB, 
bisecting ^ JfO J^, KO^', respectively. 

that OA ± OB. 

ZAOY=i^XO¥. 

I. Z YOB ^iZ YOX: 

I. .■.ZAOB=iZXOX'. 

(If equals are added to equals, the sums 

..ZAOB =ioi a St. Z 



IS of an Z lie in the 
rertex, a st Z is said to be formed.) 
.■.ZA0B = 3.rt.Z. 
(S 19. A rt. Z is half of a st. Z.) 
.■.0A± OB. 



Given; S 18 

Given; § 18 

Ax. 2 

as are equal.) 

Z. Def . St. Z 

;. line on opposite sides 



Def. rt. Z 



(j 30. ff two tines meet and form a rt. Z, each line is si^ 

to be ± to the other.) 
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Phoposition X. 

44. Theoicm. The bteectors of the four angles which two 
iTdereecting lines make with each other form two straight 
lines. 




.Given XX' intersecting YY' at O, OA bisecting Z XOY, 
OB bisecting ZYOX', OC bisecting ZX'OY' 
and OD bisecting Z Y'OX. 

To prove that CO A aud BOB ate straight lines. 

Procrf. 1. AAOB and BOC ate rt. A Prop. IX 

(Slate prop. IX.) 

2. .■. the two together form a st. angle. Del it. Z 

(g 19. Stat« the definition.) 

3. -■- COA is a st. line. Def. st. Z 

(§ 14. State the definition.) 

4. SimQai'ly for I>OB. 



45. The natnie of a logical proof should now be undetstood. 
Before continuing, however, the following points should be 



a. Everif statement in a proof must be based upon a postu- 
late, an ax-iom, a definition, or some proposition previously 
considered of which the student is prepared to give the proof 
aj^ain when he tefers to it 
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b. No statement is true simply because it appears to be true 
from a figure whicli the student may have drawn, no matter 
how carefully. Many cases will be found, for example, where 
angles appear equal when they are not so. 

c. The arrangement of the discuasion of a theorem is aa 
follows : 

Given. Here is stated, with reference to the figure which 
accompanies the proof, whatever is given by the theorem. 

To PROVE. Here is stated the exact conclusion to be de- 
rived from what is given. 

Peoof. Here are set forth, in concise steps, the statements 
to prove the conclusion just asserted. If the proof is written 
on the blackboEird, the steps should be numbered for convenient 
reference by class and tesicher. The teacher will state how_ 
much in the way of written or indicated authorities shall be 
required after each step. 

COROLLABr. A corollary is a proposition so connected with 
another as not to require separate treatment. The proof is 
usually simple, but it must be given with the same accuracy 
as that of the proposition to which it is attached. It is usually 
sufficient to say. This is proved in step 4 ; or, This follows 
from steps 2 and 5 by axiom 3, etc. In every case the stu- 
dent should (1) clearly prove the corollary, but (2) do so as 
concisely as possible. A corollary may also follow from a 
definition ; thus, from the definitions of Proposition and Theo- 
rem the following might be stated as a corollary: Every 
theorem is a proposition, but not every proposition is a theo- 
rem; and as a part of our definition of a Perigon we incor- 
porated the corollaiy (the term then being undefined) that a 
perigon equals two straight angles. 

Note. Any item of interest may be inserted under this head. 

Exercises. 13. Of the proofs of the preliminary theorems, etate which 
are direct and which indirect. (See note on p. 14.) 

14. How can yon form a right angle b; paper folding f Ftotc it. 
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3. TRIAITGLES. 

46. A figure is any combination of lines and points formed 
under given conditions. 

£-17. an angie la a, figure, for it is a combinaUon of two lines and one 
point formed nnder the condition that Uie two lines proceed from the point. 

47. A rectilinear figure is a figure of which all the lines are 
straight. 

Plane geometry treats of figures in one plane, — plane figures. 

Hence in plane geometry, which In this work extends through Books 
I to T inclttsive, the word figure used alone denotes a plane figure, and 
all propositions and definitions refer to such figures placed in one plane. 

48. If the two end-points of a. broken line coincide, the fig- 
ure obtained is called a polygon, and the broken line its perim- 
eter. The vertices of the aisles made by the segments of the 
perimeter are called the vertices of the polygon, and the seg- 
ments between the vertices are called the sides of the polygon. 

49. The perimeter of a polygon divides the plane into two 
parts, one finite (the part inclosed), 
the other infinite. The finite part 
is called the surface of the polygon, 
or for brevity simply the polygon. 

A point is said to be within c 
without the polygon according as i 
lies within or without this finite part. a polygon. 

The figure ABCDE is a polygon (the sides being produced for a sob- 

eeqnent definition). 
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50. In passing counter-clockwise around the perimeter of a 
polygon tlie angles on the left are called the interior angles of 
the polygon, or for brevity simply the angles of the polygon. 

Such are the anglcB GBA, DCB, EDC, to the figure on p. 21. 

51. If the sides of a polygon are produced in the same order, 
the angles between the sides produced and the following sides 
are called the exterior angles of the polygon. 

Such are the angles XBC, TCB, in the figure on p. 21. They 

are the angles through whicti one would turn, at the succBBSive comersi 
in walking around the polygon. 

52. A line joining the vertices of any two angles of a poly- 
gon which have not a common arm, is called a diagonal. 

Such a line would he the one joining A and In the figure on p. 21. 
The sidea, angles, and diagonals of a polygon are olten called its parta. 

53. A polygon which has A polygon which has all of 
all of its sides equal ia called its angles equal is called eqni- 
eqnllatend. angular. 



54. Two polygons are said 
to be mutually equilateral, or 

one is said to be equilateral 
to the other, when the sides of 
the one are respectively equal 
to the aides of the other. 




Two polygons i 
be mutually eqniangnlar, or 

one is said to be equiangular 
to the other, when the angles of 
the one are respectively equal 
to the angles of the other. 



D 



55. A polygon of three sides is called a triangle ; one of 
four sides, a quadrilateral. 
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56. Any side of a polygon may be called its bMe, the side 
on whieli the figure appears to stand being usually so called, 
as AB in the figure on p. 21. 

In the case of a tiiangle, the vertex of the angle oppoeite 
the base is called the vertex of the triangle, the angle itself 
being called the vertical angle of the triangle, and the other 
two angles the base angles. 

Thue, in the fiist triangle on p. 25, C is the vertex of the triangle, Z C 
b the vertical angle, Z A and Z B are the base angles. 

57. Two figures which may be made to coincide in all their 
parts by being placed one upon the other are said to be eon- 
gment. 

For example, two line-segments may be congruent, or two angles, or 
two triangles, etc. 

58. The operation of placing one figure upon the other so 
that the two shall coincide is called superposition, and the 
figures are sometimes called superposable {a synonym of con- 
gruent). 

This is illustrated in prop. I. 

Superposition is an Im^naiy operation. It is assumed as 
a postulate (§ 61) that figures may be moved about in space 
with no other change than that of position. The actual move- 
ment is, however, left for the imagination. 

59. It will hereafter be explained and defined that polygons 
of the same shape are called similar, the symbol of similarity 
being ^, and that those of the same area are called equal or 
equivalent, the symbol being =. Congruent figures are both 
similar and equal, and hence the symbol for congruence is =, 
a symbol used in modified form by the great mathematician 
Leibnitz, 

The symbol -^ is derived from the letter S, the initial of 
the Latin similis, similar. 
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Many writers use equal tot congruent, aod equivalent for 
equal, as above defined. But because of the various meanings 
of the word equal, and its general use as a syaonym for 



-^ 



bx^^ ^"^ 



equivalent, the more exact word congruent with its su^estive 
symbol is coming to be employed. The student should be 
familiar with this other use of the woi-ds equal and equivalent. 

60. It is customary to designate the sides 
of a triangle by the small letters coirespond- 
ing to the capital letters which designate the 
opposite vertices. 

Thus, in the flgore, side a Is opposite vertex A, etc. 

61. It now becomes necessary to assume thi-ee other pos- 
tulates. 

PoatnlAtes of Hotian. 

1. A figure may he moved about in space with no other 
change than that of position, and so that any one of its points 
may be made to coincide with any assigned point in space. 

That is, we may pick up one polygon and place It on another without 
changing its shape or size. 

2. A figure may he moved about in space while one of its 
points remains fixed. 

Such nioTemeut is called rotation about a center, the center being the 
fixed point. 

3. A figure may he moved about in apace while two of its 
points remain fixed. 

Such movement is called rotation about an axis, the axis being the line 
determined by the two points. 
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Proposition I. 

62. Theorem. If two trianglet have two tidet and the in- 
cluded angle of the one retpectively equal to two aidet and 
the included angle of the other, the triangUt are congruent. 



the A ABC, A'B'C such that 





b = b', and 








/.A = ^A'. 






re 


that AABC^AA'B'C. 






1. 


Place AA'S'C on A ABC bo that 








A' faUs on A, and 




S 61,1 




c' coincides with its equal e. 




§61,2 


2. 


Then b' may be caused to fall on b, 








because ZA' = ZA. 


Given ; 


§ 61, 3 


3. 


Then C will faU at 0, 








because b' = b. 


Given ; § 67 



4. .'. a' will coincide with a. § 28, 1 
(Tiro points determine a strtiiglit line.) 

5. .'.AABC^AA'B'C, by definition of congruence. 

§57 

NOTEB. This is a proof by saperpoBiUon. 

The theorem may be stated, A triangle is determined when two sides 
and the included angle are given. 

In the eierciseB hereafter given, the proofe are to be given in full ; 
when s question is asked, a proof of the answer is to be given { when a 
theorem is suggested, it Is to be completely stated and then proved. 
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63. Theorem. ^ two triangles have two angle* and the 
included aide of the one retpectively equal to two angles and 
the included side of the other, the triangles are covgruent, 

,C' 



Given the A ABC and A'B'C such that 

z B = z b; md 

To prove that A ABC ^ A A'B'C. 

Pnat. 1. Place A A'B'C on A ABC so that a' falls on a and 
Z C" coincides with its equal Z.C. § 61 

2. Then B' will fall on B because a' ^ a. Given 

3. Then e' will fall on e because ZB'=Z.£. Given 

4. .-. A' will coincide with A. § 28, 2 

(Two straight lines deienoine a point.) 

5. .'. AABC^AA'B'C, by definition of congi'uence. 

.S57 
Note. Prop. II, and prop. IH following, are attributed to Thales. 



Bxeidses. 16, In the fijture on p. 19, given /"^"^'^r^HS'^^^ 

that OA bisects angle XOY, and that OB is Ant^^-^^S^/ 

perpendicular to OA, proye that OB bisects \^ / 

angle YOX: - ')x^ 

16. Show that the distance BA acroaa a lake y^ \, 

may be measured by setting up a stake at 0, K — ____ 

sighting across It to fix the lines A'B and B'A, 

laying. ofE OA' — OA, and OB' = OB, and then measuring B'A', 
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64. Sedprocal Theorema. The student will notice that prop- 
ositions I and II have a certain aimilarity. Indeed, if the 
words side and angle are interchanged in prop. I, it becomes 
prop. II, and if interchanged in prop. II that becomes prop. I. 
Theorems of this kind are called redprocal. The relation is 
more clearly seen by resorting to parallel columns. 

Prop. I. If two triangles have Prop. II. If two triangles have 

two gidet and the included angle ol two anglea and the included side of 

tbe one respectiveij equal to two the one reepecUvelj equal to two 

sides and the included angle of the angles and Uie included fide oi the 

other, Ihe triangles are congruent. other, the triangles are congruent 

Moreover, if small letters and capitals are interchanged in 
the proof of prop. I, the proof becomes that of prop. II. 

65. The principle involved is called the Principle of Red- 
prodty, and is extensively used in geometry. But the student 
must not suppose that because a theorem is true its reciprocal 
theorem is also true ; in elementary geometry, involving 
measurements, the reciprocal is often false. The principle 
is, however, of gi'eat value even here, for it leads the student 
to see the relation between propositiona, and it often suggests 
new possible theorems for investigation. Yot these purposes 
we shall use it. 

At present it is sufficient to say that for many theorems of 
plane geometry I'eciprocal theorems may be formed by re- 
placing the words 

point by line, 
line by point, 
angles of a triangle by (opposite) sides of a triangle, 
sides of a triangle by (opposite) angles of a triangle. 



Exercisea. 17. Explain thi£ statement and tell why it is true : Any two 

aides and the included angle of a triangle determine the remaining parts. 

18. State the reciprocal of ex. IT and tell whether it is true, and why. 
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66. Tlworem. If two sides of a triangle are equal, the 
anglea opposite those »ide» are equal. 




Givai the A^BO with AC = BC. 
To prove that /LA = /^B. 

Proof. 1. Suppose m to bisect Z ba. 

2. Theu ■.■b = a, Given 

aad Al>m=^ma, 
and m = m., 

3. .-.AAMC^ABMC, Prop. I 

(State prop. I.) 
and Z.A=^AB, by definition of congruence. § 57 

Corollary. If a trianifle is equilateral, it is also equi- 
angular. 

For by the tlieorem the angles oppodt« the equal slAes are eqnal. 

67. Definitions. The line from any vertex of a triangle to 
the mid-point of the opposite side is called the median to that 
side. 

In the above figure, CM is the mediab to AB. 

li a triangle has two equal sides, it is called an isoscdes 
triangle. 
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The third side ia called the base of the iaotcele* triangle, 
and the equal sides are called the sidea. 

A triangle which has no two sides equal is called a Ktlene 
triangle. 

The distance from one point to another is the length of the 
straight line-segment joining them. 

The distance from a point to a line is the length of the per- 
pendicular from that point to that line. 

That thiH perpendicular is unique will be proved laUr. 

This Is the meaning of the vord H»tance in plane geometry. In 
speaking of points on a carved surface (for eiample, the earth's surface), 
distance may be measured on a curved line, - 

68. In the figure of prop. HI, 

A AMC ^ A BMC, as proved. 
.■.AM=MB, 
and Z CMA = Z BMC, 
and hence each is a right angle. 

In cases of this kind the points A and B are said to be 
symmetric with respect to an axis. Heuce, in the figure, CM ia 
called an axis of symmetry. And, in general, two systems of 

points, A„ B„ C„ , A^, S„ C„ , are said to be symmetric 

wUh respect to an axis when all lines, A^A^, BiB„ , are 

bisected at right angles by that axis. 

Also, tieo figures are said to be symmetrie with respect to an 
axis when their systems of points are symmeti'ic. 

A single figure, like that of prop. Ill, is said to be tym- 
metric with respect to an axis when this axis divides it into 
two symmetric figures. 

Exercises. 19. It four lines go out from a point making four angles 
of irhicli the first and third are equal, and the second and fourth are 
equal, prove that the four lines form two intersecting straight lines. 

30, In the figure on p. 10, if a line passes through O and bisecbl 
angle XOA, prove that it also bisects angle X'OC. 
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PLANE OBOMETBY. 



Pbopositiok IV. 



69. Theorem. If two angles of a triangle are equal, the 
tidet oppotite those angles are equal. 




Given the A ABC with ZA^ZB. 
To prove tliat a=b. 

Proof. 1. Suppose that a ^b, 

and that a>b. 

2. Then let BX, a part of a, equal b, and join A and X, 
a Then -.■ Z.B=ZBAC, Given 

and AB s AB, 

.-.AABC^ABAX. Why? 

4. .'.the supposition leads to an absurdity, for 

AABOABAX, Ax. 8 

(Stat« ax. S.) 
and .■. a>&. 
In the same way it may be shown that a 'f.b, 
and .■. a = J. 

Corollary. If a triangle is equiangular, it is also equi- 
lateral. (Why ?) 

Ezetclu. 21. If four poiuts, A, B, C, D, ese placed in order on a 
line, and if jIC = BD, prove that AB = CD. 
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TRLANGLBS. 



Proposition V. 



70. Theorem. If any aide of a triangle it produced, the 
exterior atigle is greater than either of the interior anfflet 

not adjacent to it. 




Given the A ABC, with AB produced to X 
Topnm that ZX£C>Z C, and also >ZBAC. 
Proof. 1. Suppose BC bisected at M, AM drawn and produced 
to P BO that MP = AM, and BF drawn. 

2. Then \- ZBMP = ZCMA,, Why? 

.-.ABFM^ACAM, Why? 

and ZPBM=Z.C. I 67 

3. But ZXBOZ PBM. Why ? 

4. .-.ZXBO AC. Why? 

5. Similarly, by producing CB, bisecting AB at N, 
producing CK, etc., it can be shown that an angle 
equal to Z XBC is greater than ABAC. 

Exercises. 22. Show that, in the figure o£ prop. V, ^XBO^BAC 
by following out in full the proof suggested in step 6. 

23. lu the figure of prop. Y, join C to any point In the segment AB 
and prove that Z 05.4 -(- ^BAC<IW. 

24. If a diagonal of a quadrilateral bisects two angles, the quadrilateral 
has two pairs of equal sides. 

25. How many equal lines can be drawn from a given point to a given 
line? Show that if another iaeuppoaed to he drawn, an absurdity reaulta. 



PLANS QEOMBTBT. 



PaOPOBITlON VI. 



71. Theorem. If two sides of a triangle are unequal^ the 
opposite angles are unequal and the greater side has the 
greater angle opposite. 




Girra the A ABC, with a>b. 
To prove that Z.A>^B. 

Proof. 1. Suppose Z C bisected by ry cutting AB at J>, CA' 
made equal to CA, and DA' drawn. 

2. TheaAAJ>C^AA'I>C,&nd^A = j:LCA'J>. Why? 

3. But Z CA'£> > Z B. Prop. V 
(§ TO. If an; nde of a A is produced, the exterior angle is greater than 

either of the int. A not adjacent to it.) 

4. .-. Z J > ZB. Subst. 2 in 3 

Exercises. 26. State, without proof, the reciprocal of prop. YL 

27. Con a Bcalene triangle h&ve two equal angles? Proof. 

28. Prove prop. VI by drawing A A' instead of DA', aad proving that 
^A>^A-AC = Z CA'A>ZB. 

29. ABCB is a quadrilateral of which DA is the longest Hide and BC 
the shortest. Which is greater, ZBorZDf Prove it. (Suggestion : 
Draw BD.) Also jICot ZA? Prove it. 

30. How manj perpendiculars can be drawn to a given line from a 
point oot^de that line? Show that any other supposition violates 

31. ABC Is a triangle having ZB = twice ^A; ZBU bisected bj a 
line meeting 6 at D ; prove that AD = BD. 
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Pkoposition VII. 

72. Tlieorem. If two anglet of a triangle are unequal^ 
the opposite sides are une^al and the greater angle hat the 
greater side opposite. 




Given the A^fiCwithZ^ >ZB. 

To prore that a> b. 

Proof. 1. « ^ 6, f or if a = b, then ZA = ZB. Why ? 

2. a<fi, forif ffi< J, thenZ^<Z:5. 

Prop. VI. State it. 

3. .'. a must be greater than b. 

Note. It must not be Inferred from props. VI, Vn that, because one 
angle ot a, triangle is twice as lai^e as another, one side la twice 3« long 
as another. 



Bzerciaea. 32. Prove that If the bisector of aof angle of a triangle Is 
peipendicular to tbe opposite side, the triangle is isoBcelea. 

33. Suppose any point taken on tbe perpendicular bisector of a line; 
is it equally or unequally distant from the ends of the line ? Give the 
proof in full. 

34 a. Prove that io an isosceles 34 b. Prove that in an isosceles 

triangle ABC, where a =6, the triangle <i^, where ^.d — Z£, tbe 
bisector of Z C, produced to c, bisector of side c, joined to C, 
bisects eide e. bisects Z C. 

35. After reading § 73, state the converse of each of the following ; 
(a) prop, m ; {b) prop. IV ; (c) prop. VI ; (d) prop. VU ; (e) thU state- 
ment, If the animal Is a horse, then the animal has two eyes. Of these 
converses, how many are tme ? 

36. Whatkiudof a triangle is formed by joining t^e mid-points of the 
aides of an equilateral triangle ? Prove it. 
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34 PLASS OBOMBTBT. [Bk. 1. 

73. The law of ConTerse. Two theorems are said to be the 
coaveree, each of the other, when what ia given in the one is 
what ia to be proved in the other, and vice versa. 

E.g. props. VI and VII. The converse of a theorem must nol be con- 
fused with its reciprcicail. Props. I and II are reciprocal, but not coavetee. 

Secaitse a theorem is true its converse is not necessarily true. 

For example, prel. prop. I may be slated thus ; Given that A r and r* 
arert. 4, to prove that Zr = Zr"; the converse ia. Given thatZr = Zf, 
to prove that they are rt. d. This converse is evidently false, for Z r 
could equal jLt" without their being rt. A. 

But there is one important class of converse theorems, illus- 
trated by props. IV and VII, that should be mentioned. Whevr- 
ever three theorems have the following relations, their converses 
must be trae : 

1. If it has been proved that when A> B, then X> ¥, and 

2. « " " A^B, " X= Y, " 

3. " " " A<B, " X< Y, 
then the converse of each of these is true. For 

1', \l X>Y, then A can neither be equal to nor less than 
B, without violating 2 or 3 ; .". .^ > £. (Converse of 1.) 

2'. \i X=Y, then A can neither be greater nor less than B, 
without violating 1 or 3 ; .'. A = B. (Converse of 2.) 

3'. If X < y, then A can neither be greater than nor equal to 
B, without violating 1 or 2 ; .. A<B. (Converse of 3.) 

The law juat proved will hereafter be referred to as the Law 
of Converse. By its use the proof of the converse of many 
theorems, where true, is made very simple. 

The student should not proceed further unless the Law of 
Converse is thoroughly understood, and its proof mastered. 

Prop. VII may now be proved by the Law of Converse, 
thus: 

If o > S, then /LA> /LB. Prop. VI 

li.a = b, " AA=^ZB. " III 

Ifo<fi, " Z.A</.B. " VI 

.■- each converse is true, and if Z.A>^B, then a>h. 
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Skc, 74.] TRIANGLES. 36 

74. Sageestions as to the Treatment of the Zzerciaes. Thus 

far tlie student lias been left to his own ingenuity in treating 
the exertiises, A few suggestionB should now be given. 

1. In attacking a theoreTn. take the moat general figure possible: 
E.g. U 3 tbeorem reUtes to a tnaugle, draw a scalene triangle ; an 

equilateral or an isosceles triangle often deceives the eye, and leads 
away from the demonatratiOD. Draw all figures accurateij/ ; an accurate 
figure often luggesta the demonatratloa. But the student ^o relies 
too much upon the accuracy of the figure in the demonstratiou itself is 
liable to go astray. 

2. Se certain that what ig given and what is to be proved 
are clearly stated, with reference to the letters of the figure. 

This lias been done in all of the theorems thus far proved. The neglect 
to do so in the exercises is one of the most fruitful sources of failure. 

3. Then begin by- assuming the theorem true ; see what fol- 
lows from that assumption ; then see if this can be proved true 
without the assumption ; if so, try to reverse the process. 

E.g. suppose PO ± X'X, and PB, PA two obliquescutthig off OA > OB, 
as in the flgure, and that it is required to prove 
PA > PB. Assume it true ; then Ah>Aa. 
Now see if Ah'> /.a. imfiimii, the assumption ; 
Ah^Ae, which = AA, which > Z a, by prop. V ; 
.-. Ab> Aa, without the assumption. Now re- 
verse the process; ■■■ Ab>Aa, .■. PA>PB 
by prop. VII. 

4. Or begin by assuming the theorem false, and endeavor to 
akow the absurdity of the assumption. (Reductio ad absurdum,.) 

5. To secure a clearer understanding of the theorem it is 
often well to follow Pascal's advice and substitute the defini- 
tion for the name of the thing defined. 

E.g. suppose it is to be proved that the median to the base of an isos- 
celes triangle is perpendicular to the base. Instead of saying : 

" Given CM the median to the base of the isosceles triangle ABC" (see 
figure on p. 28), it is often better to say : 

"Given A ^BC, with AG = BO, and M tahen ou AB so that AU 
s: MB," for then the fads stand out prominently without any confusing 
terqu. 
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PLANE OBOMETRY. 



Pboposition VIII. 



75. TheonBi. The »um of any two aides of a triangle is 
greater than the third tide. 




fflTcn ths A ABC. 

To prove that a + b>c. 

Proof. 1. Suppose Z C bisected by CD. 

Theu ZCDA>ZDCJi. Prop. V. State it 

2. And ■.•Z.ACD = ZDCB, Step 1 

.■.ZCDA>ZACD. 

.•.b>AD. Prop. VII. State it 
Similarly, a > DB. 

3. .■.a-^b>c. 

CoKOLLAEY. The difference of any two sides of a triangle 
is less than the third side. 

For il a + 5 > c, and c > 6, then a > e — 6, by ax. 5. 



Exercises. 37. Two equal lines, AC and AD, are drawn on oppo- 
Bit« Bides of a line AB and making equal anglee with It ; BC and BD are 
drawn. Show that BC and BD also make equal angles with AB. 

38. P, Q, R ai-6 points on the sides AB, BC, CA, respectively, of an 
equilateral triangle ABC, such that AP = BQ = CR; joining F, Q, and 
B, prove that A PQR is Bquilateral. {NoUce that ei. 38 ia merely a 
special case of thia one.) 

39 a. The bisectora of the equal 39 b. The mld-pointa of the equal 

anf/lei at an isosceles triangle form, tidei of au isosceles triangle form, 
with the bate, an isosceles triangle. with the nertez, the vertices of an 
isosceles triangle, 
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TRIANGLES. 



PnorosiTioif IX. 



76. Theorem. If from the ends 0/ a aide of a triangle two 
lines are drawn to a point within the triangle, their sum tt 
less than the turn of the other two sides of the triable, biU 
they contain a greater angle. 




Given the A ABC, P a point within, and BP and PA 

drawn. 
To prove that (1) £P + PA<a + b, (2) Z APB >Z.C. 
Proof. 1. Produce AP to meet a at X 
Then 
XP + PA = XA < XC +'b, Ax.8; prop. VIH 
(State ai. 8 and prop. VIII.) 
and ^_ BP<BX + XP. Prop. VIII 

2. .-.BP + XP-lrPAKBX-^XC + XP-irb. 

3. .-. BP +PA< a + b, 

which proves (1). Why? 

4. Also, 

Z APB > Z PXB > Z C, which proves (2). Why ? 

Ezerciaes. 40 a. II ths equal 40 b. If the equal angles of an 

aides of an isoeceles triangle are isosceles triangle are bisected, the 

bisected, the[i7i«3joiningthepoi?ie8 arxgles formed by tbe lines of bl- 

of bisection with the vertices of the section aad the equal sides are 

equa,l angles are equal. equal. 

41. The perimeter of a quadrilateral is less than twice the sam of its 
two diagonals. 
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PLANE QEOMBTBT. 



PbO POSITION X. 

7T. Theorem. If two triangleg have two sides of the one 
respectively equal to two sides of the other, but the included 
angles unequal, then the third sides are unequal, the greater 
side being opposite the greater angle. 




Gina the A A,BiCi and A^BiC^, with a 

To prove that ci > c,. 

Proof. 1. Suppose A^jBjCj placed on AJiBtCi ao that 6, 
and 5], beii]g equal, coincide. § 61 

Then-.- ZCi >ZCt, side a, must fall within Z C„ 
as in Fig. 3. 

2. Suppose CM drawn bisecting Z. B^CBj, and BjM 
drawn. 

3. Then in A B,MC, B^MC, 

CB^ = CBj, 

CM= CM, 

ZMCB^ = /.B^CM. 

4. .-.ABjMC^AB^MC, 
and MB, = MB,. 

6. But AM+ MB, > AB,. 
.■.AM+MB,>AB„ 
or ci > c,. 

The proof is the same when B, falls above ^i^ t- 



Given 
Step 2 



Prop. I 
Prop. VIII 
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TBIANOLBS. 



Proposition XI. 



78. Theorem. If two triangles have two nde» of the one 
reipectively equal to two sides of the other, hut the third sidet 
unequal, then the included anglet are unequal, the greater 
angle being opposite the greater third side. 

Given A ji,5,Ci and AjBjC,, with «! = o^ fi, = 6„ ci > c,. 

To prove that ZCi>Z. C,. 

Proof. 1, It has been sh&wn that if «! — a,, fii = 6,, 

and if Z C, > Z d, then c, > o,. Prop. X 

2. And if Z C, = " " " = " Prop. I 

3. « " ZC,< " " " < " Prop. X 

4. .■. the converses are true, which proves the theorem. 

§ 73. Law of Converse 
(Explain the Law of ConveTse. Since tiua law is Bo often used, 
it should be reviewed frequently.) 



Exercises. 42. Are props. X and XI reciprocals ? < 

43. In A ABC, suppose CA>AB,KDd that points P, Qat« taken on 
AB, CA respectively, so that PB = CQ. Prove that Bq < OF. 

44. Investigate ex. 43 when P is taken on AB produced, and Q on AC 
produced. 

46. The equal sides, AC, EC, of an isosceles triangle ABC are pro- 
duced through the vertex to P and Q respectively, so that AP = BQ. 
Prove that BP = AQ. 

46. Prove that the straight line joining any tno points is less than any 
broken line joining them, 

47. Prove that the perimeter of a triangle is less than twice the sam 
of the three medians. 

48. In a quadrilateral, prove tliat the sum of either piur of opposite 
sides ia less than the sum of its two diagonals. 

49. If the perpendicular from any vertex of a triangle to the opposite 
side divides that side into two segments, how does each of these segments 
compare in length with its adjacent Bide of the triangle ? Prove it. 
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PLANE GEOMETRT. 



Pkopobition XII. 



79. Tbeorem. If two trtanglet have the three sides of the 
one respectively equal to the three mde» of the other, the tri- 
angles are eongruent. 



Given A ABC, AB'C, with AB=AB', SC==B'C, and 

AC = AC. 

To prove that A ABC ^ A AB'C. 

Pnof. 1. Suppose no side longer than AC. Then the A, 
being mutually equilateral, may be placed with AC 
in common, and on opposite sides of AC. Draw BB'. 



n ^CSB'-ZSS'C, 


Prop. Ill 


Z£'BA=^ZAB'B. 


Why? 


.-.ZCBA = A AB'C. 


Wty? 


.-.A ABC SAABC. 


Why? 


ia evidently an axis of symmetry (§ 68) in the 



Exercises. 60. Suppose three Eticks to be hloged together to form 
a triangle, could the sides be moved bo aa to change the angles ? On 
what theorem doee the answer depend ? How would it be with a hinged 
quadrilateral t 

61. Ascertain and prove whether or not a quadrilateral is determined 
when ttie four sides and either diagonal are given In fixed order. 

52. Also when the foar sides and one angle are given in fixed order. 

5S. How many braces would it take to stiffen a thre»«ided plane 
flgore ? four-sided ? five-sided ? 
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TBIANOLXS. 



Peoposition XIII. 



80. Theorem. Jf two triangles have two angles of the one 
respectively equal to two angles of the other, and the sides 
opposite one pair of equal angles equal, the triangles are 
congruent. 



GiTen &.ABC,A'B'(?,ynt'h^A = /.A',^B = /.B',b = b: 

To prove that AABC^AA'B'C. 

I»toof. 1. Place A A'B'C on A ABC so that^' falls at A, 
A'B' lies along AB, and C and C" both lie on the 
same side of AB, § 61 

2. Then because ^A = AA', and 6 = h', h' coincides 
with h, and C with C. 

3. Now B' cannot fall between A and B, as at X, for 
then Z CXA, which = Z B', would be greater than 
Z B. Prop. V. State it 

4. Neither can B' fall on AB produced, as at F, for then 
Z Y, which = ZB', wonld be leas than ZB, 

Prop. V 

5. .'. B' must fall at B, and the A are congruent. S 67 



Exercises. 61 If FO meets J'X at 0, and ZX, rJB are drawn meet- 
ing X'X at J, B; and if rJ = FB, and ^0^ OB, which is the greater, 
Z.ATQfstZ.OYB'i 

65. Coiisider the diagonata of as equilateral quadrilateral, (a) as t« 
tbelr bisecting each other, (6) as to the kind of angtea they make with 
each other. State the theorems which you discover and prove them. 
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Proposition XIV. 



81. Theoiem. If two triangleg have two sides of the one 
respectively equal to two sides of the other, and the angles 
opposite one pair of equal sides equal, then the angles opposite 
the other pair of equal sides are either equal or supplemental, 
and if equal the triangles are congruent. 




(HTen A ABC, A'B'C, with a = «', J = fi', ^B = Z. B'. 

To prove that either (1) Z J = Z ^' and A ABC^AA'B'C, 
or {2)Z^ + Z^' = 8t. Z. 

Proof. 1. Place A A'B'C on A ABC so that B' falls at B, 

a' coincides with its equal a, and A' and A fall on 
the same side oi a. S 61 

2. Then ■.■ ZB = /: B', B'A' lies along BA. 

3. Then either A' falls at A, the A are congruent and 
^A = Z.A'; or else A' falls at some other point on 
BA, sa a.t X, xad A A'B'C ^ A XBC. 

4. But ■.- CX=l>'=b, 

.-. Z ^ = Z CXA. Prop. HI. State it 
6. And 
■.■ Z CXA + Z BXC = St. Z, § 14, def. at. Z 

.-. Z^ + Z^' = Bt. Z. 



Ezeicises. 56. In prop. XIV, step 3, X may lie on BA produced, in 
some cases. Draw the figure and proye. 

57. In prop. XIV prove that ZA and ZA' must be equal, if (1) thej 
are of the same species (i.e. both right, both acute, or both obtuse); or 
(2) angles B and ff are both right angles ; or (3) 6 *f a. 



Sbo. 82.] PABALLSL8 AND PARALLBLOQRAMS. 



2. PARAIXELS AHD PASALULOGRAHS. 

82. Definitions. If two straight lines in the same plane do 
not meet, however far produced, they 
are said to be parallel. \ 

E.g. A and B in the lumexed figure. B V 

The fact that A ia parallel to £ is indi- ^ 

cated by the symbol A II B. 



A line cutting two or more lines is called a ttaiUTenal of 
those lines. 

In the figure of the parallel lines, T is a tnmsTeisal of A and B. 
The adjacent flgnie shows a transversal of 
tno non-parallel lines. The figure on p. 49 
shows a traosTersal of three lines. 




The angles formed by a transver- 
sal cutting two lines (parallel or not) 
have received special names. Thus, in the aanezed figure, 
a, b, e', d' are called exterior angles ; 
a', b', c,da,re called interior angles ; 
a and c' are called alternate angles ; also b and d', c and a', 

b' and d ; 

a and a' are called corresponding angles ; also b and b', e and e', 

d and d'. 



Exercises. 58. Angle A, of triangle ABC, is bisected by a line meet- 
ing BC at P. Which ia the longer, AB or BP^ Prove it. Also CA 
or PC? Prove it. 

59. State the reciprocal of prop. Xm, and tell whether it Is true 
without modification. In what proposition ia yoiir statement proved ? 

60. If a quadrilateral has two pairs of equal aidea, prove that It must 
have one pair and may have two pairs of equal angles, depending upon 
tiie arrangement of the sides. 
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PLANE GEOMETRY. 



Pbopositioh XV. 



83. Theorem. If a transversal of two Hnet makes a pair 
of alternate angles equal, then {1} any angle it eipud to its 
alternate angle, (^) any angle is equal to its correaponding 
ar^le, and (S) any two interior, or any two exterior, angles 
on ike tame tide of the transversal are supplemental. 




<Hven a transversal cutting tv^o lines, making equal alter- 
nate A d and b' as in the figure. 
To pTOT« that (1) Z o = Z c', 

(2)Z« = Z«', 
(3)Z6 + Zc' = 8t.Z. 
Proof. 1. Z<; + Za = st.Z, 

and Z fi' + Z e' = 3t. Z. g 14, del st. Z 

2. .■.Zd + Za = /Lb' + ^c'. Why ? 

3. .■■ Z a =Ze', which proves (1). Ax. (?) 

4. *■' Ac' = Za', .'. i-a= A a', which proves (2). 

6. Now ".• Zi' = Zrf, and Zd = Zfi, Why? 

.■.ZJ'=Z6. Why? 

But •.•Z6' + Zc' = st.Z, SHdef. BtZ 

.■.Z6 +Zc' = st.Z. 

Corollaries. 1. If two corresponding angles are equal, 
the same three conehiaionn follow. 

2. If two interior or two exterior angles on the same side of 
the transversal are supplemental, the same conclusions follovi. 



FxOT. XVL] PARALLELS AND PABALLBLOQBAMS. 45 

Pbopositioh XTL 

S4. Theorem. J(f a tranaverial of two lines makes a pair 
of attenuUe angles e^piai, the two lines are parallel. 



Given P aad P', two lines, cut by a transrersal T, making 
equal alternate A e and a'. 

To prove that P II P'. 

Proof. 1. P, P' cannot meet towards P', for then ^ e would 
be an ext. ^ of a A, and .'. Z c would be greater 
than Z a'. Prop. V. State it 

2. P, P' cannot meet towards P, for then Z o' would 
be greater than Z e. Why ? 

3. .*. P, P' cannot meet at all, and P II P'. Def. parallel 
Similarly any other two alt. A may be taken equal. 

COBOLLARiES. 1. If two Corresponding angles are equal, 
the lines are parallel. 

For then two alt. A axe equal. Prop. XV, cor. 1, which eaja — (7) 

2. If two interior or two exterior angles on the same side of 
the transversal are supplemental, the lines are parallel. 

For then two alt A are equal. Prop. XV, cor. 2, which says — (?) 

3. Two lines perpendicular to the same line are parallel. 
(Why ?) 

Eserdaes. 61. In prop. XVI would lines 
bisecting Z a' and Z c be parallel ? Prove it. 

62. Show that If a draugbUman's square 
slides along a ruler, as In the anuexed figure, 
BiCi II BiCt, and A,Ci II AiCi. 
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85. PostuUte of Parallels. It now becomes necessary to 
assume another postulate, and upon it rests much of the ele- 
mentary theory of parallels. It is : Two intersecting straight 
lines cannot both be parallel to the same straight line. 

CoROi>i.ART. A line cutting one of two parallel lines cuts 
the other also, the lines being unlimited. 

(Show that the corollai? ie necessarily true Lf the postulate is.) 



Proposition XVII. 



86. Theorem. The alternate angles formed by a trans- 
versal with two parallels are equal. 



Given P and P' two parallels, and T, a transveraal. 
To prove that any Z c equab its alternate Z a'. 
Proof. 1. Suppose Z c > Z a', and that Q is d^a^vn as in the 
figure, making an Z equal to Z a'. 

2. Then Q would be paraUel to P*. Why ? 

3. But this would be impossible, -.■ P II P'. S 86 
(Two ioursectlagr straight lines cannot both be paraUel to the same 

straight line.) 

4. Similarly, it is absurd to suppose that ^ a' > ^ e. 

.-.Zc^Z a'. 

C0B01.L ARIES. 1. A line perpendicular to one of two paral- 
lels is perpendieular to the other also. 

For it cuts the Other (% 86, cor.) and the allemste angles are eqnal 
right angles. 
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2. A line cutting two paralleU Tnakea corresponding angles 
equal, and the interior, or the exterior, angles on the same side 
of the transversal suppletnental. 

For the alternate angles are equal (prop. XVII), and hence prop. XV 

3. If the alternate or the corresponding angles are unequal, 
or if the interior angles on the same side of the transversal 
are not supplemental, then the lines are not parallel, but meet 
on that side of the transversal on which the sum of the inte- 
rior angles is less than a straight angle. 

For the lines caunot be parallel, by prop. XVII and cor. 2. 

Further, Buppoae Z.c + ^V <ai. /.; 

then ■.■^0' + ^6'=Bt.Z, 

it foUows that ^ e < ^ a". 

.-. P and P* cannot meet towards P", for then Z e would be greater 
than Z (f, prop. V. 

Let tbe etndent give the proof in full form, in aleps. 

4. Two lines respectively perpendicular to two intersecting 
lines cannot he parallel. 

For, in the annexed figure, let AB ±X, CD± ¥; 
join A and C. Then ZBAC < rt. Z, and ZACD 
< rt, Z ; .-. their sum is < St. Z ; -■- cor, 3 applies. 

Give proof in fall form in steps. 

5. If the arms of one angle are parallel or perpendicular 
to the arms of another, the angles are equal or supplemental. 

The proof is left to the Btudeni. 

ExerclBCB. 63. In the figure of prop. XV, suppose a = c^ = 120° SC, 
how large is each of the other angles ? 

64. Id the same figure, suppose a + d* — st. Z, and a — 2d, how large 
is each of the other angles ? 

66. If a transyersal cuts two lines making the snm of the two interior 
angles on the same side of the transversal a straight angle, one of them 
being .W 27', how large is each of the other angles ? 
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Peoposition XVIIL 



87. Theonm. Line» parallel to the same line are parcH- | 

lei to each other. 




Given A II M, and B II M. 

To prove that A W B. 

Proof. 1. Suppose T a transversal, makit^ conesponding 
A a, m, b, with A, M, B, respectively. 

2. Then ••■ A II M, 

.-. Z a = Z m. Prop. XVII, cor. 2 

3. And •■■ BWM, .■.Zi = Zm. 

4. .■.Z« = Z6. Why? 

5. .'. A I! B. Prop. XVI, cor. 1. State it 



BzetdMB. 66. In prop. XVIII, If T cute A, inugt it necessarily cut 
U ? Wiy ? M It cniB M, must it necegsarily cut B ? Why f 

67. Prove that a line parallel to the base of an isosceles triangle 
makes equal angles nith the sides or the sides produced. (The line may 
pass above, through, or below the triangle, oi through the vertex) 

68. If through any point equidistant from two parallels, two tmnsver- 
sals are drawn, prove that they will cut ofi equal segmente of the parallels. 

69. A'RC is a triangle, and throagh P, the point of intersection of 
the bisectors oi ^B and Z C, a tine is drawn parallel to BG, meeting AB 
at if, and CA at N. Prove that ifJV = MB + GN. 

70. Through the mid-point of the segment of a transversal cut off by 
two parallels, a straight line passes, terminated by the parallels. Prove 
that this tine is bisected by the transveisal. 
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. Proposition XIX. 
88. Theorem. In any triangle, {1) any extenor angle equalt 
the sum of the two interior jum-adjacent angles ; (2) the turn 
of the three interior angtei is a straight angle. 



(Hven A ASC, with AB produced to X 

To prove that (1) Z.XBC = ZA + ^C; 

(2) Z^ + Z £+ ZC= St. ^. 
Proof. 1. Suppose -Bni ^C, and Z named as in the figure. 

2. Then Z.x = i:::a, Why ? 
and Z^ = Zc. Why ? 

3. .-.Zai + Zy, or ZXBC, =Za + Zc, 

which proves (1). Ax. 2 

4. But Zir + Z?/ + ZJ = st. Z. Def. st Z 

5. .•.Zffl + Zi + Zc = 3t.Z, 

by substituting 3 in 4, which proves (2). 

Konss. 1. Prop. XIX, (2), is attributed U) Pythagoras. 
2, The theorem ia one o£ the most important of geometry. To it and 
to its corollailea (p. 50) frequent reference is hereafter made. 



ExerciMs. 71. FQB is a triangle having FQ = PB; KP is produced 
to S 80 that P8 = BP; QS is drawn. Prove that QS ± BQ. 

72. Prove prop. XIX, (2), by drawing tlirough C, in the figure given, 
a line II AB. 

73. Also by aasuming any point P on AB, drawing PC, and showing 
that Z BPC + Z CPA = st. Z, and also equals the sum of the interior 

74. State the reciprocal of prop. VIII, and prove or disprove it. 

^nOOglc 
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GoBOLLARiSs TO pfiop. XIX. 'V. If a triangle has one 
right angle, or one obtuse angle, the other angles are acute. 
For tbe sum of all three is a straight angle, 

2. Every triangle has at hast two acute angles. 

For if it had none or only one, the sum of the others would equal or 
exceed what kind of an angle, and thus violate what theorem ? 

3. From a point outside a given line not more than one 
perpendicular can be drawn to that line. 

For if two could be drawn, a triangle conld be fOTined having how 
many right angles, thus violating what corollary ? 

i. If a triangle has a right angle, the two acute angles are 
complementat. 

For the sum of all three must equal two right angles ; therefore, etc. 

5. If two triangles have two sides of the one respectively 
equal to two sides of the other, and the angles opposite one 
pair of equal sides right angles, or equal obtuse angles, the 
triangles are congruent. 

For prop. XIV then applies; the oblique angles cannot be supplementaL 

6. If two angles of one triangle equal two angles of another, 
the third angles are equal. (Why ?) 

7. Two triangles are congruent if two angles and any side 
of the one are respectively equal to the corresponding parts of 
the other. (Why ?) 

8. S!ach angle of an equilateral triangle is one-third of a 
straight angle. (Why ?) 

89. Definitions. A triangle, one of whose angles is a right 
angle, is called a r^ht-angl«d triangle. 

A triangle, one of whose angles is an obtuse angle, is called 
an otytnae-angled triangle. 

A triangle, all of whose angles are acute, is called an acute- 
angled triangle. 

The side opposite the right angle of a righfr^ngled trisogle 
ia called the hypotenuse. 
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90. Summary of Pbopositions concerning Congrcekt 
Triangles. Two triangles are congruent if the following 
pa,rts of the one are equal to the corresponding parts of the 
other : 

1. Two sides and the included angle. Prop. I 

2. Two angles and the included side. Prop. II 

3. Three sides. Prop. XII 

4. Two angles and the side opposite one, Prop. XIII 

or, more generally, two angles and a side. 

Prop. XIX, cor. 7 
6. Two sides and the angle opposite one, provided that angle 
it not acute. Prop. XIV, and prop. XIX, cor. 5 

If the angle !a acute, then from two Bides and the acut« angle opposite 
one of them two different triangles may be possible. This is therefore 
known as the amtiffuouj case. If the s[de opposite the acute angle ia not 
less than the given adjacent side, tbe case is not ambiguous. Why ? Draw 
the flgnrea Illustrating the ambiguous case. 

These propositions can be Bummarized in one general propo- 
sition : A triangle is determined when any three independent 
parts are given, except in the ambignous case. 

It Bfaould be noted that the three angles are not three independent paiie, 
since when an; two of them are given the third is determined. (Prop. 
XIX.) 

Ezeicises. 75. In a, right-angled triangle, tbe mid-point of the hypote- 
nuse is equidistant from the three vertices. (Suppose a Une drawn from 
the vertex G of the right angle making with a an angle equal to Z B.) 

76. In a righuanglod triangle, a perpendicular let fall from the vertex 
of the right angle, upon the hypotenuse, cuta oft two triangles mutually 
equiangular to the original triangle. 

77. If a J- X and b±y, and x intersects y, then Zab = Zxy. 

78. In the annexed figure, Z adi = Z 66|. Prove that 
{l)Zaai = Zab + Zbai; (2) Zbbi = Zba, + Zatbi. 

79. How many degrees in each angle of an isosceles 
right-angled triangle f also of an isosceles triangle whose 
vertical angle is 72"? 178°? flO"? 
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PbO POSITION XS. 



91. Tbecnem. Of all Imea drawn to a given line from a 
given external point, the perpendicular ia the thortest; of 
othen, those making equal anglet with the perpendicular 
are equal; and of two others, that which makes the greater 
angle with the perpendicular is the greater. 




fflven PO±XX'; PA, PA', PB, oblique to XZ", irith 

/. A'PO = Z OPA < Z OPB. 
Topiove that (1) PO < PA, 

(2) PA' = PA, 

(3) PB > PA, or PA'. 

Proof. 1. Z PAO < Z AOP. Prop. XIX, cor. 1 

2. .-. PO < PA, which proves (1). 

Prop. VII 

3. Z AOP = Z POA', Prel. prop. I 
Z A'PO = Z OPA, Why? 
and PO s PO. 

4. .-.AAOP^AA'OP, 

and J'^' = P^,whichproTeB(2). "Why? 

5. ZBAP is obtuse, ■.'it > ZAOP, Prop. V 
audZPfiO is acute, ■■ Z BOP isit. Why? 

6. .-. PB > PA, or its equal PA', 

by step 4, which proves (3). Prop. VII 
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CoROLLABiE3. 1. From a given external point there can be 
two, and only two, equal obliques of given length to a given line. 
Prove it by a reductio ad abturdum. 

2. If from a point not on a perpendicular drawn to a line 
ut its midpoint, lines are drawn to the ends of the line, these 
Ivces are unequal and the one cutting the perpendicular is the 
greater. 

Let Z be lie point, not on OP [n the figure. Suppose ZA' to cut OP 
at Y. Then ZA' = ZT+TA> ZA. 

3. The converse of cor. S is true. 

For if ZA' cute OP, then ZA' > ZA, by cor. 2. 
"ZA " " " " < " " " " 
"Z is on " " " = " (Wliy?) 
,-. the Law of Converse (§ 73) evidently applies to thia caae. 

4. Of two obliques from, a point to a line, that which meets 
the line at the greater distance from, the foot of the pcrpen- 
dicular is the greater. 

Tot it OB > A, then ^OPB>ZOPA. (Why?) .-. prop. XX applies. 

6. Two obliques from a point to a line, meeting that line at 
equal distances from the foot of the perpendicular, are equal, 
make equal angles with this line and also with the perpen- 
dicular. 

Give the proof id full. 

6. Two equal obliques from a point to a line out off equal 
segments from, the foot of the perpendicular. 

Draw the figure. It will then be seen that prop. XIX, cor. 5, applies. 
The ± is evidently an asia of symmetry (§ 68). 

Ezerdaes. 80. A line perpendicular to the bisector of any angle of a 
triangle makes an angle with either arm of that angle equal to half the 
sum of the other two angles ; and, unless parallel to the base, it makes an 
angle with the line of the base equal to half the difference of those angles. 

81, In an isosceles triangle, the perpendicular from the vertex, the 
median to the base, and the bisector of the vertical angle all coincide. 
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92. Definitioiu. .A. polygon is said to be conrex whea no 
side produced cuts the aurface of the polygon. 

A polygon is said to be concare when a side produced cuts 
the surface of the polygon. 

A polygon is said to be cnws when the perimeter crosses 
itself. 

The word polygon \b underetood, in elementary geometry, to refer to 
« convex or coucsTe polygon unless the contrary is stated. 




If all of the sides of a polygon are indefinitely produced, 
the figure is called a general 
polygon. 

If a polygon is both equi- 
angular and equilateral, it is _ 
said to be reguUr. 

A general quadrilaCtnl. 

By the term regular polygon, a 
regalar convex polygon ie under- 
stood unless the contrary is staWd. 

A polygon is called a tri- 
angle, quadrilateral, penta- 
ff07i, h exago n, A ep tagon, 
octagon, nonagon, decagon, 

dodecagon, pent& 

haa 3, 4, 5, 6, 7, 8, 9, 10, . 

The student, even if unacquaint«d with Latin or Greeti, should under- 
stand the derivation of these common terms. From the Latin are derived 
the words and prefix Iri-angle (three-angle), guodri-Iaferoi (four-side), 
nono- (nine); from the Greek are derived poly-gon (many-angle), petUa- 
(five), Aeta-(sii),ftep(a- (seven), octo- (eight), deco- (ten), dodeca- (twelve), 

Much light will be thrown on the meaning of various geometric 

terms by consulting the Table of Etymologies in the Appendix. 



. n-gon, according as it 
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Proposition XXI. 

93. Theorem. Tke sum of the interior anglet of an n-gon 
ia (n — S) straight angles. 




(Hven P, a polygon of n sides. 

To prove that the sum of the interior angles is (m — 2) straight 

angles. 
Proof. 1. P may be divided into (» — 2) & by diagonals which 
do not cross ; for, 
(o) A 4-gon (quadrilateral) is a A + a A, 

.-.2 A, or (4-2) A. 

(6) A 5^on (pentagon) is a 4^on + a A, 

.-.3 A, or (5 -2) A. 

(c) A 6^on (hexagon) is a 5-gon + a A, 

.-. 4 A, or (6-2) A. 

(d) And every addition of 1 side adds 1 A. 

(e) .'. for an n^on there are (it — 2) A. 

2. The sum of the ^ of each A is a st. Z.. Prop. XIX 

3. .■. the sum of the interior zi of an M^on is (w — 2) 
st. A, because these equal the sum of the A of the A. 

CoBOLLART, If eacA of two angles of a quadrilateral is a 
right angle, the other two angles are supplemental. (Why ?) 



Ezeidse. 82. How many dlagoi^als in a common convex pentagon ? 
hexagon? 
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94. Generalization of Figures. If a thermometer registers 70° 
above zero, it is ordinarily stated, in scientific works, that it 
registers + 70°, while 10° below zero is indicated by — 10°, 
the sign changing from + to — as the temperature decreases 
through zero. Similarly, west longitude is represented by the 
aign +, while longitude on the other side of 0° {i.e. east) is 
represented by the sign — , the longitude changing its sign in 
passing through zero. So in speaking of temperature it is 
said that 10° + (— 10°) = 0, meaning thereby that if the tem- 
perature rises 10° from 0, and then falls 10°, the result of 
the two movements is the original temperature, 0. 

This custom holds in geometry. Thus, in this figiu-e, if the 
s^ment between B and C is thoi^ht of as extending from B 
to C, it would be named BC; and, 

as is usually done in geometry with , ? 9 

lines thought of as extending to the 

right, it would be considered ^positive line. But if it is thought 
of as extending from C to £, it would be named CB, and con- 
sidered a negative line. Hence it ia said that £C + CB — 0, 
an expression borrowed. from algebra, where it would appear 
in a form like x + (—x) = 0. 

Similarly, with regard to angles : the turning of an arm in 
a sense opposite to that of a clock-hand, counter-clockwise, 
ia considered positive, while the turning ^ 

in the opposite sense is considered net/a- 
five. Thus, Z XOA is considered posi- 
tive, but the acute ^ AOX is considered 
negative, and this is indicated by the state- 
ment, - JLXOA = acute Z AOX. Hence, as in the case of 
lines, Z XOA -f- (- Z XOA) = Z XOA + acute Z AOX= zero. 
On this account we pay special attention to the manner of 
lettering angles, distinguishing between Z XOA and Z AOX. 
It is only recently that negative angles have been considered 
in elementary geometry, and hence the older works paid no 
attention to the order of the naming of the arms. 
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95. These consideiEitions enable us to generalize many fig- 
nies, vith interesting results. Thus, prop. XXI is ttue for a 
crc«s polygon as well as for the simple cases usually oonsid- 
ered. If, in Fig. 1, F is moved through AB to the position 




shown in Fig. 2, we shall still have Z A (which has passed 
through and has become negative) +Z.B + ZC + Z.I' 

(which is now reflex) = 2 st. angles. 



Exercuea. 83. Prove the last statement made above. 
84. How man; points of inteisection, at most, of the sides of a gen- 
eral quadrilateral ? pentagon 7 

86. How many diagonals, at most, has a general quadrilateral ? 

86. Prove prop. XXI by connecting each vertex with a point within 
the figure, thus formiog n &•, giving n st. A, and then Bubtracting Che two 
around 0. 

87. In an isosceles triangle, the perpendiculars from the ends of the 
base to the opposite sides are equal. 

88. If the bisector of the vertical angle of a triangle also bisects Ibe 
base, the triangle is isosceles. 

89. If the base AB of A ABG is produced to X, and if tbe bisectors 
ot Z XBC and Z BAG meet ai P, what fracUonal part is^^Pof .iiC? 

90. Given two parallels and a transversal, what angle do the bisectors 
of the interior angles on the same side of the transversal make with each 
other? 

91. If one angle of an isosceles triangle is given, and it is known 
whether it is the vertical angle or not, then the other two angles are 
determined. 
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Pkoposition XXII. 



96. Theorem. The sum of the exterior angles of any j. 
gon it a perigon. 




Given P and Q, two m-gons. 

To prove that the sum of the exterior A = 360° in each n^on. 

Proof. 1. In P, each interior Z + its adjacent exterior Z. 
= 180°. § 14, def. St. Z 

2. .'. sum of int. and ext. A = n- 180°. Ax. 6 

3. But sum of int. zi = (w - 2) ■ 180°. Why ? 

4. .'. sum of ext. ^ = 2 - 180° = 360°. Ax. 3 
'riie proof for Q is the same, if Z o is considered negative. 

Exercises. 92. Eacli eicterioF angle of an equilateral triangle equals 
hi'w iiiiiJL> times each Interior angle ? 

93. ['!:iah exterior angle of a regular heptagon equals what fractional 
[iiiri 111 lii'ih interior angle ? 

94. Each exterior angle of a regular n-gon equals what fractional 
part of each Interior angle ? See if the result found is tme if n = 3, oi 4. 

96. Is it possible for the exterior angle of a regular polygon to be 
70°? 72"? 75"? 120°? 

96. Prove prop, XXII independently of prop. XXI by taking a point 
anywhere in the plane of the figure (inside or outside 
the polygon, or on the perimeter) and drawing par- ^.^---'''''''J?"^--^ 
allela to the sides from that point, and showing that '\'i^&:'A—y^— 
the sum of the exterior angles equals the perigon '''^ f \ 
about that point. \ 
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97. Definitions. A quadrilateral whose opposite sides aie 
parallel is called a pitrallelogram. 

A quadrUateral that has one pair of opposite sides parallel 
is called a trapezoid. 

Trapezium Is a term oftea applied to a quadrilateral no two of whose 
sides are parallel. 

By tlie defiaition of trapezoid here given it will be eeen that the paral- 
lelogram may be considered a special form oi the trapezoid. 

The piirallel sides of a trapezoid are called its bases, and are distin- 
guished SB tipper and loaier. 

If the two opposite non-parallel sides of a trapezoid aie equal, the 
trapezoid is said to be isosceles. 






C3 



FaraUelogTstn. Trapeiold. Isoacelea trapeiold. 

In the above figures, angles 4, B,otB, C, or O, D, or i), .4, are called 
consecutive angles. Angles ^, C, or B, D, are called opposite angles. 



Exercises. 97. If the student has proved ex. 96, let him prove prop. 
XXI from that. 

98. Prove that the quadrilateral formed by the bisectors of the angles 
of any quadrilateral has its opposite angles supplemental. 

99. Show that in ex. 98 the angles bisected may be either the four 
interior or the four exterior angles. 

100. If from the ends of the base of an isosceles triangle perpendicu- 
lars are drawn to the opposite sides, a new isosceles triangle is formed, 
each of its base angles being half the vertical angle of the original triangle. 

101. The hypotenuse is greaterthaneitherof the other sides of aright- 
angled triangle. 

102. From the vertex of the right angle of a right-angled triangle, Is it 
possible to draw, to the hypotenuse, a line longer than the hypotenuse ? 
Proof. 

103. A line from the vertex of an isosceles triangle to any point on the 
base produced is greater than either side. Is this also true for a scalene 
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Proposition XXIII. 

98. Tbeorem. An^ two consecutive angles of a parallelo- 
gram are supplemental^ and any two opposite angles are 
equal. 



A B 



Giwn UASCD. 

To piore that (1) Z.A + /:B = at. Z, 

Proof. 1. Z .^ + Z 5 = St. Z, wMcli proves (1). 

Prop. XVII, cor. 2 

2. Z S + Z C = St. Z. Why ? 

3. .-.Z^ + ZB^Z^ + ZC. Why? 

4. .■.ZJ = ZC, whichprovea (2). Why? 

CoEOLLAKT. If one angle of a parallelo;fram, is a right 
angle, all of its angles are right angles. (Why ?) 

99. Definitions. If one angle of a parallelogram is a right 
ai^le, the parallelogram is called a rectangle. 

By lite corollary, all angles of a recUuigle are right anglea. 

A parallelogram that has two adjacent sides equal is called 
a rhombus. 

It LB shown in prop. XXIV, cor. 1, that all 
o£ its sides are equal. 

A rectangle that has two adjacent 
sides equal is called a square. 

It is shown in prop, XXIV. cor. 1, that all Khombua. Square, 

of Its Bides are equal, A square is thus seen to be a special form of a 
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Proposition XXIV. 

100. Tbeorem. In any parallelogram, {1) either diagonal 
divides it into two congruent trianglet, {^ the oppotite tidet 
are equal. 



Given D ABCD. 

To prove that (1) A ABC ^ A CDA, 

(2) AB^DC. 

Piwf. 1. In thefigure, Za! = Za;', Zy = Zy', and ^C=^P. 

Prop. CO 

2. .-.AABC^ACDA, which proves (1). Prop. II 

3. .-. AB = DC, which proves (2). § 57 
Similarly for diagonal BD, and sides BC and AD. 

Corollaries. 1. If turo adjacent sides of a parallelogram 
are equal, all of its sides are equal. 

For b; Btep 3 the other eides are equal to these. 

Hence, as stilted in S 90, all of the sides of a rhombus are equal. 

2, The diagonals of a parallelogram bisect each other. 

For it diagonal BDcuts .^ C at 0, then, by prop. II, A ABO ^ A CDO, 
whence AO = OC, and BO - OD. 

In the annexed figure, if a and a' are perpendicular to P and P", two 
parallela (prop. XVII, cor. 1), they are parallel 
(prop. XVI, oor. 3). Hence a = a', by prop. ^ I D 

XXIV. This fact is usually expressed by p; I I 

aaying, 

3. Two parallel lines are everywhere equidistant from, each 
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Proposition XXV. 



101. Theorem. If a convex quadrilateral haa two opposite 
aides equal and parallel^ it in a parallelogram. 




Given a convex quadrOateral ABCD, with AB = DC, and 

AB II DC. 
To prorc that ABCD is a parallelogram. 

pRxrf. 1. In the figure Z x ^ Z a;', Prop, (?) 

BD s BD, and AB = DC. Given 

2. .-. A ^52* ^ A CDB, and Z y == Z ji'. Prop. (?) 

3. .-. BC II AD. Prop. XVI 

4. .'. ABCD is a O by definition. 



ExwciaeB. 104. It is shown in Physics that if two forces are pulling 
frooL the point B, and the first force is represented (see fig. to prop. XXV) 
by }iA, diid the second by BC, the resultant (resulting force) will be rep- 
respni.'d by (he diagonal BD. Show that, it the two forces do not pull in 
the haiiic line, the resultant is always less than the sum of the two forces. 

105. If two equal lines bisect each other at right angles, what figure 
is foriritil bj joining the ends? 

106. If the diagonals of a rectangle are perpendicular to eacb other, 
pii.vp tU:it the rectangle is a square. 

107. On tlie diagonal BB of U ABCD, P and Q are so taken that 
BP = QD. Show that APCQ is a parallelogram. Suppose P is on DB 
produced, and Q on BD produced. 

108. Prove that the diagonals of a rectangle are equal. Prove that 
the diagonals of a rhombus are perpendicular to each other and bisect 
the angles of the rhombus. 
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Pkoposition XXVI. 

102. Theorem. If two parallelograms have two adjacent 
tides and any angle of the one respectively equal to the 
corresponding parts of the other, they are congruent. 

a '\=\ 

GiTen m ABCB, A'B'CD', m which AB = A'B, AD = 

A'D',xaA/LD = Z.D'. 

To prove that n ABGD^CJ A'B'Ciy. 

Proof. 1. /LA=/:,A',Z.B = /.B',^C=^a, for they are 
equal or supplemental to D or D'. Prop, XXIII 

2. CD = CD', BC = B'G, for they are equal to sides 
that are known to be equal. Prop. XXIV 

3. Apply O ABCD to D A'B'CD' so that AS coin- 
cides with its equal A'B', A falling on A'. Then AD 
can be placed on A'D' because Z.A = Z.A'. Then 
D will fall on D', because AD = A'D'. Similarly, 
C will fall on C, and CB on C'S'. 

CoROLLAKiEs. 1. Two rectangles are congruent if two ad- 
jacent aides of the one are equal to ang two adjacent sides of 
the other. (Why ?) 

2. Two squares are congruent if a side of the one equals a 
side of the other. (Why ?) 



BxeiciseB. 109. Is a, parallelogram determined when any two sides 
and either diagonal are given ? when two adjacent aides and either diag- 
onal are given ? 

110. The angles at either base of an isosceles trapezoid are equal. 
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PLANE QEOMETEY. 



Proposition XXVII. 



103. Theorem. If there are two pairs of linea, all of which 
are parallel, and if the aegmentg cut off by each pair on any 
tramvenal are equal, then the segments cut off on any other 
transversal are equal also. 



Given foTir parallels, of which Pi, Pj cut off a segment a, 
and Pa , P* cut off an equal segment b, on a trans- 

, veisal T, and cut off segments a', b', respectively, 

, on transversal 2*. 

To prove that a' = b'. 

Pnof. 1. Suppose x and y II T as in the figure. 

2. Then, in the figure, ^wx = Z. P^T =AP,T = Z.xy. 





Prop. XVII, cor. 2 


And Z«'«. = ZS'2. 


Why? 


And x = a = b = y. 


Prop. XXIV 


.-. Awa'a;^AaJV>anda 


= b'. Prop. XIX, cor. 7 



Corollaries. 1. If a system of paral- 
lels cuts off equal seyments on one trans- 
versal, it does on every transversal. 

For if o = 61 or 6z, a' = 61' or W, respectively, 
and similar!; for the other transversals. 

2. The line through the mid-point of one side of a triangle, 
parallel to another side, bisects the third side. 

Draw a third parallel through tiie vertei. Then cor. 1 proves it. 
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Prop. XXVn.] PARALLELS AND PABALLBLOQBAlta. 66 

3. The line joining the midpoints of two sides of a triangle 
is parallel to the third side. 

For if not, suppose through the mid-point of one of those aides a line 
is drawn parallel to the base ; then this must bisect the other side, by 
cor. 2 ; .-. it muHt coincide nith the line joining the mld-poinls, or else a 
side nould be bisected at two difierent points. (This is the converse of 
cor. 2. Draw the figure.) 

4. The line joining the mtd-points of two sides of a triangle 
equals half the third aide. (Prove it.) 



repeated, since it is f""^ 
1 proofe. It is here e x/l\b 
cor. 2 ; for if a = b, 1.,^ JP^^ 



Eseicises. 111. Ttie line joining the qiid-pointa of Oie non-parallel 
aides of a trapezoid is parallel to the bases. 

112. In a right-angled triangle the mid-point of tlie hypotenuse is 
equidistant from the three v< 
been given before, and will be repeated, 
important and admits of divers [ 
easily proved by prop, XXVII, c 
then a' = y ; but p II e, .: p±a', .■.x = b = a.) » » 

113. The lines joining the mid-points of the sides of a triangle divide 
it into four congruent triangles. 

114. If one of the equal sides CB of an isosceles triangle ABG is pro- 
duced through the base, and if a segment BD is laid ofi on the produced 
part, and an eqnal segment AE is laid ofi on the other equal side, then 
the line joining D and E is bisected by the base, (Consider the cases in 
which BD<CB, BB = CB, BD> CB.) 

115. If the mid-points of the adjacent aides of any quadrUateral are 
joined, the Jlgure thus formed is a parallelogram. (Consider this theorem 
for cases of concave, convex, and cross quadrilaterals, and for the special 
case of an interior angle of 180°.) 

116. The lines joining the mid-points of the opposite sides of a quadri- 
lat«ral bisect each other. Consider for tlie special cases mentioned in 
ex. 116. 

117. The line joining the mid-points of the diagonals of a quadri- 
lateral, and the lines joining the mid-points of its opposite aides, pass 
through the same point. 

118. F and Q are the mid-points of Che sides AB and CD of the 
parallelogram ABCI). Prove that PD and BQ trisect (divide into three 
equal segments) the di^onal AG. 
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PLANE GEOMETSr. 



BXBBOI 



119. WhM is the sum of the Interior angles of a polygon of 30 sides ? 
of 30 sides ? 

120. How many degrees in each angle of a regular polygon of 12 sides ? 
of 20 sides ? 

121. How many sides has a polygon the sum of whose Interior angles 
la 4S right angles ? 

122. The vertical angle of a certain isosceles triangle is 11° 16' 20"; 
how large are the base angles ? 

123. The exterior angle of a certain triangle is 140°, and one of the 
interior non-adjacent angles is a right angle; how many degrees in each 
of the other two interior angles ? 

124. Each exterior angle of a certain regular polygon is 10°; how 
many sides has the polygon ? 

125. If P is any point on the side BC of A ABG, then the gi-eater of 
the BidHH A B, AC, ia greater than AF. 

126. If ihe diagonals of a quadrilateral bisect each other, prove that the 
quadrilateral is a parallelogram. Of what corollary is this the converse ? 
Prove that the diagonals of an isosceles trapezoid are equal. 

127. Conversely, .prove that if the diagonals of a trapezoid are equal, 
the trapezoid is isosceles. 

128. Is a parallelogram determined when its two diagonals are given ? 
when its two diagonals and their angle are given ? 

129. ABC is a ti-iangle ; AC is bisected at M; BlI is bisected at N; 
A*i lueeis BC at P; MQ is drawn parallel to AP to meet BC at Q. 
ProVB tlijt BC is trisected (see ex. 118) by P and Q. 

130. A, Care points on the same side of XX'; B ia the mid-point of 
AC; thwiigh A, B, C parallels are drawn cutting XX' in A', B", C 
I>i'ove Uiat AA' + OC = 2 BB: 

131 A straight line drawn perpendicular to the base AB of an isos- 
celM tiianzle ABG cuts tbe side CA at D and BC produced at E ; prove 
tliat GBB Is au Isosceles triangle. 

132. ABC is a triangle, and the exterior angles at B and C are 
bisected by the straight lines BD, CD respectively, meeting at D ; prove 
that Z CDB + iZA = & right angle. 

133. In the triangle ABC the side BC is bisected at E, and ABalG; 
AE is produced to F so that EF = AB, and CG is produced io H m 
that GH = CG. Prove that F, B, Sare in one straight line. 
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I part of which is 



104. Definitions. A curve is a. 
straight 

105. A circle ia the finite portion of a plane bounded by a 
curve, which is called the circumference, 
and is such that all points on that line 
are equidistant from a point within the 
iigiii-e called the center of the circle. 

A circle is evidently described by a line-seg- 
ment making a complete rotation in a plane, 
about a fixed point (the center). 

106. A straight line terminated bj the center and the cir- 
cumference is called a radius, and a straight line through the 
center terminated both ways by the circumference is called 
a diameter of the circle. 




107. A part of a circumference is called an arc. 

Note. The above definitions are substantially those usually met in 
elementary geometries. The student will find, after leaving this subject, 
that the word circle is often used for circumference. Indeed, there is 
good authority for so using the word even in elementary geometry. 

108. From the above definitions the following corollaries 
may be accepted without further proof ; 

1. A diameter of a circle is equal to the sum of two radii of 
that circle. 

2. Circles having the same radii are congruent. 

3. A point is within a circle, on Us circumferenee, or outside 
the circle, according as the distance from that point to the 
center is less than, equal to, or greater than, the radius. 
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68 PLANE GEOMETRY. [Bs. I. 

109. It DOW becomea necessary to assume certain postulates 
telatiDg to the circle. 

Poetnlates of the Circle. 

1. All radii of the same circle are equal, and hence all 
diameters of the same circle are equal. 

2. If an unlimited straight line passes through a point 
within a circle, it must eut the circumference at least twice, 
and so for any closed figure. 

That it cannot cut the circumference more than twice is proved in m, 
prop. VI, cor. 

3. If one circumference intersects another once, it intersects 
it again. 

4. A circle has but one center. 

6. A circle may be constructed with any center, and with a 
radius equal to any given line-segment. 

llilB postulate requires the use of the compasses. As has been stated, 
the only inetrvmenU aUotaed in elementary geometry are the compasses and 
the straight-edge, a limitation due to Plato. In the more advanced 
geometry, «liero other curves than the circle are studied, other inslru- 
nmnla are permitted. 

110. Obdek to be obsebved in the solution of problems : 
Given. For example, the angle A. 

Eequibed. For example, to bisect that angle. 

CoxsTRucTioN. A statement of the process of solving, 
using only the straight-edge and compasses in drawing the 
figure described, 

Tkoof. a proof that the construction has fulfilled the 
i'«quirements. 

Discussion. Any consideration of special cases, of the 
limitations of the problem, etc. If a problem has but a 
single solution, as that an angle may be bisected but once, 
the solution is said to be unique. 
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Peop. XXVm.] PBOBLEJtS. 



Proposition XXVIIL 
IIL Problem. To hisect a given angle. 
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Given the Z AOB. 

Required to bisect it. 

ConstructioD. 1. With center describe an arc cutting JO at 
C, and OB at I>. § 109, post, of O 

2. Draw DC. § 28, post. st. line 

3. Describe ai'cs with centers D, C, and radius DC. 

Post (?) 

4. Join their intersection P, with 0. Post. (?) 
Then Z.AOB is bisected, YY" being an axis of 
symmetiy (§ 68). 

Proof. 1. Draw DP, CF ; 

then OD = OC, DP = DC, DC ^ CP. % 109, 1 

2. .■.DP= CP. Ax. (?) 

3. But OP = OP. 

4. .-.A OCP^AODP, 

and Z COP = Z POD. Prop. XII 

Corollary. Jn ant/le may be divided into 2, 4, 8, 16, 

S*, equal angles. (How ?) 
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70 PLANE OEOMETRT. [Bk. I. 

112. Note on Assuued Constructions. It has been assumed, up to 
prop. XXVIII, that all constructtoaa were miide as required for the 
theorems. Thua an equilateral triangle has been frequently mentioned, 
although the method of constructing one has not yet been indicated ; 
a regular heptagon has been mentioned in ei. S3, and reference might 
be made to certain results following from the trisection of an angle, 
although the solutions of the problems, to construct a regular heptagon, 
and to trisect any angle, are impossible by elementary geometiy. But 
the poBsibility of solving such problems has nothing to do with the 
logical sequence of the theorems ; one may know that each angle of a 
regular heptagon is } ■ 180°, whether the regular heptagon admits of 
construction or not. Nevertheless, an important part of geometry con- 
cerns itself with the construction of certain figures — a part of utmost 
practical value and of much interest to the student of mathematics. 

113. Suggestions on the Solution of Problems. The methods 
oT logically undertaking the solution of problems will be dia- 
cossed at the cloae of Book III. But at present one method, 
already suggested on p. 35, should be repeated : In atteniptini/ 
the solution of a problem., assume that the solution has been 
accomplished; then analyze the figure and see what results 
follow; then reverse the process, •making these results precede 
the solution. 

For example, in prop. XXVIII, assume that /lAOB has beea bisected 
bg ¥Y' ; if tfiat were done, and if any point, P, on ¥¥' were joined 
to points equidistant from 0, on the arms, say C and D, then A OCP 
would be congruent to A ODP ; now reverse the process and attempt to 
niako A OCP congruent to A ODP ; this can be done if OD can be made 
equal to OC, and PD to PC, because OP=OP; but this can be done 
by S lOS, 5. 

This method of attacking a problem, without which the 
student will grope in the dark, is called Geometrical Analysis. 

Ezerciaea. 134. Give the solution of prop. XXVIII, using P" instead 
of P. Why is P better than P* for practical purposes ? In what case 
would the construction fall for the point P* ? In that case how many 
degrees in ^ .A OB? 

135. In prop. XXVIO, in what case would P' fall below ? Give 
the solution in that case, after connecting P' and and producing P'O. 



Proposition XXIX. 

114. Problem. To draw a perpendicular to a given line 
from a given internal point. 



/ 

0/ o 



Solation. -This is merely a special case of prop. XXVIII, 
the case in which Z.AOB is a straight augle. (Why ?) The 
construct ion and proof are identical with those of prop. 
XXVIII, and the student should give them to satisfy himself 
of thia fact. _______„ 



Ezerdaea. 136. Wb&t kind of a, quadrilateral is CPDF' ? Prove it. 

137. Prove that any poinC on BA ie equidistant from P and P'. Also 
that an; point on Y¥' la equidiEUnt from D and C. 

138. In step 8 of the construction of prop. XXVIII might the radius 
equal two times DC ? If eo, complete the BOtutlon. Is there an; limit 
to the lengtli of the radiua in that step ? 

139. In the figure of prop, XXVIII, sappose ZPCO = 130°. Find 
the number of degrees In the various other angles, not reflex, of the 
figure. 

140. In tlie figure of prop. XXVIII, prove that the reflei angle BOA 
is bisected by TT', that is, by PO produced. 

141. Also prove that FF'.is the perpendiculw bisector of DC. 

142. Also prove that if O is connected with P and with P', OP' will 
fftU on OP. (Prel. prop. VIU.} 
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PLANS QBOMETBT. 



Pboposition XXX. 



115. Problem. To draw a perpenduntlar to a ffiven ItTie 
from a given external point. 



Gtren the line XX' and the external pt. P. 
Reqalied to draw a perpendicular from P to XX'. 
ConBtmction. 1. Draw PR cutting XX'. § 28 

2. With center P and radius PR const, a O. 

§ 109, post, of O 

S. Join A and A', where the circumference cuts XX', 

with P. S 28, post, of st. line 

4. Bisect Z. A'PA. Prop. XXVIII 

The bisector, PO, is the required perpendicular. 

Proo*. 1. PA = FA', § 109, 1 

Z. OPA = Z A'PO, Const., 4 

and PO s PO. 

2. .-.AAPO^AA'PO, Prop. I 
ajid Z. AOP = jL POA: 

3. .-. ZAOP ia a rt. Z, and PO ± XX'. §§ 19, 20 
NotB. The BolutJon of this problem is attributed to CEnopides. 



Exercises. 143. Find in a given iine a point eqaidistaat from two 
given polnu A and B, the mid-point of AB being also given. 

144. Find B, point eqaidiatant from three given points A, B, C, the 
mid-pointa of AB and BC being also given. 
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PB0BLXM8. 



PBOP08inoN XXXI. 
116. ProUem. To bi$eet a given line. 

A' 



Oiren the line AB. 

Required to bisect it. 

Constmctioii. 1. With centers A, B, aD,d equal radii describe 
arcs intersecting at P and P*. Post. (?) 

2. Draw PI". Post (?) 

3. Then PP* bisects AB. 
Pnwf. 

(Let the student give it. Draw AP-, P'B, BP, PA.) 



146. Throu{^ & given point to draw a line making equal 
ttngles with Uie arms of a given angle. Siscnas for yarious relaiive posi- 
tioQB of the point. 

146. To draw a perpendicular to a line from one of its eztramities, 
wtieu the line cannot be produced. (Ex. 112 suggests a plan.) 

147. Throuj^ two given points on opposite sides of a given line draw 
two lines whicb ehaU meet In the given line and include an angle which 
ia bisected liy that line. 

148. If two isosceles triangles have a common base, the straight line 
through their vertices is a perpendicular bisector of the base. 
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PLANE OBOMBTBT. 



Proposition XXXII. 



From a given point in a given line to draw 
a line making with the given line a given angle. 



Given the line AB, the point P in it, and the angle 0. 
Reqnind from P to draw a line making with AB an angle 

equal to Z 0. 
Conatrnction. 1. On the arms of Z lay off OC ^ OD by 

describing an arc with center and any radius OC. 
§ 109, post, of O 

2. Draw CD. § 28, post, of st. line 

3. With center- P and radius OC, describe a circum- 
ference cutting PB in C. Post. (?) 

4. With center C and radius CI>, describe an arc cut- 
ting the circumference in D'. Post. (?) 
Draw PD', and this is the required line. 

Proof. Draw CD'; then, 

A PCD' and AOCD being mutually equilateral, 
Why? 
A PCD' ^ AOCD, 
and Z C'PD' - Z COD. Prop. XII 

Exercises. 149. Prove that the circumferences must cut At If a» 
stated fn step 4. 

160. See It the Bolution of prop. XXXII is general enough to cover 
the cases where the ZO h str^ught, reflex, a perigon. 

151. From a given point in a given line to draw a line making an 
angle supplemental to a given angle. 
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Proposition XXXIII. 

118. Problem. Through a given potrd to draw a line paral- 
lel to a given line. 



(Hven the line AB and the point P. 

Required through P to draw a line parallel to AB. 

CoaBtmction. 1. Join P with any point, 0, on AS. 

§ 28, post, of at. line 
2. From P draw BC making Z OPC = /. BOA. (?) 
Then PC is the required line. 

Proof. BC II AB. Why ? 

Diacnsslon. The solution fails if P is on the unlimited line AB. 



BzerciBes. 152. Through a given point to draw a line makiog a given 
angle with a given line. Notice that the Bolntion la not unique. 

153. Through a given point to draw a transveraal of two parallels, 
from which the poralleU shall cut off a given segment. Discussion should 
show when there are two solutiotu, when onl; one, when none. 

154. To construct a polygon (say a hexagon) congruent to a given 
polygon. 

155. Through two given points to draw two lines forming with a 
given unlimited line an equilateral triangle. 

166, Three given lines meet In a point ; draw a transversal such that 
the two segments of it, intei'cepted between the given lines, may he equal. 
Is the solution unique ? 

157. From P, the intersection of the bisectors of two angles of an equi- 
lateral triangle, draw parallels to two sides of the tjiangte, and show that 
these parallels trisect (see ex. 118) the third side. 
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FLAlfX GSOUETBT. 



Propositioh XXXIV. 



lis. Problem. To conttruet a triangle, given the three 
udet. 



(Hven a, b, e, three sides of & tri&tigle. 
Required to construct the triangle. 

Construction. 1. With the ends of i ae centers, and with radii 
a, e, describe circumferences. § 109 

2. Coimect either point of intersection of these circum- 
ferences with the ends of b. § 28 
Then is the required A constructed. 
Proof. It was constructed on b, and the other sides equal a, c. 

% 109, 1 

Discnsrion. If the two circumferences do not intersect, a. 

solution is impossible, for then either a> b + c, 

a = b + e, a = c — b, or a<c — b, and in none of 

these cases is a triangle possible. 

Prop. VIII and cor. 
Corollary. To eongtraet an equilateral triangle on a given 
line-segment. 

Tbe first propoeltlos of Euclid's "Elements of Geometry." Euclid 
proceeded apon the principle of logical sequence of propoaltions, with 
no attempt at grouping the theorenis and the problems separately. He 
found this corollary {a problem) the beat proposition with which to begin 
bis system. 

Ezerdae. 168. In a given triangle Inecribe a rhombus, having one of 
its angles coincident with a given angle of the tiian^e, and the other 
three vertJces on the thie« sides of the triangle. 
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Propositios XXXV. 

120. Problem. To conttruct a triangle, given two tidet and 
the included angle. 



Given the sides a, b, and the included angle k. 

Required to construct the triangle. 

Constmction. 1. From either end of b draw a line making with 
b the angle k. Prop. XXXII 

2. On that line mark off a by describing an arc of 
radius a. % 109 

3. Join the point thus determined with the other end 
of ft. g 28 
Then the triangle is constructed. 

Proof. By step 2 the line marked off equals a, and by step 1 
Z.b = Z.k, and it is constructed on b. 



BzerdaM. 1B9. To trisect a right angle. (Construct an equilateral 
triangle on odr arm.) 

160. On the side AC of A ABC to find the point P such that the par- 
allel to AB, from P, meeting BC at D, shall have PD = AP. 

161. To construct a triangle, having ^veu two angles and the perpen' 
dicular from the vertex of the third angle te the opposite aide. 

162. Draw a line parallel to a given line, eo that the segmant Inter- 
cepted between two other given lines may equal a given segment. 

163. Given the three mid-points at the sides of a triangle, to constmct 
the triangle. 

164. Through a given point P in an angle AOB to draw a line, termi- 
nated by OA and OB, and bisected at P. (Through P draw a II to BO 
cutting OAm X; on XA lay off XT = OX ; draw TP.) 
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PLANE QBOMETRY: 



PaopoaiTioN XXXVI. 



121, Problem. To eonatmct a triangle, given two tide* and 
the angle oppotite one of them. 



Gtna two sides of a tiiaagle, a, h, and Z k opposite a. 
Reijiiind to construct the triangle. 

Constmctlon. 1. At either end of b draw a line making with h 
an angle equal to Z k. Piop. (?) 

2. With the other end of ( as a center, and a radius a, 
describe a circumference. Post. (?) 

3. Join the points where the circumference cuts the 
line of step 1, with the center. Post. (?) 
Then the triangle is constructed. 

Proof. For it has the given side b, and the given Z k, and 
the lines of step 3 equal a. § 109, 1 

Discussion. If the circumference cuts the line twice, two solu- 
tions are possible, and the triangle is ambiguous 
(see prop, XIV). If it touches the line without 
cutting it, what about the solution ? If it does not 
meet the line, no solution is possible. "Li Z.k is 
right or obtuse, or if a-^b, only one solution is 
possible (prop. XIX, cor. 5). 
Draw a figure for each ol these cases, and show from the drawings 

that the Btatemenls made in the discission are true. 

Bxerclw. 166, XX', Yy, are two given lioes through O, and P is a 
giveo point ; through P to draw a line to XX', which shall be bisected 
by TY". Investigate for various positions of P, as where P ie within 
the ^ XOY, the Z YOX', on OY, or on OX. 
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Proposition XXX y II. 
122. Problem. To cotutruct a triangle, given two angle» 
and the tTicluded side. 



T A 



A — r 

GiTen two angles, A, B, and the included side AB. 

Required to construct the triangle. 

Conetmction. 1. Prom A draw ^X making with AB an angle 

equal to Z A. Prop. XXXII 

2. Similarly, from B draw BY, making an angle equal 

to Z .B. Pr<^. XXXII 

C being the intersection of AX^ BY, then ABC is 

the required A. 
Proof. (Let the student give it.) 
IHscnsaion. If AX, BY, do not intersect, what follows? 



Proposition XXXVIII. 

123. Problem. To eonatruet a triangle, given two anglet 
and a side oppotite one of them. 

Solution. Suhtract the sum of the angles (found by prop. 
XXXII) from ISO" and thus find the third angle (prop. XIX). 
The probleKl then reduces to prop. XXXVII. 



Proposition XXXIX. 

124. Problem. To construct a square on a given line as 
a side. 
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PLANS QBOMBTBT. 



4. LOCI OP POINTS. 

135. The place of all points aatisfyiug a given coDdition is 
called the locas of pointa satisfjii^ that condition. 

Indeed, the woid loeua (Lfttlu) means simply place (Ei^^iah, loeatity, 
lotate, elo.) ; the plural is loci. 

For example, if points are on this page and are one inch from the left 
edge, their locus Is eTldently a straight line parallel h> the edge. 

FuTtbermoTe, the locus of pomls at a given distance r from a fixed 
point O is the circumference described about with a radius r. This 
statement, altbongti very evident, is made a theorem (prop. XL) beeaose 
of the frequent reference to it. 

Of course in this discussion, as elsewhere in Books I-V, 
the points are all supposed to be confined to one plane. 

In Plane Geometry the loci considered will be found to con- 
sist of one or more straight or curved lines. 

It is a common mistalie to assume that a locus, which one is trying to 
discover, consists of a single line. It nkay conuet of two lines, as in prop. 
XLII. 



126. In proving a theorem concerning the locus of points it 
is necessaiy and sufficient to prove two things : 

1. That any point on the supposed loeua saiisfiea the condition; 

2. That any point not on the supposed locus does not satisfy 
the condition. 

For if only the first were proved, there might be some other 
line in the locus ; and if only the second were proved, the sup- 
posed locus might not be the correct one. 



Bzercise. 166. State, without proof, wliat is (1) the locns of points 
i in. from a given straight line ; (2) the locus of points equidistant from 
two parallel lines. 
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LOCI OF POINTS. 



Pbopositiok XL. 



. 127. Theorem. The locua of ^nta at a given dittanee 
from a given point w the eiretemference deterged about that 
point as a center^ vitk m radius espial to the^ivefi distance. 




the point 0, the line r. and tlie circumference C 
described about with radius r. 
Dve that is the locus of points r distant from 0. 

1. Let P|, -Pi, P, be points on C, within the circle, and 
without the circle, respectively. 

Let OPi produced meet C in if, and OPt meet C in A. 

2. Then 0^, = OBf=OA = r, | 109, 1 
and OPi < OB, and OP, > OA. Ax. 8 

3. .'. any point on Cis r distant from 0, and any point 
not on C is not r distant from 0. 



Ezercisea. 167. Has it been proved In prop. XL that the required 
locus nmj not be merely the arc cut off by r and OPi ? If so, where ? 

166. What is the locus of points at a. distance of i in. from the above ^'^ 
circiunference, the distance being measured on a line through O? 

169. UghthouBes on two islands are 10 miles apart ; show that there //' 
aie two points at sea which are exactly 12 miles from each. 

170. How would you find, by the intersection of two loci, a point on ^ 
this page 1 in. from O in the above figure, and S In. from tike right edge 

of the paper? 
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PLANS OBOMBTRY. 



Peopobition XLI. 

138. Ttaeorem. The locus of points e^idUtant from two 
given points it the perpendicular bisector of the line joining 
Ihem. 



Given two points X and X', and YY' X XX' at the mid- 
point 0. 

To inDve that YY' is the locus of points equidistant from X 
and X: 

Proof. 1. Let P be any point o 

on yy: 



YY', and P' be any point not 



Draw PX, PX', P'X, PX: 

2. Then PX= PX', Prop. XX, cor. 5 
and P'X' > P'X. Prop: XX, cor^ 2 

3. Hence any point on YY' is equidistant from X and 
X', but any point not on YY' ia unequally distant 



from X and A". 
. YY' is the locus. 



§ 125, def. 



Ezercbes. 171. Required to find a point which is 1 lii. from X tuad^f 
J tn. from X' in the above figure. Is there more than one such point? • 

172. Required to find a point which is equidistant from X and X' i 
the above figure, and I In. from O. Is there more than one such pointf ' 
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LOCI OF POINTS. 



Propositiom XLII. 

129. Tbeorem. The locus of pointi equidiataiU from two 
given lines consists of the bisectors of their included anglet. 




Given OA and OB, two lines intersecting at 0, and XX' 
and YT' the bisectors of the angles at 0. 

To prove that XX' and Y¥' form the locus of points equidis- 
tant from OA and OB. 

Proof. 1. Let $.be any point on neither XX' nor YY'; let 
QB ± OB, QA i. OA, QA cut OX m P, PA' J. OB. 
Draw QA'. 

Since Q may be moved, P may be considered as any 
point on OX. 

2. Then ' A OAP ^ A OA'P, 

and ^P = ^'>. Prop. XIX, cor. 7 

3. K\m, A'X + PQ> A'Q > BQ. . Why ? 

4. ..AQ,(itAP-^PQ> BQ. Why? 

5. ,', any point P on XX' (or on YI") is equidistant 
from OA and OB, but any point ^ on neither XX' 

' not YY' ia unequally distant from OA and OB. 
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84 PLANE OEOUETBT. [Bx..L 

C0B0LLA.BIK8. 1. ]f the given lines are parallel, the loetta V 
u a parallel midway between them. (Prove it.) 

The stadent shoold imagine the effect ol keeping points A, A' fixed, 
and moviDg farther to the left. YY' mores ^th O, but XX' keeps 
its poaition as the lines approach the condition of being parallel. j j. 

2. The locus of points at a given distance from a gtoen line 
consists of a pair of parallels at that distance, one on each tide 
of the fixed line. (ProTe it.) 

130. Definitions. 

Three or more lines wMcli Three or more points which 
meet ia a point are said to be lie in a line are said to be 



Pbofobitiok XLIII. 

131. Theorem. The perpendicular bisectors of the three 
sides of a triangle are concurrent. 




Given a triangle of sldea a, b, c, and x, y, « their respective 
perpendicular biseetora. 

To prove that x, y, s are concurrent. 

Proof. 1. X and y must meet as at P. Prop. XVII, cor. 4 

2. Then P is equidistant from B and C, and C and A. 

Prop. XLI 

3. .'. P is on the perpendicular bisector of c; Why? 
I.e. » passes through P. 
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CoBoixARiES. 1. Tke p(nnt equidutant from three noa- 
eollinear points is the intersection o/ the perpendicular biaeetort 
of any two of th» lines joining them. 

Step 2, 

2. There is one eircle, and only one, whose circumference 
passes through three nonrCoUinear points. 

Let A,B,C\>e the three poinU. Tlien by step 2 they an equidlBtant 
from P, the iutenection of x and y. 

And ■■ X and y contain all poiiita eqnidiBtant from A, B, luid C, ami 
can Intersect but once, there la only one point P. 

And ■.■ thara la only ona center and one raditu, there is one and only 

3. Circumferences having three points in common are iden- 

Otherwise cor. 2 would be violated. 

4. If from a point nwre than two lines to a dreumferenee 

are equal, that point is the center of the circle. 

For suppose a circumference through A, B, C, and suppose PA = PB 
= PC. 

Now with center P and radins PA a, circumference can be described 
thTOv^ A, B, C, because It is ^ven that 

P4 = PB = PC. I 108, cor. 3 

And tbis is identical with ttie given chx:umfereuee. 

Prop. XLni, cor. 3 

.-. its center must be identical with the given center, since a O cannot 

baTe two centeni. § 100, 4 

Bzercises. 173. The proof of prop. XLni is, of course, the same if 
the triangle is right^mgled or obtuse-angled. The figures, however, 
show interesting positions for P ; consider them. 

174. Required to find a point at a given distance d from a fixed point 
O, and equidistant from two given intersecting lines. How many such 
points can be found in general ? 

176. Required to find a point equidistant from two glcen Intersecting 
lines, and equldistajit from two given points. How many soch points 
can be found in general ? 
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Pkoposition XLIV, 

,132. Theorem. The Msectors of the interior and exterior 
angles of a triangle are concurrent four times by threes. 




Otven the A ABC, and the bisectors of the interior and 
exterior angles, lettered as in the figure. 

To prove that these bisectors are concurrent four times by 
threes; that is, 3 meet at Pi, 3 at P,, etc. 

Proof. 1. ■.•^CAM>ZCBM,.-.ZGAM>ZffB2tf. Prop. V 

2. .-. AG and B^meet as at Pj. Prop. XVII, cor. 3 

3. Z HBM+ Z BAE <ZB->rZA< 180°. Prop. XIX 
.'. BH and AE meet as at P,. Prop. XVII, cor. 3 

4. BFX BH, and AG 1. AE, Prel. prop. IX 
.-. BF and AG meet as at F,. Prop. XVII, cor. 4 

6. Also, Pj is equidistant from a and e, from c and b, 
and .■. from a and h, Prop. XLII 

.-. P, lies on CT. Similarly for P,. Prop. XLII 

6. Similarly, P, and P, lie on CN. .'. the four points 
Pi, P„ P„ P„ are points of concurrence of the 
bisectors. 
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LOCI OF POINTS. 



Pbopohitioh XLV. 



133. Theorem. The perpendicvlart from the verticet of a 
triangle to the oppotite tides are coficurrent. 




Given. iheAABC. 

To iHtive that the perpendiculars from A, B, C, to a'b, e, 

respectively, are coacmrent. 
Proof. 1. Through A, B, C, respectively, suppose B'C II CB, 

A'C II CA, A'B' II BA. 

2. Then ABCB' and ABA'C are HJ. Def. O 

3. .-. B'C =AB= CA', and C is the mid-point of B'A'. 

Prop. XXIV; ax. 1 

4. Similarly, A and B are mid-pointa of B'C, CA'. 

6. It AX, BY, CZ A. B'C, C'^', ^'S', respectively, they 
are concurrent, as at O. Prop. XLIII 

6. And they are also the perpendiculars from A, B, C 
to a, b, c. Prop. XVII, cor. 1 

Note. The theorem is due to Archimedes. 

134. Definition. To trisect a magnitude is to cut it into 
three equal parts. 

ExerciM. 176. In prop. XLIV auppose C moTes down w the aide e. 
What becomes of Pi, Pi, Pi, P* P 
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PLANS OBOMSTRT. 



Peoposition XLVI. 



135. Theorem. The medians of a triangle are concurrent 
in a triaeetion point of each. 




<Hveii the h.ABC and the medians BY, AX, iatersfecting 

at 0. 
To ptove iiiat (1) the median from C must pass through 0, 

(2) OX^^AX, OY=^BY, etc. 
Proof. 1. Suppose CO drawn, and produced indefinitely, 

cutting AB at Z. 

2. Supple AP II OB; CO must cut AP, as at P. § 86 

3. Draw PB. Then ■.- CY= YA, .-. CO=OP. 

Prop. XXVII, cor. 2 

4. And-.- CO = OP, a^d CX=XB,.-. OX WPB. 

Prop. XXVII, cor. 3 

5. .-. APBO is &n,AZ= ZB, and OZ = ZP. 

Prop. XXIV, cor. 2 

6. •'. OZ is a median, and it passes through 0. 

7. And -.■ OZ=i OP, .-. 0Z= i CO, or J CZ. Simi- 
larly for or and OX. 

Exercise. 177. The eum of the three medians of a, triaJQgle is greater 
tlian three-f ourtba o£ its perimeter. 
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136. Dednltions. The point of concurreDce of the perpen- 
dicular biaectors of the sides of a triangle is called the dr- 
cumcenter of the triangle. (Prop. XLIII.) 

The reEison will appear later when it is shown that this point is the 
center of the circum-scribed circle. (See Table of Etymologies.) 

137. The point of concnrrence of the bisectors of the interior 
angles of a triangle is called the In-center of the triangle ; the 
points of concurrence of the bisectors of two exterior angles 
and one interior are called the ez-centera of the triangle. 
(Prop. XLIV.) 

It will pree^tly be proved that the in-cent«r ia the center of a circle, 
in-side the triangle, just touching the sides; uid that the os-centers are 
centers of circles, out-Hide the triangle, just touching the three lines of 
which the sides of the triangle are segnienle. Hence the names in-center 
and ex-center. 

138. The point of concurrence of the three perpendiculars 
from the vertices to the opposite sides is called the ortliocenter 
of the triangle. (Prop. XLV.) 

139. The point of concurrence of the three medians of a tri- 
angle is called the centroid of that triangle. (Prop. XLYI.) 

It is shown in Physics that this point is also the center of msss, or 
center of gravit; of the plane surface of the triangle. It is, therefore, 
tometimes called hy those names. 



Exercises. ITS. U a triangle is acute-angled, prove that both the 
circumcenter and the ortbocenter lie within the triangle. 

IT9. In prop. XLVI, it X, T, Z be joined, prove that the A XTZ 
will be equiangular with the A ABC. 

180. Is there any hind of a triangle in which the in-center, circnin- 
center, orthocenter, and centroid coincide ? If so, what is it? Prove it. 



182. In ex. 179, prove that if the mid-points of the sides of A XTZ 
are joined, is also the centroid of that triangle ; and so on. 
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BOOK II. — EQUALITY OF POLYGONS. 



1. THEOHBMS. 

140. Definitions. Two polygons are said to be adjacent if 
they have a segment of their perimeters in common. 

141. Suppressing the common segment of the perimeters of 
two adjacent polygons, a polygon results which 
is called the sum of the two polygons. Simi- 
larly for the sum. of several polygons, and for 
the difference of two overlapping polygons. 

142. Surfaces which may be divided into the 
same number of parts respectively congruent, or which are the 
differences between congruent surfaces, are said to be equal. 

This property is often designated by the espressions equivalent, equal 
in area, of equal content, etc. ; but the use of tlie word congruent, for 
identically equal, renders tie word equal sufBcient. 

The definition is more broadly treated in Boole V. 



143. The altitude of a trapezoid is 

the perpendicular distance between 
the base lines. 

Hence a, trapezoid can have but one alti- 
tude, a, unless it becomes a parallelogram. 

144. The altitude of a triangle with 
reference to a given side as the base, 
is the distance from the opposite ver- 
tex to the base line. 

Hence a triangle can have three distinct 
altitudes, viz. ai, Oj, Oi, in the figure. 
90 







BQUALITT OF POLTOOSS. 



145. Theorem. Parallelogramg on the game bate or on 
equal bases and between the aame parallels are equal. 



Fia. 1. Fia.i. Fia. 3. 

fflven WABCD, ABC'jy, on the same base AB, and 

between the same paralleU P, P'. 
To prove that O ABCD = O ABC'D'. 
Proof. 1. AD = B€, AD' = EC, DC=AB = PfC. Why ? 

2. In Pig. 1, adding CD', DV = CC. Ax. 2 

3. .-.ABC'C^AAD'D. Why? 

4. But ABC'D = ABC'D. 

.■.CJA£CD = CJ ABC'D'. Ax. 3 

Similarly for Figs. 2 and 3. In Fig. 2, CD> has become 
zero; in Fig. 3, it has become negative. 

The meaning of " between the same parallels " is apparent 

Corollaries. 1, A parallelogram equals a rectangle of the 
same base and the same altitude. (Why ?) 

2. Parallelograms having equal bases and equal altitudes 
are equal. (Why ?) 

3. Of two parallelograms having equal altitudes, that is the 
greater which his the greater base ; and of two having equal 
bases, that is the greater which has the greater altitude. (Why ?) 

4. Equal parallelograms on the same base or on equal bases 
have equal altitudes. 

Law ol Converse, § 73, after core. 2 and 3. Give it in full. 
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PLANE QEOXETBT. 



PkOPOSITION II. 



146. Theorem. Triangles on, the same hose or on equal 
bases and between the same parallels are equal. 



Given A ABC, ABC on the base AB, and between the 

same parallels AB, C'C. 
To prove that A ABC = A ABC. 

Proof. 1. In the figure, suppose AD II BC, BD' II AC. 

Then ABCD, ABD'C are equal m. Why ? 

2. And, since A ABC, ABC are their halves, 

I, prop. XXIV 
.■.AABC = AABC'. Ax. 7 

CoKOi>LARiE3. 1. A triangle equals half of a. parallelogram, 
or half of a rectangle, of the same base and the same altitude 
as the triangle. 

By step 2, and prop. I, cor. 1. 

2, Triangles having equal bases and equal altitudes are equal. 

3, Of two triangles having equal altitudes, that is the greater 
which has the greater base ; and of two having equal bases, that 
is the greater which has the greater altitude. (Why ?) 

4, Equal triangles on the same base or on equal bases have 
equal altitudes. (Why ?) 

Note. In props, I and 11 if the figures are on equai baaes they can 
evidently be plswed on the aame baae. Henoa the proofs given are 
sufficient. 



iitizec by Google 



EqUALITT OF POLYOONS. 



PttOPOSlTION III. 



147. Theorem. A trapezoid w equal to half <if the rect- 
angle whose baae is the lum of the two parallel »ide», and 
wliose altitude ia the altitude of the trapezoid. 

A B 

Given the trapezoid ABCD. 

To prove that ABCD eqiiaJs half of a rectangle with the same 
altitude, and with base equal to AB + DC. 

Proof. 1, AboutO,theinid-pointof £C,tevolve^B(77)through 

180° to the position A'CBD', leaving its original trace. 

2. Then, ■-■ Zc'^jiLe, and ZS + Zc = st. Z, 
.■.Z5 + Zc' = Z6 + Zc = st.Z, 

and .-. ABD' is a st. line. § 14, def. et. Z 

Similarly, DCA' is a st. line, 

3. Also, ■.■Zi>' = Zi>, and Z^ + Zi>=st. Z, 
. ■ . Z ^ + Z Z»' = Z J + Z i? = St. Z, 

.-. D'A' II AD, I, prop. XVI, cor. 2 

and .-. AD'A'D is a O. § 97, def. D 

4. The base of the O = ^B + DC, 

and the D =- 2 ■ ABCD. Why ? 

5. •■. ABCD = J O = i required □. Prop. I, cor. 1 

Bxercuea. 183. P is any point within OjIBCD. Prove that A P.,1B 
+ A PCD = -iiJ ABCD. Suppose P U outaide of O ABCD. 

184. A quadrilateral equals a triangle of which two aides equal the 
diagonals of the quadrilateral, and the included angle of those sides 
equals the included angle of the diagonals. 
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Pbopositiok IV. 



148. Theorem. If through a point on a diagonal of a par- 
aUelogram paraUeU to the sides are dratvn, the parallelo- 
grams on opposite sides of that diagonal are eijaal. 




Given O ABCD, and throngli P, a point on AC, the lines 
GF II AB, HE II DA, and the parts lettered as in the 
figure. 
To prove that b = I'. 

Proof. 1. a + b + c = a'+b' + e', 

a = a', e=c'. I, prop. XXIV 

2. .•.b=b'. Ax. 3 

149. DefinitionB. Since all rectangles which have two adjar 
cent sides equal to two given lines a, b, are congruent (I, prop. 
XXVI, cor. 1), any such rectangle is spoken of aa the rectangle 
of a and b. 

This is indicated by tlie eyinbol ab, or, if tlie adjacent sides are AB 
aad CD, by the eymbol AB ■ CD. These symbols are read " The rect- 
angle o( a and 6," "The rectangle of ^Band CD," or, briefly, "Tlia 
rectangle ai," " The rectangle AB (pauBe) CD." Since there is no mul' 
tiplication of lines by lines, by any definition thus far known to the stU' 
dent, the readings "o times 6," "AB timet CD" are not recommended. 

In like manner, any square whose side is equal to a given 
line is spoken of as the square on (or of) that Une. 

The square on a line AB is indicated by the symbol AB* ; on a, line a 
by the symbol a* ; read "The square on (or of) jIB," or, briefly, ''AB- 
square " ; and eimilarly for a. 

Squares, rectangles, and polygons in general are often designated by 
the letters of two vertices sot consecutive. 
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150. A point in a line-segment is said to divide it internally; 
a point in a produced part of a line-segment is said to divide 
it eztemally. 

In the figure, AB is di- j p g P 

vided internally at P, and 

externally at F*. AP, PB are called segments of AB ; and 

AP', P'B are also called segments of AB. 

The propriety of calling AP, PB, and AP", P'B, eegnients of AB iB 
apparent, wnce AP + PB =s AB, and also AP' + PB (which is negative) 
= AB. 

Eurdses. 186. If the eidee BC, CA, AB, of A ABC, are produced 
to X, ¥, Z, respeetlTely, so that GX = BO, AY = CA, BZ = AB, prove 
that A XYZ = 7 - A ABC. 

186. The medians of a triangle divide it into six equal triangles. (In 
what kind of a triangle are the six triangles congruent f) 

187. Prove prop. Ill hy bisecting BC at 0, drawing DO to meet AB 
produced at If, and proving that A BVO £ A CDO, that A AI/D = 
trapezoid, etc. 

188. DiHCUSB prop. IV when P moves to C; throogh Con .repro- 
duced. 

189. If two equal triangles ara on opposite sides of a common base the 
line of that base bisects the line joining their verUces. 

190. A triangle X is equal to a fixed triangle T and has a common 
base with T ; what is the locus of the veriex of X ? (Is the locus a single 
line or a pair ol lines ?) 



. 198, In ex. 191, suppose P moves to D; moves through D on BD 
produced. 

193. The sides .<JB, CA of a triangle are bisected In C, £', respectively; 
CC cuts BB" at P. Prove that A PBC = quadrilateral A C'PB". 

191 If P is a point on the side AB, and Q a point on the opposite 
Hide CDoldABCD, prove that APCB = A Q.ilB. 

195. If the mid-points of the sides of any convex quadrilateral are 
joined, in order, then (1) a parallelogram is formed, (2) which equals 
half the quadrilateral. 
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PLANE GEOMETRY. 



Fbopositidk v. 



151. TheomD. The rectangle of two given lines equals the 
sum of the rectariglea contained hy <me of tAem and the several 
tegmentt into which the other is divided. 



ai a, ay a 

X ¥ 



Given the rectangle of a, aad b, and b divided into the seg- 
ments X and y. 

To prove that o,ft = aix 4- ajy. 

Proof. 1. Let a, be drawn II a, from the division point of b. 

2. Then, in the figure, tti = a, = a,. I, prop. XXIV 

3. .". aib = ajx + aiy. Ax. 8 

CoKOLLARiES. \. If a Huo is divided internally into two 
segments, the rectangle of the whole line and one segment equals 
the square on that segment together with the rectangle of the 
two segments. 

Make ai = z in the proof aboT«, Siiid consider step 3. 

2. If a- line is divided internally into two segments, the square 
on the whole line equals the sum of the rectangles of the whole 
line and each of the segments. 

Make ai = I + y in the proof above. 

Note. This theorem is the geometric form of the Dlattlbntive I«w of 
KnltlpllcAtloD of Algebra, which asserU ttiat a {x + y) = ax + ay. 



Exercise. 1S6. The rectangle of one line and the eum of two others 
equals the aum of the rectangles of the first and each of the other two. 
Consider the case where one of the second two lines is zero ; negative. 
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97 




153. Foritive and N^ative Poly^ns. In general, a line AB 
is thought of aa positive ; but if, in the discussion of a propo- 
sitioii, A is thought of as approaching B, then, when A reaches 
S, AB becomes zero; and if ^ is thought of as passing throi^h 
B, then AB is considered as having passed through zero and 
become negative ; that is, BA = — AB. q 

A similar agreeitient exists as to triangles. 
In general, A ABC is thoi^ht of as posi- 
tive ; but if, in the discussion of a propo- 
sition, C moves down to rest on AB, then 
^ABC becomes zero; and as C passes 
through AB, A ABC passes through zero 
ajid is coDsideied as having changed its sign and become 
negative; that is, AACB = -AABC. 

In Book I, to accustom Btudents to this convention (that AACB 
= — A ABC), IrianglcB were always named b; taking the letters lu the 
counter-clockwise (or poBJtive) order, except in a few cases where a 
departure from this rule seemed advisable. 

A similar agreement exists as to rectangles, which illustrates 
the law of signs in algebra. In the figure, I has for its alti- 
tude and base + a and -|- b, and 
the rectangle is spoken of as + ab. 
But if b shrinks to zero, -I- ab also 
shrinks to zero, and as b passes 
through zero and becomes nega- 
tive, so ab is considered to pass 
through zero and to become nega- 
tive ; that is, II = — ab. If, now, 
a shrinks to zero, and passes 
through zero, changing its sign, so does — ah ; that is, HI 
= -|- ab. And finally, aa —b again passes through zero, so 
does ai, and therefore TV = — ab. 



+3b- 



Exercise. 197. If P is any point in the plane of A ABC, then 
A PAB + A PBC + A PCA = A ABC. (Monge.) 
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In the eoH </ polygon* in gev^ai, the law of signs will, be readily 
understood from the annexed figures. In Figs. 1, 2, 3 both the upper 
and loner parte of the polygon are conMdered as positive ; in Fig. 4, P 

A Ji A A X 

Fra. 1. Fjq. %. Fia. 3. Fio, 4. Pio. 8. 

tuw reached BC and the upper part of the polygon has become zero ; in 
Fig. 6, P has pasaed Uirough BC and the upper part of the figure has 
passed through zero and become negative. 

ThJB tieatment of negative eurfaces dates from Meister (1769). 



Proposition VI. 

153. Theorem. The square on the gum of two lines equals 
the sum of the squares on those lines plus twice their rectangle. 



Y -y y 


r 


. X. X 


xy 







Qkna ABCD, the square on a; + y. 

- To pnre that (x-{-y)*^x*-\-y* + 2xy. 

Proof. 1. la the figure, let AB = AH=x, BB = ED = y, 
EG II AD, HF II AB, and HF cut EG at F. 

2. Then the x'& in the figure are all equal ; also the y'a. 

Def. D; I, prop. XXIV 

3. ,-. AF = x\ FC=f, § 99, def. D 
and EF-=xy, HG = xy. § 99, def. □ 

4. .-. ix + yy = x' + i/->r 2xy. Ax. 8 
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line equals four times 



Corollaries. 1. The square 
the square on half that line. 

Make x = y in step 4. 

Then (2 x)* = x' + a;* + 2 x\ 

or {2xf = 4,a?. 

That is, if 23! is the line, the square upon it equals four 
times the square on x. 

2. The square on the difference of two lines equals the sum 
of the squares on those lines minus twnee their rectangle. 





"-y 




B 





For, in the above figuFe, AP = x*, BH = if, FD = xy, 
CH=xy, and AC^fx-yf. 
But AC=AP + BJr-PD-Cff, 

or (x -i/)'=x» + y*-2xy. 

The tmth of the corollary is, however, evident from prop. VI, if the 
agreement as to signs is considered ; for if y becomes 0, then 2xy = 0, 
and j^ = ; and an y paases through and becomes negatiTe, 2xs also 
becomes negative, but y^ remains positive because it is the rectangle of 
— y and - y. 



Bsercises. 198. It ABC JtfJf^ is the perimeter of any polygon, 

and P is any point in the plane, then A P-1B + A PBC+ + APMN 

+ A PNA is constant. 

199. It A,B, CD are tour oollinear points, in order, then AS- CD 
+ AD -BO = AC- BD. (Euler.) Investigate when B moves to and 
through C. 
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PLANS GEOMETRY. 



Proposition VII, 

154. Tbeorem. The difference of the aquarei on two linet 
equals the rectangle of the mm and difference of those linet. 



^.(.rJ 




1 y y 
y 


i 







Given ABCB, a square on x, and AEFG, a square on y. 
To prove that x* — y*=(x + y) {x — y). 
Ptoof. 1. Suppose the squares placed as in the iigure, and GF 
produced to BC. Then the y's in the figure are all 



equal, as also the sides of a;'. 


Det. D 


2. .■. the (a: — y)'B are equal. 


Ax. 3 


3. But ^ = y' + x(x-y) + ,{x-,), 


Ax. 8 


OP x' = y- + (x + y)(x-y). 


Prop. V 


i..-.^-,/= (as + yX^-j). 


Ax. 3 


CoROLLAEV. If a point divides a line internally o 


r externally 



into two segments, the rectangle of the segments equals the differ- 
ence of the square on half the line and the square on the sey> 
ment between the mid-point of the line and the point of division. 

1. If AB is the line, P (either P, or P,) the point of divi- 
sion, and M the mid-point, it is to 

be proved that 1— ,— 

AP ■ PB = AM' - MP*. ^' 



P, 



2. Let AB = y, AP 
MP = x~iy 



, then PB = y 



X, AM=\y, an' 
{y~x) = (l)' -{x- fj, by prop. VII. 
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8bc. 15S.] EQUALITY OF POLYGOm. 101 

155. Reciprocity between Algebn and Oeometry. From props. 
V, VI, VII, it is evident tliat a reciprocity exists between 
algebra and geometry which ia likely to be of great advantage 
to each. This reciprocity will be more clearly seen by resort- 
ing to parallel columns. 

Geometric Theorems. Algebraic Tbeorenu. 

Itx,i/, aie line-segments, If a, b, are numbers, 

and xy, xz, .. .. represent the and ai, ac, represent the 

rectangles of x and y, x and products of a and d, a and e, 

z, , and a; (y + z) represents , and a(b + c) represents 

the rectangle of x andy + z, the product of a and i + c, 

and 3? represents the square and a* represents the second 

on X, then power of a, then 

1. x(y + x)=xi/+xs. 1. a(b + e) = ab + ac. 

Prop. V 

2. (a; + y)»=a;' + j/'-|-23;y. 2. (a + 1)' = a* + S' + 2 o6. 

Prop. VI 

'•=0)'- '■ "'-<0' 

Prop. VI, cor. 1 

4. (_x--!/y=x'+y'-2xy. 4. (« - J)'== a» + fi*- 2a6. 

Prop. VI, cor. 2 
6. a,'-y'=(3.4-y)(^-y). 5. a* - b' = (a+b){a~b). 
Prop. VII 

This correspondence of one aymbol, one operation, one 
result, etc., of algebra, to one symbol, one operation, one 
result, etc., of geometry, or, as it is called, this "one-to^ne 
correspondence," suggests many theorems of geometry that 
might otherwise remain unnoticed. This correspondence is 
the basis of the treatment of Proportion, Book IV. 



3. 



Exercise. 200. Prove geometrically that (z + y)" — (x - j/)* =ixy. 
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PLANE GEOMETRY. 



Proposition VIII. 

156. Theorem. In a right-angled triangle the square on 
the hypotenuse equals the turn of the squares on the other 
two sides. 




the right-angled A ABC, Z C being right. 
ove that a* + f^ = c'. 

. 1. Let BLMC = a\ACKH= fi", AEGB = c»; suppose 

CF II AB, and HB and CE drawn. 

2. Then ■.■ A KG A, ACS, are right, their aim = st. Z, 
and .-. BCK is a st. line. § 14, def. st Z 

3. And ■-■ Z CAH = Z EAB, Prel. prop. I 
.-. Z BAIl= ZEAC, by adding Z^^C. Ax. 2 



4. 


And •.■^(7=a4,aiid^-E-5^, 


S 99, def a 




.•.AABS^AAHC. 


Why? 


5. 


But □ ^^ = twice A ^SC, 






and J» = twice A ^BiT. 


Wty? 




.-.□^ii'.or ^B-^D, = &'. 


Ax. 6 


6. 


Similarly, □ BF, oi -B^ • SD, = of. 




7. 


.■.a.' + V=aAF +D «#-«■. 


AxB.2,8 
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103 



157. Note. The first proof of this theorem la Bald to have been 
given by Pytbagoras about 510 b.o., althougb tbe theorem itself wm 
known long before that time. From this tact It ia generally known as 
the Pythagoteui Proposition. It is one ot the most important In geometry. 

There have been many proofa devised for the Pythagorean 
proposition. In the subsequent exercises occasional proofs 
will be su^ested, that the student may see the great variety 
of ways in which the theorem may be attacked. That the 
proposition would naturally be suggested to a people using 
tile floors is seen from Fig. 1, although the proof following 





fiom such a figure is special, being limited to the case of the 
isosceles right-angled triangle. 

In Fig. 2 is given a suggestion of the conjectured proof of 
Pythagoras : If A 1, 2, 3, 4 are taken from the figure, the 
square on the hypotenuse remains ; and if the two CD AP, 
PB, are taken away, the sum of the squares on the two sides 
i-emains ; but since the two rectangles equal the four triangles, 
these remainders are equal. 



Exercises. 301. What is the use of st«pa 2 and 3 in tbe proof of 
prop. VIII ? 

302, In the figure of prop. VIH, prove that AE II BM. 

20a Also that ff, C, 1 are collinear. 

204. Twice the sum of the squares on the medians of a. righ^angled 
triangle equals thrice the square on the hypotennae. 
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PLANE GEOilETBY. 



Fig. 3 IB that of Bhaskaia, the Hindu ; The inside squaie 
is evidently (a — b)*, and each of the four triangles is ^ oA ; 
. ■ . c" - 4 ■ i oi = (a - 6)' = o' + 6» - 2 aft i . ■ . c" = a» + A". 





Fig. 4 ifi one of the most simple : If from the whole figure 
there are taken A b, there remains the square on the hypote- 
nuse ; or if the equal A a are taken, there remains the sum of 
the squares on the two sides. 

158. DefiniUon. The projection of a point on a line is the 
foot of the perpendicular from the point to the line. 

Thus A' and B", Pigs. 1, 2, are the projections of A and B on X'X. 

The pnijectlon of a line-segment on another line in the same 
plane is the segment cut off by the projections of its end- 
points, e.g. in Figs. 1 and 2, A'B' is the projection of AB. 






Strictly these are ortkogimal (or right-angled) projections ; hut since 
orthogonal projections are the only kind ordinarily considered in elemen- 
tary geometry, they are called, simply, projectiora. In advanced geom- 
etry, the projections of Figs. 3, 4 are among the others used. Fig. 3 
represents an oblique projectJon, and Fig. i repTesents a projection from 
a point. Fig. 4 is the most general, approaching the olhers as P recedes 
to a greater distance. 
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EQUALITY OF POLYGONS. 



Proposition IX. 



159. Theorem. In an ohtuae-angled tnangU the tquare on 
the eide opposite the obtuse angle equals the sum of the 
sguaret on the other two aides, together with twice the rect- 
angle of either side and the projection of the other on the 
line qf that aide. 



Given A aic, obtuse-angled opposite c, and a' the piojection 

of a on the line of b. 
Toprove that c' = a' + 6*+2Ja'. 

Proof. 1. In the figure, A ± a', § 168, def. projection 

.-. A' + (a' + fi)'=c», Why? 

or A' + a.'» + 6'4-2a'J = e*. Prop. VI 

2. .-. ffl"+ b' + 2 a'b = c\ Prop. VIII 



BzerciMa. 206. In the figure of prop. Vni, prove that, U HK and 
Ztf are produced to meet at P, then ^B = and II PC, and BO = and II PC. 

206, If the diagonals of a qaadrilateral intersect at right angles, prove 
that the sum of the squares on one pair of opposite sides equals the earn 
of the squares on tite other pair. 

207. In the annexed figure, equilateral trian^es 
are couetmcted on the sides of a riglit-angled 
triangle ; M is the mid-point of CA. Prove (1) 
AABS^JIAEC, (2) MKllBC, {3)ABCif = 
A BCK, (4) A JBRif = A RCK, (6) A ABE = 
AACK + AABU = AACK + iAABC, (6) 
.-. from <1) and (5) A ABC = AACK + iAABC. 
(!) rimilarly, A CEB = A BLC + i A ABC, (8) 
.-. figure AEBC = figure ABLCK, (9) .-. AAEB 
= A BLC + A ACK. Stale in fall form the 
theorem proved in (9). 
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106 PLANE OEOMETRT. [Bk.U. 

COBOLLAKIBS. 1. In any triangle the square on the side 
t^posite an acute angle equals the sum of the squares on the 
other two sides, less twice the rectangle of either side and the 
pntjection of the other side on it. 



For, in tlie above figure, 

A^+(fi-a')« = c*. 
.■.h'' + b^ + a'^-2a'b = c'. 

The truth of the corollary ia, however, evident from prop. IX ; for If 
Z ba becomes 00°, «' = and prop. IX beeomea prop. VIII ; and if Z 6a 
becomes acute, a' passeB thtongh aud becomes negative, and □ a'b 
becomes negative ; .-. step 2 becomes a* 4- 6* — 2 a'6 = <?. 

2. Converse of props. VIII, IX, and prop. IX, coY. 1. The 
angle opposite a given side of a triangle is right, obtuse, or 
acute, according as the square on that side is equal to, greater 
or lees than the sum of the squares on the other two sides. 

Law of Converse (| 73). Write out the proof in foil. 

Sierclaes. 208. In the figure of prop. VIII, the medians of A ABC 
are perpendicular to find equal to half of KM^ HE, LG, respectively. 
(Complele the Hi BCAV, and prove CV = and ±KM, etc.) 

209. XOY is any angle, and from B, on OY, BA is drawn X OX ; 
from if is drawn BZ II OX ; now if P can he found on BA, so that OP 
produced to cut BZ in ^, makes FQ = 2 OB, then Z XOQ = iZ XOY. 
(That is, ZXOY is trisected. It has been proeed that this famous 
problem of the Greeks, to trisect any angle, cannot be solved by 
elementary geometry, that is, by using the compasses and strMght^edge 
only. There are various solutions if other instrumenta are allowed.) 

210. Prove aleebraically that if n is an even number, then n, ^ n' — 1, 
J «.» + 1 are numerically the sides of a right-angled triangle (Plato), and 
t2iat Ihey are integers. 
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BQVALITT OF FOLTOONa. 



Proposition X. 



160. Theorem. The gum of the aguaree on any two ndes of 
a triangle equals twice the sum of the squares on one-half the 
third side and on the median to that side. 



Given the A abc, and m the median to e. 
To prove that a' + P-- 



^[(l)'-]- 



Proof. 1. Let m' be .the projeetio 
Z em acute. 



2. Tlien 
aad 






I e, and suppose 

Prop. IX, cor. 1 
Why? 
Ax. 2 



If Z cm is obtuse, then Z mc is acute, and the proof 
merely interchanges a, b without affecting step 3. 
If Z mw is right, then nt' — la step 2, but 3 is not 
affected. 

ExerciaeB. 211. In prop. X, prove that iirfl = 2 (a? + b^ — A Hence 
show that in a right-angled triangle (in which a^ + b^ — <fl) the median 
to the bypotenose equals half the hypotenuse. 

212, From ex. 211, what Is the locna of the vertex of the right angle 
of a right-angled triangle with a given hypotenuse ? 

213. The sides of a triangle are 10, 12, 16 Inches. Is the triangle 
right-angled ? obtuse-angled ? 
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PLANS OEOilETRY. 



Proposition XI. 



161. Theorem. The sum of the squares on the sides of a 
quadrilateral equals the sum of the squares on the diagonals 
plus four times the square on the line joining the mid-points 
of the diagonals. 




Given a quadrilateral abed, convex, concave, or cross, vith 
diagonals e, f, and mth m joining the mid-points 
oie,f. 

To prove that a* + 6* + c*-|-(f' = e' +/' + 4m'. 

Proof. 1. In the figure, a* + d* = 2x* + 2 [£\ , Why ? 

and 6» + c* = 2y* + 2f iJ ■ Why? 

2. .•.a'' + b* + e'-i-d^=2(x^ + ,/) + iU\ As. 2 

= 2[2(|)V2™-] 



+ M 



2J- 
Prop. X 
= e'+/^ + 4m* Prop. VI, cor. 1 

CoBOl-LABT. The sum of the squares on the diagonals of a 
paralleloffram equals the sum of the squares on the sides. 

For then ws = 0; I, prop. XXIV, cor. 2. 

NoTB. The theorem Is dne to Enler. The corollarj was, however, 
known to the Greeks. 
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2. PROBLEMS. 
Pbopomtion XI I. 



162. Problem. To cottftruct a triangle equal to a given 
pdygon. 




FiO. 1. FiO. %. 

fflven polygon ABODE. 

Hequired to construct a A equal to ABCDE. 

CODstniction. 1. Produce BA, join D and A, draw EF II DA, 

meeting BA produced at F; draw DF. 

§ 28, post, of St. line ; I, prop. XXXIII 

2. Then polygon FBCD has one less side than ABCDE, 
and will be proved equal to it. Continue the process 
until a A is reached (Fig. 2). 

Proo*. 1. ■.■ EF W DA, 

.■-A ADF = A ADE, having same base AD. 

Prop. II 

2. Adding polygon ABCD, FBCD = ABCDE. Ax. 2 

3. Similarly thereafter. In Fig. 2, A FGD is the tri- 
angle required. 

Ezeidae. 214. To construct a rhombus equ^ to a given parallelo- 
gram, and on the same base. Discuaa for impossible caaes. 
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Proposition XIII. 



163. PnUem. To eonatruct a square equal to • 
polygm. 



AJ 



EG 



Given polygon G. 

Requited to construct a square equal to G. 

Construction. 1. Construct a A equal to G. Prop. XII 

2. By drawing a line through the vertex of this A II to 
the base, and erecting J,'s from an extremity and 
the mid-point of the base, construct a D, as ABCD, 
equal to this A. I, props. XXIX, XXXI, XXXIII 
Then MAB = DA, ABCD is the required D. 

3. If not, produce AD to E, making DS= CD; § 28 
bisect AE at O, I, prop. XXXI 
and with center and radius OE, describe a semi- 
circumference. § 109, post, of O 

4. Produce CD to meet circumference at F, § 28 
and construct a square on DF. I, prop. XXXIX 
Then DF\ S in the figure, is the requii-ed D. 

Proof. 1. Draw OF, let r= OF=OA = OE, and x = 02) ; 
then CD = DE = r-x, 

and AD = r + x. 

2. Then(r + a;)(r-a:) = r' - x* Prop. VII 

= x' -h DF' - x' = DFK Why? 

3. But {)- + x){r-x) = CiAJiCD=G, Const. 2 
and .". DF' = polygon G. Ax. 1 
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PROBLEMS. 



215. If one angle of a triangle is two-thirda of a straight uigle, show 
that the Gqaare on the opposite side equals the Bum of the aquarea on the 
other two Eides, together with their rectangle. 

216. Prove prop. XI for a concave quadrilateral. 

217. If ZP = 180" and 8P = PQ, show that prop. XI redacea to a 
previoDB theorem. 

218. Prore prop. XI, cor. directly from prop. X without reference to 

219. If ABCBiB any qtiadrilateral, and the mid-points of the diagonals 
are joined by a line bisected at if, and if P is any point, then PA* + PI^ 
H- PG^ + PD'^ MA» + Mm + JfC" + MIfi + 4PJf". 

220. To construct a parallelogram equal 
to a given triangle, and havmg one of its 
angles equal to a given angle. 

221. To construct a parallelogram equal 
to a given square, on the same base and 
having an angle equal to half the angle of 
the square. 

222. To constmct an Isosceles triangle equal to a given triangle, and 
on the same base. 

223. To construct a triangle equal to a given parallelogram, and having 
one of its angles equal to a given angle. 

224. To construct a parallelogram equal to a given triangle, and having 
its perimeter equal to that of the triangle. (In the figure of ez. 220 how 
must MD compare with BC + CA. ?) 

226. To construct a square equal to the sum of two given squares. 
(Apply prop. VUI.) 

226. On a given liiLe to construct a rectangle equal to a given rectangle. 

227. On one side of a triangle as a diagonal to construct a rhombus 
equal to the given triangle. 

228. Prove that m any triangle three times the sum of Che squares on 
the sides equals four times the sum of the squares on the three medians. 

229. Also that three times the sum of the squares on the lines joining 
the centroid to the vertices equals the sum of the squares on the sides. 

230. If one angle of a triangle is one-third of a straight angle, show 
that the square on the opposite side equals the sum of the squares on the 
Other two sides less their rectangle. 
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PLANE GEOMETRY. 



3. PBACTICAL MENSURATION. 

164. For practical piuposes a surface is measured as 
follows ; 

1. A squai'e uuit is defined as a square which is one linear 
unit long and one linear unit wide. 

That is, a square inch is a square [hat is 1 in. long and 1 in. wide ; a 
square meter is a square that is 1 m. long and I m. wide, etc. In the 
figure the shaded square ia considered as a square unit. 

2, If two sides of a rectangle ai-e 3 in, and 5 in. respec- 
tively, then, in the figure, the area of the 
strip AB is 5 X 1 sq. in., and the total area 
is 3 X 5 X 1 sq. in., or 15 sq. in. 

Theoretically, a rectangle rarely has sides 
both of which exactly coutain any linear' 
unit, however small. Such cases ai'o discussed in Book IV. 
But for practical purposes the above method is approximate 
to any requii'ed degree. 

At present it ia necessary for the student to learn that geometry gives 
him an instrument for practical work. It will accordingly be assumed 
that the measurements can be made to any degree of approximation, and 
that the expressions area, measure, etc., are understood in their ordinary 
aense. It has already been explained that the rectangle of two lines 
corresponds to the product of two numbers ; hence, in practice, lines are 
represented by numbers, and their rectangles by the prodacts of those 
numbers. Tliie practical measurement will be exemplified hereafter, as 
it has already been to some extent, in the numerical exercises. 

Exercises. 231. A field is in the form of a rhombus, the obtuse angle 
being twice the acute angle; the shorter diagonal is 300 feet. Find the 
area of the field in square feet. 

232. A railroad embankment extends through a farm 1 mile long, its 
rails being in straight lines perpendicular to the two parallel sides of the 
farm ; the embankment is SO ft, wide at the bottom at one end, and 00 ft. 
at the other. How much land was taken for Tailraad purposes? 
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s. 233-247.] PRACTICAL MENSURATION. 



233. A road runuing acroES a farm is i mile long and 3 rods wide ; 
the Toad being rectangular, Bnd its area in acres. 
. 234. Tbe side of an equilateral triangle is 15. Find the area. 

236. In excavating for a canal 30 ft deep, 200 ft. wide at the top, and 
160 It. wide at the bottom, what is the area of a cross-section ? 

236. One diagonal of a quadrilateral U 100, and the perpendiculars, 
from the other two vertices, upon it, are 50 and 40. Find the area. 

237. The area of a triangle is a and the altitude is h. Find tlie base. 
InveaUgate for o =^ 326.85, A = 38 ; also for a = 100, h = 100. 

238. The area of a trapezoid is a and the two bases are bi, bi- Find 
the altitude. Investigate for a = 223.375, 6i = 13.5, 6j = 8.4 ; also for 
a = 10, 6i = 0, 6s = 10. 

239. The area of a trapezoid is 542.5, the altitude is 2t.T, and tLe 
difference between the parallel sides is 11.2. Find those sides. 

240. The area of a square is 2. Find the side of a square of twice the 
area ; thrice the area ; four times the area. 

241. The altitude of an equilateral triangle is 160. Find the area. 

242. The base of an isosceles triangle is f of one of the equal sides, 
and the altitude is 10. Find the area. 

243. Two sides of a right-angled triangle are 1038 and 1173. Find 
the hypotenuse and the area. 

244. Find to three decimal places the diagonal of a square whose area 
ial. 

245. In a right-angled triangle the perpendicular from the vertex of 
the right angle divides the hypotenuse into two segments, 2.88 and 5.12. 
Find the two sides. 

246. From the vertex .d of A ABC, AD _L BC. Find the lengths of 
BD, CD, knowing that AB = 307,8, CA = 480.168, BC = 689.472. 

247. A surveyor, wishing to erect a perpendicular to a line on the 
ground, drives two stalces, A, B, 12 links apart; to 
these he fastens the ends of a 24-link segment, and 
stretches the chain, at the end of the 0th link from 
A, to C. Show that AC X AB. {This method of 
erecting perpendiculars was known to the temple 
and pyramid builders, and surveyors employed for 
this purpose were called "rope stretchers." The method is still uaed in 
practical field work.) 
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BOOK III. — CIRCLES. 



165. Defiiiitiona. A circle is the finite portidn of a plane 
bounded by a curve, which is called the drcumference, and is 
such that all points on that line are equidistant from a point 
within the figure called the center of the circle. 

For corollariea aod poatnlatea, see Sg 108, 109. 

Certain deflnitions are hero repeated tor convenience. 

If two equal flgnres are necesaarily congruent, as in the case of circles, 
angles, squares, and line-segmenU, tlie word equal fs ordinarily used to 
express congruence. Hence congruent circles (see S 106, 2) are ordinarily 
called simply equaL 

A straight Hue terminated by the 
center and the circumference is called 
a radius. 

A straight line through the center 
terminated both ways by the cir- 
cumference is called a dUmeter. 

166. The straight line joining any 
two points on a circumference is called a chord. 

Hence a diameter is a chord passing through the center. In the 
figure, -AM and BD are chords. 

The expressions center, radius, diameter, chord, of a drcumference 
are sometimes used instead of center, etc., of a cirele. 

167. The line of which a chord is a segment is called a 
secAnt, as XY in the figure. 

166. A part of a circumference is called an arc. 
In the figure, BCD is an arc. As in naming an angle, the counter- 
clockwise order is followed, and arcs so named are considered positive. 




169. One-half of a circumference is calleiJ 
ference. 

170. A fourth part of a circumfereace ia called a quadrant. 

17L An angle formed by tivo radii is called a central angle. 

In the figure, A A OB, BOB are central angles. 

172. A central angle is said to stand upon the arc which lies 
within the angle and ia cut off by the arms. 

A A OB, BOS Btand upon AB, BE, reBpectlvelj. 

173. The arc upon which the sum of two central angles 
stands is called the sum of the arcs upon which those angles 
stand. Similarly for the difference of two arcs. 

Thus, Ie = AB + Se, ai,d AB = AD - BD. 

174. Two arcs are said to be complements of each other if 
their sum is a quadrant ; supplements of each other if their 
sum is a semicircumference ; conjugates of each other if their 
sum is a circumference. 

In the figure, AB ie the Eupplement of BE and the conjugate of £a. 

175. An arc greater than a semicircumference is called a 
major arc ; one less than a semicircumference, a minor arc. 

In the figure, AB, BD, DB are minor arcs ; DEA ia a major arc. 

176. Conjugate arcs are said to be subtended by their com- 
mon chord. 

In the figure, BD and DB are each Ba[d to be subtended by chord BD. 

The word guMend is variously used in geometry. It means to extend 
under or to tie opposife to. Hence In a triangle a side is said to Eublend 
an opposite angle, a chord is said to subtend an arc, etc. 

177. A portion of a circle cut off by an arc and two radii 
drawn to its extremities is called a sector, and the central 
angle standing on that arc is called the angle of the sector. 

In the figure, OAB is a sector, and ^ AOB is its angle. 
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i. CENTRAL AHGLBS. 
Proposition I. 



178. Theorem. In the »ame circle or in equal cirelet, if 
two central angles are equal, the ares on which they etand 
are equal also, and of two uneqital centrai anglet the greater 

stands on the greater arc. 




Qlven M, M', two equal circles, and central angles 

aos = a'0'b; aooa'O'b: 

To prove that AB = A^', and AC > A^B'. 

Proof. 1. Place O M' on GJW so tliat Z^'O'S' coincides with 

its equal Z AOB. 

Then A' coincides with A, and B' with B. 

§ 166, def. O 

2. Then A'B' coincides with AB, because its points are 
equidistant from 0. % 165, def. O 

3. Also, ■■■ ^AOO ^A'O'B', 

.-.^AOOZAOB. 

4. .-. C is not in Z AOB, and Jc > AB. Ax. 8 
6. And ■■■ AB = JFB', .-. AC > A'B: Ax. 9 

The proof is essentially the same for a. single circle, 
and so in general when equal circles are involved. 



Prof. I.) CENTRAL ANGLES. 117 

OoROLLARiES. 1. SectoTS of tlif same circle or of equal 
circles, which have equal angles, are equal. 
For, by steps 1, 2, they coincide. 

2. Sectors of the same circle, or of equal circles, which have 
unequal angles, are unequal, the greater having the greater 
angle. 

This IB proved b; superposition in steps 3, 4, 6, of the propoeition. 

3. The two arcs into which the circumference is divided by 
a diameter are equal. 

For their central anglea are straight angles, and these being equal the 
arcs are equal by the proposition. 

4. The two figures into which a circle is divided by a diavv- 
eter are equal. 

For their central angles are straight angles. Hence by cor. 1 they 

This corollary Is attributed to Thales. 

179. Dednitkm. The figuie formed by a semicii'Cuiuference 
and the diameter joiniag its extremities is called a aemlcirde. 

It is proved (cor. 4) that all semicircles, cut from the same circle, are 
equal. Hence the name, semi- meaning half. 

180. Siuc« the 360 equal angles, into ivhich the perigon 
at the center of a circle is imagined to be divided, stand on 
equal arcs by prop. I, the ordinary mensuration of angles by 
degrees is also used for arcs. Similaily for minutes, seconds, 
and other measurements. Hence the common expression, an 
angle at the center is measured by the subtended arc. 

The expression is not strictly correct ; we do not measure an angle by 
an arc, but the angle and arc hare the sanie numerical n 



be proved in § 254. We might as truly say that an arc is measured by 
its central angle. But the expression is so commonly used, and has found 
its way Into so many text-books and examination papeis, that the student 
needs to become familiar with it. 
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PKO'pOaiTION II. 



181. Theorem. In the aame circle or in equal circles, if 
two arcs are equal, the central angles which they subtend are 
equal also, and of two unequal ares the greater subtends the 
greater central angle. 

Ptoot. If and 0' are two central angles, and A, A' are the 
arcs on which they stand, it has been proved in prop. I 
that 

If > 0', then A > A', 

" = 0', " A = a; 

" 0< 0', " A< A'. 
Hence the converses ai'e true, by the Law of Converse, § 73. 

CoKOLLARiES. 1, In the same circle or in equal circles, 
equal sectors have equal angles ; and of two unequal sectors, 
t/te greater has the greater angle. 

Law of Converse, § 73, from prop. I, cots. 1, 2. 

2, A central angle is greater than, equal to, or less than, a 
right angle, according as the are on which if stands is greater 
than, equal to, or less than, a quadrant. (Why ?) 



248. If two lines drawn lo a circninference, from a po[Dt 
within the circle, are eqnal, thej subtend equal central angles. 

249, Prove the converse of ex. 248. 

250. Two circumferences cannot bisect eacli other. 

351. Suppose from the point P on a circumference two equal chords, 
PA, PB, are drawn. Prove (1) that these chords subtend equal central 
angles, (2) that they subtend equal arcs. 

2BSi. The arc AB is bisected by the point M, and MC is a diameter ; 
prove that chord AC = chord BC. ' 

263. How many degrees in the central angle standing on a third of a 
circumference? afourth? afifth? 

r:.i,2.c I!, Google 
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2. CHORDS AND TANGENTS. 
PBOPOaiTION III. 

182. Theorem. In the tame circle or in equal eirclei, if 
two arcs are equal they are tuhtended by equal chords, and 
of two unegval minor arcs the greater is subtended by the 
greater chord. 




Given two equal circles, M, M'; two equal arcs, K, K'i 
and two unequal minor arcs, K > K". 

To prove that, as lettered in the figure, chords AB = A'B', 
AB > CA'. 

Proof. 1. Draw the radii OA, OB, O'A', O'B', O'C. Then 

•.•K = fC', .■.ZAOB=/.A'0'B'. Prop. II 

2. But ■.■QM=QM', 

.-. OA^OB^ O'A' = O'B' = O'C. 

3. .-. A OAB ^ A O'A'B', and AB = A'B'. Why? 

4. Also, 

■.•K>K", .•.ZAOB>^CO'A', Prop. II 
.-. AB > CA'. I, prop. X 

Corollary. In the same circle or in equal circles, of two 
unequal major ares, the greater is subtended by the less chord. 



nOOglc 



PLA2fE OSOMETBT. 



Pkopohition IV. 



In the same circle or in equcd cirelei, if 
two chords are equal they euhtend equal moQor and equal 
minor arcs ; and of two unequal chords the greater evhtendt 
the greater minor and the leas m<yor arc. 

Proof. Let C, C be two chords of the saine circle or of equal 
circles ; N, 2f' their correspondii^ minor area ; 
J, tP " " major arcs. 

From prop. Ill, 

if N>N', or ]1J<J', theu C > C, 

" Jff = 2f', " " J=J', " C=C', 

" N<N', " « J>J', " C<C'. 

Heace the converses are true, b; the Law of Converse, g 73. 

BxerciaeB. 254 U throogh a point in a circle two chords are drawn 
making equal angles with the diameter thxongh Uiat point, these chords 
oat ofl equal area of the circle. 

25G. The int«rBectiDg chords joining tba extremities ol two eqnal arcs 
of a circle are eqtud. 

2S6. What is meant by an arc of 75°P by one pt 300= ? Can the Hum 
of two arcs ever exceed an arc of 860° ? Draw a figure to iiliutnie 
your answer. 

SS7. Does the chord suhtending the arc 2 a equal tnice the chord sub- 
tending the arc a ? Prove your atatement. 

268. May the chord subtending the arc 2 o ever equal the chord sub- 
tending the arc o ? If not, show why ; if so, t«ll how many degrees in 
the arc a. 

259. How many degrees in the supplement of the arc 90"? 175"? 
180°? ISO"? 

arc 180=? 300"? 

261. How does the length of the chord subtending an arc of 80° com- 
pare with that Bttbtending an arc of BO" ? 300° ? (Call the radius r, and 
determine each in terms of r.) 



iitizec by Google 



pmp.v.] cbobds anh tasosnts. 121 

Proposition V. 

184. Theotem. A diameter which it perpendicular to a 
chord bisects the chord and its subtended arcs. 




(Hven the diameter BD peipendicular to chord AC at £!. 
Topiove that (1)AE=^EC, 

(2) i^ = B(y, (3) DA = CD. 

Proof. 1. IlramEg radii OA, OC, then 

OA = OC, § 109, post of O 

and AE^ EC, I, prop, XX, cor. 6 

.-. Z AOE = Z EOC. I, prop. XX, cor. 6 

2. .■.Ib = BG. Why? 

3. And ■.■ Z DOA = Z. COD, Prel. prop. IV 

.•.DA = GD. Why? 

CoaoLLABiES. 1. Conversely, a diameter which bisects a 
chord is perpendicular to it. 

For -.- AE = EC, and OA = OC, .-. BB has two polniB equidistant 
from A and C. Hence, being determined by these points, it laXtojK?, 
b; I, prop. XLI. 

2. The perpendicular bisector of a chord passes through the 
center of the drele and bisects the subtended arcs. 

For the center is equidistant from the ends of the chord, hy definition 
of a circle; .-. it lies on the perpendicular bisector of Uie chord, by 
1, prop. XLL 
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Proposition VI. 



185. Theorem. All points in a chord lie within the circle ; 
and all points in the same line, but not in the chord, lie 
unthoiU the circle. 




Given the points /*, in a chord AB, and P, in AB pro- 
duced. 

To prove that Pi is within the circle, and -Pj is without. 

Proo*. 1. Suppose the center, and OA, OB, OPi, OP^ drawn, 
and OM±AB. 
Then M is between A and B. Prop, V 

2. And ■.- ^AOM> AP^OM, 

.■.A0> PyO, I, prop. XX 

and .■- i»i is within the G. § 108, def. O, cor. 3 

3. And ■ . ■ Z MOP^ > Z If OB, 

.■.PiO>BO, I, prop. XX 

and .-. Pj is without the O. § 108, def. O, cor. 3 

CoROLLABY. A straight line cannot meet a eireiimference 
in more than two points. 

For every other point on that line must be either between or not 
between those two paints, and hence mnst tie either within or without 
the circle. 

Eaerclaea. 262. Proi^e that, in genera), two chords of a. circle can- 
not bisect each other. What is the exception ? 

263. What is the locus of the mid-pointa of a pencil of parallel 
chords of a circle ? Why ? 
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Proposition VII. 

186. Theorem. In the tame circle or in equal circlet, equal 
chords are equidistant from the center; and of two unequal 
chords the greater is nearer the center. 




Given two eq^ual © M, M', with chorda AB = A'B', AE > 

A'B', and OC, OD, O'C X's from center to AB, 

AE, and from center 0' to A'B'. 
To prove that (1) OC=0'C', (2) OD < O'C. 
Proof. 1. C, C bisect AB, A'B', Prop. V 

.'. AC = A'C, being halves of equal choi'ds. Ax. 7 

2. Draw OA, O'A'; then ■.; OA = O'A', 

and ^C = AC', Prel. prop. I 

.-.AACO^A A'C'O; 1, prop. XIX, cor. 6 
and OC = O'C, which proves (1). 

3. And ■.■ A£ > A'B', 

then AJS > AB,yfiiicheii-aalsA'B'. Ax. 9 

4. .-. minor AFE > AFB, 

BO that E does not He on AFB. Prop. IV 

6, And '.■ and AB ai'e on opposite sides of AE, 
.-. OC cuts AB, as at G, and OD < OG. 

I, prop. XX 



. And •.' OG < OC, .■ 
. And ■.■ OC = O'C, 



OD < OC. 
■. OD < O'C. 



Ax. 9 
Ax. 9 
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Fboposition Tin. 

187. TbeoTOn. In the »ame circle or in equal circlet, 
chordi that are equidistant from the center are equal; and 
of two chords unequally distant, the one nearer ike center is 
the greater. 

Proof. If c, e' are two chords of the same circle or of equal 

circles, and d, d' are the respective perpendiculars from 

the center upon them ; then from prop. VII, 

If c> c', then d < d', 

" c = c', " d = d; 

" c< e', " d> d'. 

Hence the converses ai* true by the Law of Converse, | 73, 

COBOLLABY. The diameter is the greatest chord in a circle. 
For iia distance from the center is zero. 

Bsercls«s. 264 AB is a flied chord of a circle, and XT is any 
other cbotd having its mid-point P on AB. What is tlie greatest and 
what is the least length that XT can have ? 

265. Wbat is tbe locus of the mid-polots of equal chords of a circle ? 

266. Two parallel chords of a cii-cle are inches and S inches, respec- 
tively, and the distance between tbem is 1 inch. Find the radius. 

267. Two chords are drawn through a point on a circumference so as 
to make equal angles with the radius drawn to that point. Prove that 
tbe chords subtend equal arcs. 

268. If from the extremities of any diameter perpendiculars to any 
secant are drawn, the segments between the feet of the perpendiculars 
and the circumference will be equal. Draw the various figures. 

260. If two eqnal chords of a circle intersect, the a^;menta of the 
one are equal respectively to the segments of the other, 

2TO. Find the shortest chord which can he drawn through a given 
point in a circle. 

271. The circumference of a circle whose center lies on the bisector of 
an angle cuts equal chords, if any, from the arms. 
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Proposition IX. 



1S6. Theorem. Of all Unet paaaing through a point on a 
cireuTuference, the perpendicular to the radiut drawn to that 
point is the otdy one that doet not meet the eireuti{ferenoe 
again. 



Given point P on the circumfereace of a O vith center 0, 
and AB, PC, respectively perpendicular and oblique 
to OF at F. 

To prove that AB does not meet the cii'cumference E^ain, but 
that PC does. 

Proof. 1. Let OM 1. PC, and OX be any oblique to AB. 

Then OM < OP, I, prop. XX 

and .'. M is within the O, and PC cuts the circum- 
ference again. §§ 108, 109 

2. Aho, 0X> OF, Why? 
and .'. X, any point except F on AB, is without 
the O. S 108, def. 0, cor. 3 

3. .'. the perpendicular does not meet the circumference 
again, but an oblique does. 

189. BefinitionB. The unlimited straight line which meets 
the circumference of a circle in but one point is said to touch, 
or be tangent to, the circle at that point. The point is called 
the point of contact, or point of tangency, and the line is called 
a tangent. 
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A tangent from a point to a circle is to be understood as the 
segment of the tangent between the point and the circle. 

If tlie two poinU in which a Becaut cuts a circumference continually 
approach, the secant approaches the condition of tangency. Hence the 
tangent is sometimeB Hpoken ota&a secant in its limiting position. 

Corollaries. 1. One, and only one, tangent can be drawn 
to a circle at a given point on the circumference. 

For the tangent la perpendicular to the radius at that point, and there 
is only one such pei-pendicular. (Has this been proved ?) 

2. Any tangent is perpendicular to the radius drawn to the 
jwint of contact. (Why ?) 

3. A line per2>endicular to a radius at its extremity on the 
circumference is tangent to the circle. (Why ?) 

4. The center of a circle lies on the perpendicular to any 
tangent at the point of contact. 

For the radius to that point is perpendicular to the tangent, and as 
there is only one Buch perpendicular at that point (prel. prop. II), that 
pei^wndicular must be the radius. 

5. The perpendicular from the center to a tangent meets it 
at the point of contact. 

For the radius to that point is perpendicular to the tangent, and there 
is only one perpendicular from the center to the tangent. 

BseTCises. 272. Show that of theee three properties of a line, (1) the 
passing tlirougb the center of a circle, (2) the being perpendicular to a 
given chord, (3) the bisecting of that chord, any two in general necessi- 
tate the third. In what special case is there an exception ? 

273. If a cliord is bisected by a second chord, and the second by a 
third, and tlie tttird by a fourth, and so on, the points of bisection 
approach nearer and nearer the cenl«r. 

■274. Tangents drawn to a circle from the extremities of a diameter 
are parallel. 

275. The diameter of a circle biseciB all chords which are parallel to 
the tangent at either extremity. 
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CHORDS AJfD TANGENTS. 



PkO POSITION X. 



190. Theorem. An unlimited straight line evi» a circum- 
ference, touches the circle, or does not meet the circle, accord- 
ing as its distance from the center of the circle is less than, 
equal to, or greater than, the radius. 




Giveii OA, OB, OC, the perpendiculars from center of 
OM, to lines S, T, N, and respectively lesa than, 
equal to, greater than, the radius. 

To prore that S ia a, secant, T a tangent, N a line not meet- 
ing M. 

Proof, 1. ^, B, C are respectively within the O, on the circum- 
ference, or without the 0. § 108, def. G, cor. 3 

2. .-. 5 is a secant S 109, 2 

3. And 2" is a tangent. Prop, IX, cor. 3 

4. NWT. I, prop. XVI, cor. 3 

5. And .'. i\r cannot meet M because it cannot cross T. 
CoROLLART. The converses are true. 



Let the Btudent Btat« this oorolla.ry in full, and show chat the Law uf 
ConTerae (g 73) applies. 

Ezeicises. 276. What is the Iocub oF the extremitiea of equal tan- 
gents drawn from points on a circumference ? 

277. Two tangents meet at a point the length of a diameter distant 
from the center of the circle. How many degrees in their included 
angle? 
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3. AROLES FORMED BY CHORDS, SECAKTS, 
AHD TAnCENTS. 

191. Definitions. A segment of a cirde ia either of the two 
portions into which the circle ia cut by a chord. 

If a segment \& not a semicii-cle, it is called a major or a 
minor segment according aa its arc ia a major or minor arc. 

E.g. DBC ia a minor segment, and BBE is a q 

major segment. 

The fact that the word segment is used to mean 
a pan of a line, and also a part of a circle, will 
not present any difficulty, since the latter use is 
rare, and llie sense in which the word is used is 
always evident. It means "a part cut off," and 
Is therefore applicable to both cases. 

192. The angle, not reflex, formed by two chords which 
meet on the circiunference is called an inscribed angle, and is 
said to stand upon, or be stihfended by, the arc which lies 
within the angle and is cut off by the arms. 

It is also called an angie inscribed in, or ^mply an angie fit. Vie segment 
whose arc is the conjugate of the arc on which It staads. 

Z. ABB is an inscribed angle, standing on AB ; it is also an angle in 
the segment BCDEA. Similarly, Z. DBA is in the segment BAO and 
stands on BA. 

193. Points lying on the same cii'cnmference are called 
concyclic. 

Exercises. 378. If from the extremities of any chord perpendiculars 
to that chord are drawn, they will cut ofT equal segmenM measured from 
the extremities of any diameter. (Draw a perpendicular from the center 
to the chord.) 

279. If a tangent from a point B on a circumference meets two tan- 
gents from A, C, on the circumference, in points X, Y; and if the lines 
joining the center to .4, X, T, 0, are a, a;, y, c, respecavely, then .^3!!/ = 
.i^oz + ziye, andXr = .dX+ YC. 
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PKOPOSITION XI, 



194. Theorem. An inscribed angU equals half the central 
angle ttanding on the game arc. 




Given A VB an inscribed angle, and AOB the central angle 

on the same arc AB. 
Toprore tYi&t Z AVB = i Z AOB. 
Proof. 1. Suppose VO drawn through center 0, and produced 

to meet the circumference at X. 

Then Z XVB = Z VBO. I, prop. Ill 

2. And Z XOB = Z XVB + Z VBO, Why ? 

= 2 Z XVB. Step 1 

3. .■.ZXrB = ^ZXOB. Ax. 7 

4. Similarly ZAVX = ^ZAOX (each = zero in Fig. 2), 
and .•.ZAVB = \ZAOB. Ax. 2 

The proof holds for all three figures, point A having moved 
to X (F^. 2), and then through X (Fig. 3). 

195. The theorem is often stated thus : An inscribed angle 
ia measured by half its intercepted arc. 

This expTession, like tbat mentioned in % 180 is not etrictly correct 



Tbe angle and the arc simply have tbe as 
later in { 2M. 



« imtnerieal measure as proved 
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COROLLAEiEa. 1. Angles in the same segment, or in e^ual 
segments, of a circle are eifwal. (Why ?) 

2. If from a point 07i the same side of a chord as a given 
segment, lines are drawn to the ends of that chord, the angle 
included by those lines is greater than, equal to, or less than, 
an angle in that segment, according as the point is within, on 
the arc of, or without, the segment. 

This follows from cor. 1 and from I, prop. IX. Dran the figure and 

3. The converse of cor. S is true hi/ the Law of Converse. 
Hence the locus of the vertex of a constant angle whose arms 
pass through two fixed points is an arc. 

Let the student state tlie converge in fut!, and give the proof. 



EzerciSM. 260. In tbe ligures on p. 129, prove that iC P is taken 
anywhere on ^, (ten Z PBV + £ BYP ia constant. 

281. In Fig. 3, p. 129, if BO is produced to meet the circumference 
at W, and the point of intersecUon of iilTand jIF is called Y, prove 
that A YVB and WA Y are umtually equiangular. 

282. What is the locus of the vertex of a triangle' on a given baae 
and with a given vertical angle 1 Prove it. 

283. In Pig. 1, p. 129, suppose A to move freely on the arc VAXB, 
and suppose A A VB^ VBA bisected by lines meeting at P. Show that 
the locus of P is a constant arc. 

284. If the vertices of a hexagon are concyclic, the sum of any three 
alternate interior angles is a perigon. (That is, the sum of three angles, 
talcing every olher one.) 

285. Two equal chords with a common extremity are symmetric with 
respect to the diameter through that extremity, as an axis ; so also are 
their corresponding arcs. 

386. If from any point P, on the diameter AB, PX and FY are 
drawn to the circumference on the same side of AB and making 
jIXPA = Z.BPY, then ^ APX and YPB are mutually equiangular. 

287. If any number of triangles on the same base and on the same side 
of it have equal vertical angles, the bisectors of the angles are concurrent. 

288. Prove that two chords perpendicular to a third chord at its 
extremities are equal. 
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Proposition XII. 



196. Theorem. An angle in a aegment is greater than, 
equal to, or less than, a right angle, according as the segment 
is less than, equal to, or greater than, a semicircle. 




Oi«n the segments ADE, ACE, ABE of a circle with 

center 0, respectively less than, equal to, greater 

than, a semicircle. 
To prove that A AED, AEC, AEB ai'e respectively greater 

than, equal to, less than, a right angle. 
Proof. 1. Draw OB, OD. 

Then ■.- Z AED = i reflex Z AOD, Prop. XI 

.-.Z J£7J > rt. Z. 

2. And ■ ■■ .^ AEC ^ \ at. ^ AOC, Why? 

.-./.AEC = rt. Z. 

3. And '.■ Z.AEB = -J- oblique ^AOB, Why ? 

.-.ZAES < It. Z. 

Corollary. A segment is less than, equal to, or greater 
than, a. semicircle, according as the angle in it is greater than, 
equal to, or less than, a right angle. 

From prop. XII, by the Law of Converee, g 73. Let the student write 
out the proof. 

Note. The diacovery that an angle in a semicircle is a right angle is 
attributed to Thales, who, tradition asserts, sacrificed an ox to the goda 
in honor of the event. 
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Pkoposition XIII. 



197. Theorem. An angle formed hy a tangent and a chord 
of a circle equalB half of the centred angle »tandin^ on the 
intercepted arc. 



Wven AS a chord, XX' a tangent throi^h A, and the 

center of the ciicle. 
To prove that Z.XAB = iZAOB, 

and ZBAX' = iZJiOA. 
Proof. 1. Produce AO to meet the circninference at C 

Then ZXAC =^ZAOC, 

= i St. Z. Why ? 

2. And ■■■ ZBAC -=iZBOC, Why? 

.-.ZXAB =iZAOB. Ax. 3 

3. Also, ■.- Z CAX' = i Z COA, Why ? 

.-.ZBAX'^-iZBOA. Ax. 2 

Corollary. Tangents to a circle from the same external 
point are equal. 

for, connect the points of tangency, and two angleE of the triangle 
are eqn^ by this Iheorem. 

198. The theorem is often stated thus: An angle formed by 
a tangent and a chord of a circle is measured by half its inter- 
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Proposition XIV. 



199. Theorem. An angle formed by two unlimited inter- 
»ecting lines which meet the circumference equals either the 
sum or the difference of half the central angles on the inter- 
cepted arcs, according as the point of intersection i» within or 
without the circle. 




Given two lines XX', TT' meeting a circumference at 

A, A' and B, B', respectively, and intersecting at P. 

To prove that Z A'FB' equals half the central angle on A'B' 

plus or minus half that on AB, according as P is 

within or without the circle. 

Proof. Suppose AB' drawn. 

Then Z A'FB' = Z A'AB' ± Z AB'B. § 88 

= i cent. Z on A^' ± ^ cent. Z on AB. 

Prop. XI 

The theorem is thus re-stated for two of the special cases ; 

CoRoi-LAKiEs. 1. An angh formed by two chords equals the 
sum of half the central angles on the intercepted arcs. 

See Fig. 1. (State this as suggested in § 195.) 

2. An angle formed by two secants intersecting without the 
circle equals the difference of half the central angles on the 
intercepted arcs. 

8ee Fig. 2. <Sute this as suggested in S 195.) 
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Prop. XIV is, of course, true for tangents as well as chords 
and secants. The following figuies represent special cases. 






F[g. 3 is a special case where P ia at 0, and merely affirms tbat 
a central angle equals itaelf. Fig. i shows that prop. XI is a special case 
of prop. XIV. Fig. 6 shows the same for prop. XIII. 

CoKOLLAET. 3. An angle formed hy a secant and a tan- 
gent, or bt/ two tangents, equals the difference of half the 
central angles on the intercepted ares. 

See Jigs. 7 and 8. 
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CHORDS AND TANGENTS. 



PEOPOSITION XV. 

200, Theorem. ^ two parallel lines intercept t 
circumference, those arc% are equal. 



Y 


^ -^+x 


,/ 


AjA 


"V 


Y 




Qiven two parallel lines, I and //, intercepting arcs AB, 
CD, on tlie circumference of a cii-cle with center 0. 

To prove that AB ^ CD. 

Proof. 1. Suppose YOT ± I, and to cut BC at M, Tig. 1, 

Then rr±II. 1, prop. XVII, cor- 1 

2. And SM= MC, and AM= MB. Prop. V 

3. .-.AB^CD. Ax. 3 

Note. The proof ih the same for Figs. 2, 3; in Fig. 2, BC equals zero; 
BTid in Fig. 3, DA also equals zero. It should be noticed that Ffgs. 1, 2, 
3, respectively, may be considered as special, or at least as limiting cases 
of Figs. 2, 7, and 8 of prop. XIV. In prop, XIV as P moves farther 
and farther to the right the lines come nearer and nearer to being parallel, 
the angle APB approaches nearer and nearer zero, and hence the cen- 
tral angles on arcs BA, A'B" approach nearer and nearer equality. It 
might therefore be inferred that when the lines become parallel, the arcs 
become equal, as proved in prop. XV. 



Exercise. 289. The chords which join the eztremities of two equal 
arcs are either parallel, or else they intersect and are equal and cut off 
equal segments from each other. 
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PLANE GEOMETRY. 



4. HISCBIBED AlfD aRCUVSCBIBED TBIAHGLBS AHD 
QDADBILATEBALS . 



201. DeflnitioiiB. If the ver- 
tices of the aisles of a poly- 
gon lie on a circumference, 
the polygon is said to be in- 
scribed is the drde, and the 
circle is called a dicnnucrlbed 
dnlft. 




If the lines of the sides of 
a polygon are tangent to a 
circle, the polygon is said to 
be drcumscribed about tlie cir- 
cle, and the circle is called 
an inscribed or escribed circle, 
according as it lies within or 
without the polygon. 




<:ro9B quadrllBtenl. 



The words iascriptiUe, HrcamHcriptiUe, escrijrffWe mean capable ol 
being inscribed in, circumscribed About, escribed to, a circle. 



Ezeicise. 290. K any two chords cut within tlie circle, at right 
angles, the sum of the squares on their segments equals the square on 
the diameter. 
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PK>p. XVI.] / CIRCLES AND POLTCONS. 137 

/ pBOPOaiTIOM XVI. 

202. TlMorem. A circumference can be deacribed to pa»» 
through tie three vertices of any triangle. (CiTCumterihed 
circle.) I 




Givea the points A, B, C, the vertices of A ABC. 

To prove that a circumferenoe can be described to pass through 

A, B, C. 
Proof. 1. There is such a circumference. § 131, cor. 2 

2. And the center of the O can be found. § 131, cor. 1 

KoTB. The relation between prop. XVI and prop'. XVII should be 
noticed. Similarly for props. XVIU and XIX, and for XX and XXL 



BxerclHei. 2£II. Prove from prop. XVI and prop. XI that tbe sum of 
the interior angles of any triangle equals a straight angle. 

292. If the hypotenuse of a right-angled triangle is the diameter of a 
circle, the clrcuniference passes through the vertex of the right angle. 
{CoROLLiRT. The median from the vertex, cif the right atujle of a right- 
angled Irlangle equaia half (if the hypotenuse.) 

293. A line-segnteiit of constant length slides so as to have its extremi- 
ties constantly resting on two lines perpendicular to each other. Find 
the locus of its mid-point, 

2M. If a circle la deacribed on the line joining the orthocenter to any 
vertex, as a diameter, prove that the circumference paaees through the 
feet of the perpendiculars from the other vertices to the opposite aides. 

296. Prove that the perpendiculars from the vertices of a triangle to 
the opposite sides bisect the angles of the triai^le formed by joining their 
feet ; the so-called Peial TrUiagle. 
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Pro POSITION XVII. 

203. Theorem. A circle can be deseribed tangent to the 
three lines of any triangle. {Inscribed aTtd escribed circles.) 




(Hren the lines a, b, c, forming a A ABC. 

To prove that a circle can be described tangent to a, b, c. 

Proof. 1, Let be the in-center, Oi, Oj, Oj the ex-centers. 

Let OF, OQ, OS ± a, b, c. 

Then AAMO^ AAQO, 

and A BUG ^ A BPO. I, prop. XIX, cor. 7 

2. .■- OQ=OE=OP. Why? 

3. .-. P, Q, R are concyclic. § 108, def. G, cor. 3 

4. And ■■■ AB ± OR, AB is a tangent. 

Prop. IX, cor. 3 
Similarly, a, h, c, are tangent to the other three ©. 

CoBOLLAKY, A Circle can be described tangent to three 
lines not all parallel nor concurrent. 
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CIBCLS3 AND POLTOONS. 



Pro POSITION XVIII. 



201. Theorem. In an imcrihed quadrilateral the sum or 
difference of two opposite angles equals the sum or differ- 
ence of the other two opposite angles, according as the quad- 
rilateral is convex or eross. 





PlO. 1. PlO. 2. 

Oiren the inscribed convex quadrilateral ABCD. 
To prove that in Fig. 1, AA + /LC = AB-\-/LB. 
Proof for Fig. I. 1. Z.A + ZC = ^ central Z on ^ + iS 
= St. Z. Prop. XI 

2. Similarly, Z5 + Zi>= st.Z. 

3. .■.^A + /iC^^B-ir/.D. §30 
Proof for Fig. 2. If the quadrilateral is cross, /. C — Z. A 

= Z.D — ^B, since efich equals zero. Why ? 

CoKOLLAjttES. 1. A parallelogram inscribed in a circle has 
all of its angles equal, and is therefore a rectangle. (Vi^hy ?) 

2. The opposite angles of an inscribed convex quadrilateral 
are supplemental. 

Exercises. 296. In the figure of prop. XIII, [f P Is the mid-point 
of arc AB, prove that P is equidistant Iroin AX »iiA AB. Suppose the 
arc BCA is taken, instead of AB. 

297. If a, circle is described on one side of a tnangle as a diameter,. 
prove that the circumference posses through the feet of the perpendicular* 
drawn to the other two sides from the opposite vertices. 
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PLANS GEOMXTBT. 



Pbofositios XIX. 

205. Theorem, in a dreumtertbed quadrilcUeral the sum 
or difference of two opposite sides equals the sum or differ- 
ence of the other two opponte sides, according as the quadri- 
lateral is convex or cross. 





Given the circttmseribed convex quadrilateral abed. 
To prove that in F^. 1, a +c = b + d. 
Proof for Fig. i, as lettered. 

1. a, =s (^, a, = 6i, Ci = 6„ e, = rfi- Frog. XIII, cor. 

2. .■.ai + a, + ci + cj = bi + h + di + d,. Ax. 2 

3. Or, a + c = b + d. Ax. 8 
Proof ftff F^. 3. If the quadrilateral is cross, c — a = d — b. 

1. ■-■ Ci = bt, and c, = di, .". e = i, + d,. 

2. ■.* «! = dj, and a, = ii, .". a = J, + 1^. 

3. .•.c-<i = d-&. Ax. 3 

Corollary. A parallelogram ciroumscrihed about a circle 
has allofiti tides equal, and is therefore a rhotnfms. (Why?) 



29B. The bisector of an angle formed by a tangent and 
chord blncu the Intercepted arc. 

290. Given two pairs ol parallel chords, ABWA'B', and BCWB'O'; 
prove that AC II A'C. 
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CIBCLE8 AND POLYGONS. 



PBOP08mOM XX. 



206. Theorem. If the turn of two opposite angle* of a 
quadrilateral equals the sum of the other two opposite angles^ 
the quadrilateral is inscriptible. 




Oiren the quadrilateral ABCD such ttjat 

To prove that ABCD is inscriptible. 

Pnmf. 1. Suppose the ciicuinfereace determined by .4, Zf, C not 
to pass through i>,"hut to cut CD at E. Prop. XVI 
Draw AE. Then Z .B + Z AEC = ZC + ^ BAE. 
Prop. XVI II 
2. But /.B + ZD = ZC-\-^A, 

mA .-. Z AEC - ^D = Z. BAB -A A, 
or, Z BAD = - Z MAD. I, prop. XIX 

But this is absui'd ; hence step 1 is absurd. 
The proof is the same for D'. 

CoBOLLABY. If two opposite angles of a quadrilateral are 
supplemental, the quadrilateral is inseriptihle. 



ExerclMB. 300. A square is inscriptible. 

301. Every equiangular quadrilateral is inscriptible. 

302. The intersection of the di^onals of an equiangular quadrilateral 
Is the center of the circumscribed circle. 

308. A circle Is described on one of the eqnal sides of an isosceles 
triangle as a diameter. Prove that the circumference bisects the base. 
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PLANE GEOMETRY. 



Proposition XXI. 



207. Theorem. If the sum of two opposite sides of a 
quadrilateral equals the sum of the other two opposite sides, 
the quadrilateral is drcumscriptible. 



D E 




Given the quadrilateral ABCD such that 

AB+CD=BC + DA. - 
To prove that ABCD is circumscriptible. 
Proof. 1, Suppose the O tangeat to AB, BC, CD not to be 
tangent to DA, but to be tangent to EA. 

Prop. XVII 

Then AB+CE = BC+ EA. Prop. XIX 

2. But AB-\-CD = BC + DA, Given 

and .-. CD - CE, or ED, =DA- EA. Ax. 3 

But this is absurd ; hence step 1 is absurd. 

I, prop. VIII, cor. 
The proof is the same for D'. 



Bxerclsea. 304. A. square is circumscriptible. (Notice the relation 
between ess. 3007802 and eis. 3M-306.) 

306. Every equilaterai quadrilateral is circumBcriptible. 

306, The intersection of the diagonals of an equilateral quadrilateral 
is the center of the inscribed circle. 

307. A', B' are the feet of perpendiculars from.d, B on a, b in A ABC ; 
Jlf is the mid-point of AB. Prove that Z B'A'M = Z MR A' = ZC. 
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rtro CIRCLES. 



5. TWO CntCLBS. 

208. Definitions. Two circles are said to touch or to be tan- 
gent when their ciicumferences have one, and only one, point 
in common. 

They are said lo be intemaUi/ or etlemally tangent according aa one 
circle lies nithlD or without the other. The more accurate expression, 
a tangent circumference, is often used instead of a tangent circle. 

The line determined by the centers of two circles is called 
their center-line ; the segment of the center-line, between the 
centers, is called their center-segment. 

If two circles have a common center, they are said to be 
concentric. 

The eipreBsion coneentrie circujiiferencea ia also used. 



Exercises. 306. A triangle is inscribed in a circle. Prove that the 
sum of three angles, one in each segment of the circle, exterior to the 
triangle, equals a perigon. 

309. Prove that a perpendicular from the orthooenter of a triangle 
to a side, produced to the circumference of tlie circumscribed circle, ia 
bisected by that side. 

310. Prove that the bisectors of any angle of an inscribed quadri- 
lateral and the opposite exterior angle meet on the circumference. 

311. If the diagonals of an inscribed quadrilateral bisect each other, 
what kind of a quadiiiateral ia it ? 

312. Prove that if two consecutive sides of a convex hexagon inscribed ■ 
in a circle are respectively parallel to their opposite sides, the remaining 
Bides are parallel to each other. 

313. Prove that tlie bisectors of the angles formed by producing the 
opposite sides of an inscribed quadrilateral to meet, are perpendicular to 
each other. (A proof may be based on cora. 1 and 2 of prop. XIV.) 

314. Prove that if the diagonals of an inscribed quadrilateral are 
perpendicular to each other, the line through their intersection perpen- 
dicular to any side bisects the opposite side. (Brahmagupta's theorem.) 
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PLANE OEOltETBT. 



PBOF08ITION XXIL 



209. nieoram. If two dreumfereneet meet in a point 
which i$ not on their centtimne, then (1) they meet in one 
other point, {2) their center-line it the perpendicular bisector 
of their common chord, (S) their center-segment is greater 
than the difference and less than the sum of the radii. 




PlO. L FlO. 3. 

(Hven M and N, two circumferences with centers A, B, 

meeting at P not on AB. 
To prove that (1) they meet again, as at i"; 

(2) AB X PP' and bisects it, as at C; 

(3) AB > the difference between AP and BP 
and < ^P + BP. 

Proof. 1. In Fig. 1, suppose AABP revolved about AB as an 
axis of symmetry, thus determining A AP'B. 
Then r AP' = AP, and BP' = BP, 
.'. P' is on both Jlf and If, which proves (1). 

§ 108, def . O, cor. 3 

2. In Fig. 2, ■.■ AP = AP; and BP = BP, § 109, 1 

3. .'. A -and B lie on the X bisector of PP', which 
proves (2). I, prop, XLI 

4. AB > the difference between AP and BP and 
< AP + BP, which proves (3). § 75 and cor. 

GoBOLLART. If two ctrcumfeTenees Tneet at one point only, 
that point is on their eenter-line. (Why ?) 
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Fbopositioh XXIII. 
210. Theorem. Jf two eirclei meet on their ceTOer-line, 
they are tangent. 



Given and 0', the centers of tvo circles with radii OA, 

O'A, whicli meet on their center-line at J. 
To prove that the circles are tangent. 

Proof. 1. Let P be any point, other than A, on circumference 
with center 0, and draw OF, O'F. 
Then 00' + O'F > OP or its equal OA. 

I, prop. VIII 

2. And ■.■ 00'= OA- CA, 

.-. OA- 0'A + 0'F> OA, 
or O'F > O'A, 

by adding O'A and subtracting OA. Axs. 4, 5 

3. .". F is without the circle with center 0', 

§ 108, def. O, cor. 3 

4. And '.' the CD have only one point in common, 
.'. they are tangent. § 208 

CoKOLLABiES. 1. ^ two etrcumferences intersect, neither 
point of intersection is on the eenteriine. (Why ?) 

2. If two circles touch, they have a common tangent-line at 
the point of contact. 

For a perpendiculiu' to their cent«r-line at that point is tangent to 
both. (Why ?) 

Ezercise. 316. Find the locus of the centen of all circles tangent 
to a given circle at a given point. 
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PLANE OEOMETRT. 



Pkoposition XXIV. 
211. Problem. To bisect a given are. 



Solntlon. 1. Draw its chord AB. 

2. Draw PC±AB at its mid-point. 
Then PC bisects the arc. 



§§ 114, 116 
Prop. V, cor, 2 



Proposition XXV. 



212. Problem. To find the center of a circle, given it» 
circumference or any arc. 




Given a ciicumference, or an arc ABC. 
Required to fiad the center of the circle. 
Soludon. 1. Draw two chorda from B, as BA, BC. § 28 

2. Draw their X bisectors DD', EE", §§ 114, 116 

intersecting at the center O. S 131, cors. 1, 4 

Note. Herenfter it will be Bssamed that the center ia knom if an 
arc is known, for it may always be found by this problem. 
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TWO CIRCLES. 



pBOPoaiTioN XXVI. 



213. Probtem. To draw a tangent to a given circle from 
a given point. 

1. 1/ the point is on the circumference. 

Solution. 1. At the girea point erect a perpendicular to the 

radius drawn to the point I, prop. XXIX 

2. This is the required tangent, and the solution is 

unique. Prop. IX, Cora. 3, 1 

2. If the point is without the circle. 



Given a circle FF'B, with center 0; also an external 
point A. 

Requited from A to draw a tangent to O PP'B. 

Coiutruction. 1. Draw -40. § 28 

2. Bisect AO at M. 1, prop. XXXI 

3.- Describe a O with center M, radius MO. § 109 

4. Join A to intersections of circumferences. § 28 

Then these lines, AP, AP', are the required tangents. 

Proof. 1. The circumferences will have two points in common, 

and only two. Prop. XXII; I, prop. XLIII, cor. 3 

2. And -.• A APO, OP' A are rt. A, Why ? 

-■. AP, AP' are tangents. "Why ? 

(Wonld this solution hold (or case 1 ?) 
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PLANS GEOUBTRT. 



214. PnUem. Ta draw a 
eirelet. 



Propositiom XXVII. 

tangent to two given 




Qina two cirolea A, B, with radii r, r' (r > r^, and centerB 
0, 0', respectively. 

Heqnlred to draw a. connnon tangent to them. 

Constrnctlon. 1. Describe CD Ai, A^ (Figs. 1 and 2), with centers 
0, and radii r — r' and r + r", respectively. § 109 

2. From 0' draw tangents 0'(7„ O'Ct, to ® A^, A,. 

Prop. XXVI 

3. Draw 0C„ OC^, cutting circumferences A at Ei, E^. 

§28 

4. Draw 0'7>i II OEi, and O'D, II B^O. § US 

5. Draw -E,7)i, .£»/>» ; they are the tangents. 

Proof. 1. A Ci, C, are rt. ^. Why? 

2. In Fig. 1, 

■ .' CrEi =0E^-0Ci = r-(r~7^=r', 

.-. CiEr = and II O'A- Const. 1, 4 

8. .■. CiO'DiEi is a n, and A E^ A are rt. A, 

I, props. XXV, XXIII, cor. 
and .-. DiEi is tangent to © A, B, Prop. IX, cor. 3 
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TWO CIRCLES. 



149 



1 Fig. 2, EtC, = and II DtO, aad I!jD,0'C, is a 
D, and D,Et is a tangent. In botti figures a second tangent 
can evidently be drawn, tlie solution being analt^ous to that 
above given. Hence there are four tangents in general. 
KoTE. The followii^ special cases aie of interest. 




In Fig. 3 the two circles bave moTod to external tangency, and the 
two interior tangents have closed up into one. In Fig. 4 the circumfer- 
ences intersect and th« interior tangents have vanished. In Fig. 6 the 
circles have become tntemall; tangent and the two exterior tangents have 
closed np into one. In Fig. 6 the circle B Ilea vrhotlj within the circle A, 
and the tangents have all vanished. In all osisea the center-line is evi- 
dently an axis of symmetiy. 



Exeidses. 316. All tangents drawn from points on the outer of two 
concentric circumferences to the Inner are equal. 

317. Find the locnsof the centers of all circles touching two intersect- 
ing lines. (Show that it is a pair of perpendiculars.) 8n[^oae the two 
lines were parallel instead of intersecting. 
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Proposition XXVIII. 

215. Problem. On a given Une-seffment as a chord to con- 
struet a segment of a circle containing a given angle. 




Given the line-segment AB and the Z N. 

Required on AB to construct a segment of a circle, containing 

ZiV. 
ConstTuctioii. 1. Draw SI) and AC, making AABD, BAG 

equal to Z N. I, prop. XXXII 

2. Draw YY', the X bisector of AB. I, prop. XXXI 

3. Draw AJa to AC, BD, from A, B. I, prop. XXIX 
These ±'s will intersect YY' at the centers of the 
© whose segments on AB are required. 

Proof. 1. The two ±'s from A, B, meet YY', as at 0', 0. 

1, prop. XVII, cor. 4 

2. is the center of O with chord AB and tangent BD. 

Prop. V, cor. 2 ; prop. IX, cor. 4 

3. .-. Z ABD, 01 Z.N, =i central Z on AEB, 

Prop. XIII 
== Z in segment AB Y. 

Prop. XI 
Similarly for segment Y'BA, where Z £A C = i 
central Z on the intercepted arc. 
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216. Definitions. Two intersecting arcs are said to form an 
angle, meaning thereby the angle included by their resijective 
tangents at the point of intersection. 

An arc and a aecant are aaid to form an angle, meaning thereby 
the angle included by the secant and the tangent to the arc at 
the point of meeting. 

S.g. in tbe figure of prop. XXVIII, OB is said to make a, right angle 
'With tbe circumference EBA, because it is perpendicular to the tangent 
atB. _^__^_ 

Ezeiciaes 318 The bisectora of the interior and the exterior verti- 
cal angiea of a Iriangle meet the circumscribed circumference in the 
mid pomlfi of the arts into which the base divides that circumference, 
and the line joming those points is tbe diameter which bisects the base. 

319 A triangle » hose angles are, respectively, 30°, SO", 100° is inscrilwd 
m & circle ; the bisectors of the angles meet the circumference in A, S, C. 
Find the numlier of degrees in the angles of A ABC. 

320. The three sides of A ABC are, respectively, 412 in., 606 in., 
614 in.; required tbe lengths of the six segments formed by the three 
points of tangency of the inscribed circle. 

321. The radii of two concentric circles are 2S in. and 30 in., respec- 
tively. In the larger circle a chord Is drawn tangent to the smaller] 
required its length. 

322. Two circumferences of circles of radii 0.5 ft. and 1.2 ft. intersect 
so that the tangents drawn at their point of intersection are perpendicu- 
lar to each other. Required the distance l>etween the centers. 

323. The distance between the centers of two circles of radii 7 in. and 
4 in., respectively, is 8 in. Required the length of their common tan- 
gent, between the points of tangency. Is there more than one answer ? 

324. The distance between the centers of two circles of radii 327 in. 
and 115 in., respectively, is 729 in. Required the length of their com- 
mon eiterior tangent, between the points of tangency. 

325. The distance between the centers of two circles is 105 in. ; the 
radii are 62 in. and 48 in., respectively. Calcnlate, correct to O.OOI, the 
length of the longest line parallel to the center-line and 30 in. from it, 
limited by Uie circumferences. 

326. Through the point A, in. from tbe center of a circle of radios 
4.5 in., two tangents, AT, AT, are drawn. Calculate the length of the 
chord TT' and its distance from the center. 
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APPENDIX TO BOOK III. — METHODS. 



217. The student has already been informed of three im- 
portant methods of attacking a proposition : 

(1) By Analysis (S 113). 

(2) By Intersection of Loci (I, props. XLIII, XLIV). 

(3) By Reduetio ad AbeurduTo, (§ 74). 

He is now prepared to discuss these somewhat more fully. 

218. I. Method of Analysis. This method, first found 
in Euclid's Geometry, though attributed to Plato, may be thus 

described : Analysis is a kind of inverted solution ; it assumes 
the proposition proved, considers what results follow, and con- 
tinues to trace these results until a knotim proposition is reached. 
It then seeks to reverse the process and to give the usual, or 
Synthetic, proof. 

A more modem form of analysis is sometimes known as the 
Method of Successive Substitutions. Id this the student sub- 
stitutes in place of the given proposition another upon which 
the given one depends, and so on until a familiar one is reached. 
The student reasons somewhat as follows : 

1. I can solve ^ if I can solve B. 

2. And I can solve £ if I can solve C. 

3. But I can solve C. 
Or he reasons thus: 

1. A is true if 5 is true. 

2. And B is true if (7 is true. 

3. But C is true. 

4. Hence A and B are true. 
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METHODS OF ATTACK. 



Iij:.UBTaA.iTTE ExxBciBES. 1. Through a given point to 
draw a line to make equal angles with two intersectiTtg Un«a. 




Analysis. Suppose x, y the lines, P the point, and I the 
required line; then, in the figure, ^ c = ^ a + Z 6 ; but'.'Za 
is to eqnal Z &, .'. Z c = 2 Z a ; .'. if Z c is bisected, and 
a line is drawn through P parallel to this bisector, the con- 
struction is effected. Ifow that the method is discovered, 
give the solution in the ordinary way. 



2. Through a given point to draw a line suoh that the seg- 
ments intercepted by the perpendieidars let fall upon it from, 
two given points shall be equal. 



Analysis. Suppose P the given point throi^h vhich the 
line x is to be drawn, and A and B the other given points ; 
then, in the figure, AD and SD' J. x, and DP is to equal PD'. 
Further, if AP is produced to meet BD' produced at A', then 
ADPA^AD'PA', and .■.AP = PA'. But '.■ J aud P are 
given, AP can be drawn, and PA' found ; .'.A' can be found, 
and .'. A'B; then from P a J, can be drawn to A'B, and the 
problem is solved. Always give the solution in the ordinary 
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3. Jf two eircleg are tangent, any geeant drawn through 
their point of contact cuts off segments from one that contain 
angles equal to the angles in the segments of the other. 




Analysis. 1, Let CD be the common tangent to © 0, 0' at 
iheir point of contact F. Ill, prop. XXIII, cor, 2 

2. Then an Z in segment.^ = an Z in segment A', if 

£a = La'. in, prop, XIII 

3. But /La = /L a'. Prel. prop. VI 



zfHZ' 



be reversed and the trapezoid 



Exercises. 327. To construct a trap- 
ezoid, given the four sides. 

A-nalygit. Assume the figure drawn. 
Then if d is moved parallel to itself and 
betvpeen c and a, to the position YZ, tlie 
A XYZ can easily be constructed {I, 
prop. XXXIV). Tlie process may now 
conBtmcted. 

328. To place a line so that its extremities siiall rest upon two give 
circumferences, the line being equal and 
parallel to another line. 

AnaXyais. If O and (X are the given 
circles, and AB the given line, and if 
Q C ia moved along a line parallel and 
equal to AB, then eitber XY or XT' 
answers the conditions. Hence the 
process may be reversed ; first describe 
O O", and then from Y, Y' draw YX 
and TX' - and II BA. 
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BXEKCI8ES. 
. Given two parallels, XY, XT', with a transvetaal WZ limited 



t between the parallel, and 
3 join A and B by tlie shoiUet 




by XT and XT' ; also two puiiils A, E 
on opposite sides of them. Required t 
broken line which shall have MN, 
the intercept between Xy and XT"', 
parallel to WZ. 

A ruUysis. If any M2f in the figure 
U moved along NB parallel to its 
ori^nal position, until N coincides 
with B and if is at P, then AM^F < 
A JfjP or AM,P (I, prop. VIII) ; 

hence AMiNiB is the shortest broken line. Hence the process may be 
reversed; tirstdrawBPIl and = ZIT; then join ^ and P, thus fixing ilfi ; 
ftud then draw JfiA'i II WZ. 

830. Through one of the two pointe of inter- 
section of two circumferences to draw a line from 
which the two circumferences cut o3 chords having 
a given difference. (The projection of the center- 
segment on the required line equals half the given 
difference ; hence move this projection to tlie position 
OA ; the right-angled A 00*^4 can now be constructed, and the required 
line will be parallel to OA.) 

331. In ex. 330, show that If the two chords lie on opposite sides of P, 
the sum replaces the difference. 

332. In a given circle to draw a chord equal and parallel to a given line. 

333. From a ship two known points are seen under a given angle; 
the ship sails a given distance in a given direction, and now the same two 
points are seen under another known angle. Find the positions of the 
ship. (On the line joining the known points, construct segments to 
contain the given angles; the problem then reduces to ex. -'328.) 

334. Construct a trapezoid, given the diagonals, their included angle, 
and the sum of two adjacent aides. 

335. To construct a triangle given a and the orthocenter. 

336. Also, given a and the centroid. 

337. To draw a tangent to a ^vea circle, perpendicular to a given line. 

338. To construct a triangle, A BC, having given c, ^ C, and the foot 
of the perpendicular from C to c. 

339. Find the locus of the points of contact of tangents drawn from a 
Hxed point to a system of concentric circles. 
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219. II. Method of Intebseciiox of Loci. This method, 
adapted chiefly to the solution of problems, has already been 
used in Book I (props. XLIII, XLIV). So long aa it is known 
merely that a point is on one line, its position is not definitely 
known ; but if it is known that the point is also on Miotber 
line, its position may be uniquely determined. For example, 
if it is known that a point is on each of two intersecting lines, 
the point is uniquely determined as their point of intersection ; 
but if the point is on a straight line and a circumference which 
the line intersects, it may be either of the two points of inter- 
section. 

For convenience of reference the following theorems are 
stated, and will be referred to by the letters prefixed r 

a. The locus of points at a given distance from a given point 
w the eireumference described about that point as a center, with 
a radius equal to the given distance. (§ 127.) 

b. The locus of points at a given distance from a given line 
eonaiata of a pair of parallels at that distance, one on each side 
of the fixed line. (§ 129, cor. 2.) 

e. The locus of points equidistant from two given points is 
the perpendicular bisector of the line joining them. (§ 128.) 

d. The locus of points equidistant from two given lines con- 
sists of the bisectors of their included angles ; if the lines are 
parallel, it is a parallel midway between them. (5 129.) 

e. The locus of points from which a given line subtends a 
given angle is an are subtended by that chord. (§ 195, cor. 3.) 



Abbketiationh. The following abbreviations will be used : 
In the triangle ABC the altitudes on the sides a, b, c will 
be designated by h^ h^, h^, respectively; the corresponding 
medians by m^ m^, m^; the corresponding angle-bisectors 
terminated by a, b, c, by v^, v^, w^ ; the radii of the inscribed 
and circumscribed circles by r, R, respectively ; the radius of 
the escribed circle touching a, and touching b and c produced, 
by r^ and similarly for r^, r^ 
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220. DEFiNTTioif. A triangle i* said to be iiucribed in 
another when its vertices lie respectively on tlie aides of the 
other. 



Bzcrdaea. 340. To describe a circuinference with a giTen ntdliu, aod 

(1) Paasing through two given points. (Comliine a and c.) 

(2) Passiiig through one given point and touching a given line, (a, b.) 

(3) Passing tlirongh one given point and touching & given circie. (a.) 

(4) Toucliing a given line and a given circle, (a, b.) 
(6) Toactiing two given circles, (a.) 

341. In a given triangle to inscribe a triangle with tiro at its sides 
given, and the vertex of their included angle given, (a.) 

342. To describe a circumference passing through a given p<^t and 
touching a given line, or a given circle. In a ^ven point, (c.) 

343. On a given circomference to find a point having a given distance 
from a given line, {b.) 

344. On a given line, not necessarily straight, to find a point equi 
distant from two given points, (c.) 

346. Describe a, circumference touching two parallel lines and passing 
throDgh a given point, (d, a.) 

346. Find a point from which two given line-segments are seen under 
{or subtend) given angles, (e.) (Pothenot's problem.) 

347. Ctonatruct the triangle ABC, given o, ftq, m^. 

348. Also, given ZA,a,ha- 

349. Also, given Z .J, o, irta. 
360. Also, given a, hf,, hp 

3fil. Also, given Z A, ha, Va- (Fiist construct the right-angled tri- 
angle with side h„ and hjiKitenuBe v^.) 

362. Also, given ka, nia, E. (First construct the right-angled triangle 
with side fta and hypotenuse m, ; then find the circumcenter by a, c.) 

353. Also, given a, B, h- (First construct the right-angled triangle 
with side lii and hypotenuse a ; then find the circumcenter by a.) 

364. Also, given e, r, ZA=9(y; c, r„ Z.1 =90°; b,r,ZA = W-. 
or6,r„ ZA =80°. 

i touch one another. 
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MISOBLIiAITBOUS EXEStCISlIS. 

366. It tw<i circumferences intersect, any two parallel lines drann 
through the points of iutersection and terminated by the respective 
circumterences are equal. 

367. If the center-segment of two circles is (1) greater than, (2) equal 
to, the sum of tlie two radii, the circumferences (1) do not meet, (2) are 
tangent. 

368. The greatest of all lines joining two points, one on each of two 
given circumferences, is greater than the center-segment by the sum of 

369. If two circles, whose centers are O, fX, are tangent at P, and a 
line through P cuts the circumferences at A, A', prove that OA II (yA'. 
Two cases ; external and internal tangency. Show that the proposition 
is true for any number of circles. 

I of a triangle to draw a straight line equally 

361. Describe a c 1 of gi n ad us to touch two ^ven lines. Show 
that a solution is, in g n ral mposslbte if the lines are parallel, hut that 
otherwise there are f u lu s. 

362. From what o p 1 n I e plane are two circles seen under 
equal angles ? 

363. Given an eq 1 1 iangle A BC, find a point P such that the 
circles circumscribing h PBC, FCA, PAB are all equal. 

364. To divide a circle into two segments so that the angle contained 
in one shall be double that contained in tlie other. 

36B, From two given points to draw lines meeting a given line in a 
point and making equal angles with that line, the points being on (1) the 
same side of the given line, (2) opposite sides of the given line. 

366. To draw, through a given point, a secant from which two equal 
circumferences shall cut off equal chords. Discuss the number of solu- 
tions for various positions of the given point. 

367. Through one of the points of intersection of two circumferences 
to draw a chord of one circle whicli shall be bisected by the circumference 
of the other. 

368. Two opposite vertices of a given square move on two lines at 
right angles to each other. Find the locus of the intersection of the 
diagonals. 

369. Find the locus of the intersection of two lines passing through two 
fixed points on a circumference and intercepting an ai 



BOOK IV. — EATIO AND PEOPORTION. 



1. FOHDAHBHTAL PROPERTIES. 

221. Intkoductory Note. The inference was drawn in 
Book II (§ 15^ that a relation exists between algebra and 
geometry with the following correspondence ; 

Geometry. Algei>Ta. 

A line-eegmenC. A number. 

The rectangle of two line-segmenta. The product of two numbers. 

And as it waa assumed that a straight line may be represented 
by a number, so it may be assumed that any other geometric 
magnitude, such as an arc, an angle, a surface, etc., may be 
represented by a number. With these assumptions, the fun- 
damental properties of Ratio and Proportion may be proved 
either by algebra or by geometry, as may be most convenient, 
the proof being valid for both of these subjects. The purely 
geometric treatment is too difficult for the beginner. 

222. Definitions. To measure a magnitude is to find how 
many times it contains another ms^nitude of the same kind, 
called the unit of measure. 

223. A ratio is the quotient of the numerical measure of 
one magnitude divided by the numerical measure of another 
magnitude of the same kind. 

For example, the ratio of a line 8 ft. long to one 18 ft. long is -,'5, or i ; 
that of one 16 ft. long to one 8 ft. long is 2. 

The ratio of a to 6 is expressed by the Byrabols -7 > a ; 6, a/b, ova -=- 6. 
If the ratio ^— r, then a = r-b. 
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234. The practical method of finding the ratio of two 
magnitudes is to measure them, and to divide the numerical 
result of one measurement by that of the other. But if two 
line-segments have a common measure, their ratio and their 
common measure may be found by the followii^ process : 
Let AB and CD be the 

two lines. Ai • 5 — ^g 

Apply CD as often as pos- . F. . . p 

Bible to AB, and suppose that 

AB = 2CI>+ EB, EB < CD. 
Similarly, apply EB to CD, and suppose that 

CD = 2EB + FD, FD < EB. 
Similarly, apply FD to EB, and suppose that 

EB = FI>+ GB, GB < FD. 
Similarly, apply GB to FD, and suppose that 

FD = 3 GB with no remainder. 
Then FD = SGB. 

EB= FD+ GB= i GB. 
CD = 2£B+FD= 8 GB + 3 GB = 11 GB. 
AB = 2CD + EB =22GB + iGB=2G GB. 
.'. GB is a common measui-e, and the ratio of CD to AB is 
\i by definition of ratio. 

325. Definitions. Two magnitudes that have a common 
measure are said to be commensurable; if they have no com- 
mon measuie they are said to be lucommenBurable. 

For example, two surfaces having areas 10 sq. in. and 15 eq. In. are 
a^d to be commensurable, there being the commoo measures 5 sq. in., 
1 aq. in., 2.5 sq. in., eti;. But if the length of one line is represented 
bjr "^f and the length of another by 1, then there is no common measure, 
and the lines are said to be Incommensurable. 

r a fraction, or an irrational 
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Tor practical purposes aJl magnitudes may be looked upon 
aa commensurable, since a unit of measure can be so takeu 
that the remainder may be made as small as ve wish. 

Si26. In the ratio a:b,a and b are called the terms of the 
ratio, — the former, a, being called the antecedent, and the 
latter, b, the consequent. 

227. If the ratio a : b equals the ratio c : d, the four terms 
are said to form a proportion. 

The four terms are also said to be in proportion. The terms 
a and b are also said to he proportional to c and d. 

This equality of ratios is indicated b; the symboL =, e.g., >; = j' 
atb = e :d, or a/b = c/d, read "aisio b as c is to d." Instead of the 
parallel bius (=), the double colon (: ;) is also used in this connection 
as a sign of equality, the proportion being written a :b: ; c : d. The 
doable colon is not, boweveT, as extensively nsed as formerly. 

228. The first and last terms of a proportion are called the 
extremes, and the other terms the means. 



Proposition I. 
!9. Theorem. .^ a : b = c : d, then ad = bo. 

t. Frran T='i> it follows, by multiplying equals by bd, 



If four numbers are in pro- If four lines are in propor- 

portion, the product of the tion, the rectangle of the 

means equals the product of means equals the rectangle of 

the extremes. the extremes. 
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Proposition II. 
230. Theorem. .^ ad = be, then a : l 
Proof. Divide the given equals by Od. 
Hence 

If the product of two 



bers equals the product of two 
other numbers, either two may 
be made the means and the 
other two the extremes of a 
pi-oportion. 



If the rectangle of two lines 
equals the rectangle of two 
other lines, either two may 
be made the means and the 
other two the extremes of a 
proportion. 



Proposition III. 
If a:b = c:d, (Am (1) a:c- 
(2) d : b = c : a, aM(? (3) b : a - 



- = -1 which proves (1), 
Y — -• which proves (2). 



Prop. I 
Prop. II. 

Pi-op. II 



> which proves (3). Prop. II 



Hence 

If four numbers are in pro- 
portion, the following inter- 
changes may be made : (1) the 
means, (2) the extremes, (3) 
each antecedent and its cor- 
responding consequent. 



If four magnitudes are in 
proportion, the following in- 
terchanges may be made: (1) 
the means, (2) the extremes, 
(3) each antecedent and its 
corresponding eonaequent. 
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Definitions. The pioportion a:e = b:d is often spoken of 
as the propoition a:h =' e: d taken by alternation. 

The pi-oportion i : a = rf : c la also spoken of as the propor- 
tion a:b-=c:d taken by Inversion. 

Hence prop. Ill may be stated : If four magnitude are 
in proportion they are in projiortlon by alternation and also 
by i 



But to take aproporlioii by alternation, tlie iiu^nitudes muEt be similar. 
Thus ?2 -.^i = S8 :?!«, therefore, by alteniatioo, 82 :§8 = 84 -.$16. 
But the proportion §2 ;34 = 8 days : 16 days cannot be taken by alier- 
natioii, for 32 :8 days = §4 ; 16 days means nothing, $2r8 days not 
being a ratio {§ 223). 



Proposition IV. 
232. Theorem. 7f a : b = e : d, 

then (1) ka : b = kc : d, 
and (2) a : kb = c : kd. 



Proof. From 



J = y it follows, by multiplying by k, 



that T" ~ T' ^'''*'^ proves (1). Ax. 6 

And also, -tt ~ —j' '^7 dividing hy k, which proves (2). 
Ax. 7 
Hence if four magnitudes are in proportion, and both ante- 
cedents or both consequents are multiplied by the same num- 
ber, the magnitudes ai'e still in proportion. 

CoROLLAKY. If four magnitudes are in proportion, and all 
are multiplied by the same number, the results are in proportion. 
Note, The number k may be late^n^l, fractional, or irrational. 
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Proposition V. 
233. Theorem. ^ a : b = c : d, 

tk^ (1) a ± b : b = c ± d : d, 

(2) a ± b : a = c ± d : c, 

and (3) a ± b : a ^ b = c ± d : c ^ d- 

Proof. 1. From 7 = v it follows 

d 

that 7 ± 1 = 4 ± 1, Axs. 2, 3 

b a 

a ± ft c±d 



2. It is also true 

h d 



Prop. Ill 



and .-. 1±- = 1±-, Axs. 2, 3 

«±i c±d ... 
or = > which proves (2). 

3. Or, by subtracting first, 

•LSJL^t^A, Axs. 3, 2 

and -■. r = : by dividing in the last two 

equations. Ax. 7 

The proportion a + b:b = c-\-d:d is often spolten of as 
the proportion a:b = c:d taken by composition, and a — b:b 
= c — d:d as the same proportion taken by division, and 
a±b:a-:^b = c±.d:c^d as the same proportion taken by 
composition and division. 
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Fboposition VI. 

231. Theorem. -?f r^ = r* = r^ = » 'Ac termg all being 

bj b, bj 

magnitudet of the same kind, then 





^1 + «. + »I ,. "i „ 






bj + m- bi \ 




Proof. 1. 




Prop. Ill 




and .■.«■+<■■ »■ + '■■ 


Prop. V 


2. 


. a, + a, (I, 

'■6. + 6, a. 


Prop, m 




Of 

6. 


Given 


3. 


Then, as in steps 1, 2, 

a, + a, + a, a. 
A, + 6, + ft, J. 






and ao on, however many ratios there 


maybe. 



Pbopobitioh VII. 
235. TliEoiem. 7^ a : b = o : d, ifcn a» : W = o" : d'. 

Hence 

If four numbers are in pro- If four lines are in propor- 

portion, their squares are also tion, the squares on those lines 

in proportion. aie also in proportion. 

CoROLLARV. Tj^. a : b = c : d, and m : n = x : y, then am ; bn 
= ex : dy. 
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PboK)Sition VIII. 

236. Theorem, a : b = ka : kb. 

Proof. kab s kah, or a • kb-=b ■ ka. 

.■.a:h=ka:kb. Prop. II 

Note. The number k may be integral, fractional, or Irrational. 

237. Deflnitions. If a:b = c:x,x is called the fourth pro- 
portional to a, b, c. 

COROLLAKIES. 1. By three of the four terms of a proportion 
the other is determined. 

For if a : 6 = c : I, or I ; 6 = c : a, ot c:x=a:b, etc., it follows Uiat 
ax = bc, whence x = 6c/a, a fiied mimber. 

2. i^ a : b = a : X, then b = x. 

For if, in tiie proof of cor. 1, c = a, then b = x. 

238. If, iQ a proportion, the two means are equal, as in 
a:x = x:b, this common mean is called the mean proportioiud, 
or g:eometric mean, between the two extremes. 

Corollaries. 

The mean proportional be- The geometric mean he- 

tw-en two numbers equals the tween two lines equals the side 
square root oyi/ieir product. of that square which equals 
their rectangle. 

Because the niunber representing the square units of area 
of a rectangle is the product of the two numbers representing 
the linear units in two adjacent sides, the expression product 
of two lines is often used for rectangle of two lines. 

Ezercisea. 370. Find a mean proportional between 2 and 32. 

371. Find a fourth proportional to 3, 7, 15. 

372. Wtiet number most be added to each of the numbers 2, 1, 6, 3, to 
have the results in proportion ? 

Diflitizec by Google 



I 



THE TMEORY OF LIMITS. 



2, THE THEORY OF LIMITS. 

239. Defioltlona. A quantity is called a nuiable if, in the 

course of the same investigation, it may take indefinitely 
many values ; on the other hand, a quantity is called a con- 
etant if, in the course of the same investigation, it keeps the 
same value. 



E.g. if a line AB is bisected at Mi, and JfiB at JIfi, and MzB at Mt, 
and ao on, and It x represents Uie line from A to any of the points M\, 
Ms, , thenx is a variable, but ^B is a constant. 

It Is cuBtomary, as in algebra, to represent variables by tbe last letters 
of the alphabet, and constants by the first letters. 

240. If a variable x approaches nearer and nearer a con- 
stant a, so that the difference between x and a can become 
and remain smaller than any quantity that may be assigned, 
then a is called the limit of x. 

E.g. in the above fignre, AB is the limit of x. 

But if the point M simply Elides along the line, passing through B, 
then, although the di&erence between AM and AB, or x and a, can 
become smaller than any quantity which may be assigned, it uoes not 
remain smaller, for when M passes through B this difference increases. 
Kence AB is not then the limit of x. 

That "x approaches as its limit a" is indicated by the 
symbol x~a. 

CoBOLLABY. ^ X = a, then a — x wf a variable whose limit 
is zero ; that w, a — x — 0. 

Although the variable has been taken, in this discussion, as increasing 
towards its limit, it may also be taken as decreasirtg. Thus if we bisect 
a line, bisect its half, and continue to bisect indefinitely, the variable 
segment is evidently approaching a limit zero. 
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PkO POSITION IX. 



241. Theorem. If, while approaching their respective limits, 
two variables have a constant ratio, their limits have that same 



Given X and X', two variables, such that as they i 

they approach their respective limits AB, or L, and 
AC, or L', and have a constant ratio r. 

Toprove that Z: I,' = r, or that X:^'= X: i'. 

Proof. If the ratio X: X' is not equal to the ratio L : L', 
then (1) it must equal the ratio of L to something 
leas than L', or (2) it must equal the ratio of L to 
something greater than X'. 

It will be shown that both of these suppositions are absurd. 

I. To show that (1) is absurd. 

1. Suppose X:X' = L:L'- DC. 
Then •.•X:X' = t, 

.■.X=rX', 
and L = r(L'-DC). 5 223, def. ratio 

2. Then L - X=r{L' -DC- X"). Ax. 3 

3. But •-■ X' = L', 

.-. V — X' can become as small as we please. 

" " " less than DC, 

and .■- r(L' — X' — DC) can become negative, 

4. But '■' X^ L, .. L — X cannot become negative. 

5. .'. step 2 is absurd, for a negative quantity cannot 

equal one not negative. 
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II. To thow that (2) is absurd. 

1. Suppose X:X' = L:L'+ Ciy. 
Then L - X^r{L' + CD' - X'), 
as in step 2, p. 168. 

2. But t(L' + CD' — X*) cannot become lesa than 
r ■ CD', 

3. And L ~ X =:(i, because L is the limit of X. 

4. .■. if step 1 were true, a quantity, L — X, which can 
become as small as we please, would equal a quan- 
tity not less than r • CD', which is absurd. 

The proof would be substantially the same if the two 
vaiiables were supposed to decrease towaird a limit. 

CoBOLLARiES. 1. If, while approaching their respective 
limits, two variables are always equal, their limits are equal. 

For tbeir ratio is always 1. 

2. If, while approaching their respective limits, two variables 
have a constant ratio, and one of them, is always greater than 
the other, the limit of the first is greater than the litnit of the 
second. 

For the limits have the same ratio as the variablea. 



'3. Ua:b = c:d, 
prove that o'M -f ()»c + 6c = aW: + aM + ad. 

1. Since 6c = ai, Prop. I 
the equation is true U o^M + 6^ = ab=c + abd. 

2. Now if In place of each ad we put be, we see that the equation is 
true if at/h + 6=e = aW; + Vk. 

But this is an ideutity. Hence the proof is complete. 
374 Ua:b = C!d, 
prove that a - cib-d= Va= + c* ; Vft" + (P. 

Also that Va* + c" : Vd^ + tP = 

Also that a + nib-a~ lib — e + md;i 
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3. A raifCIL as LINES CUT BY PABALUXS. 

242. Definitions. Through a poiat aay number of lines cau 
be passed. Such lines are said to form a pencil of lines. 

The point through which a pencil of lines passes is called 
the vertex of the pencil. 




The annexed pencil of three lines 'm named " K — ABC' 
To conform to the idea of a general figure, set forth in §§ 94, 95, the 
word pencil is also applied to paraliei lines, the vertex being spoken of as 



243. Definition. Two lines are said to be divided proportion- 
ally when the segments of the one have the same ratio as the 
coires ponding segments of the qther. 



Bxeicises. 376. If a:h = c-.d, prove that 

0) a + 6 + c + d:6 + d = c + t(:ii. 

(2) m (o + mb) : n<<t - »6) = m (c + md) .- n (c - nd). 

(3) a (o + 6 + c + d) = (o + 6) (a + c). 

(4) a2c + !M;2:6^-j-6(P = (a + c)«: (6 + iJ)». 

376. If 6 is a mean proportional between a and e, prove that 

ss ~ r^ "'' ^ 

377. Show that there is no finite number which, when added \t 
of four unequal numbers In proportion, will malie the resulting ev 
proportion. 

378. If o : 6 = c ; d, and « : n = X : i/, 

prove that au + 6<i : ou - 6n = ca + dy : ct ■.- d^. 
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Proposition X. 



244. Theorem. The segments of a transversal of a pencil 
of parallels are proportional to the corresponding segments 
of any other truTisversal of the same pencil. 




the pencil of parallels P, cutting from two trans- 
versals T and 2* the segments A, B and C, D, 
respectively. 



To prove that 



A:B=C:D. 



. Suppose A and B divided into equal segments I, 
and tbat A = nl, while B = n'l. 

(In the figure, n = 6, n' = i.) 
Then if ll's to F are drawn from the points of divi- 
sion, C is the sum of n equal segments to, and D is 
the sum of n' equal segments m. 

I, prop. XXVII, cor. 1 



nl 



B 



I> 



Why? 



Note. The preceding proof assumes that A and B are commeosurable. 
Tbe following proof Ls valid it A and B are incommensurable. 
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345. Pnwf for IncomsKniorable caBC. 



1. Suppose A divided into equal segments I, and that 

A = nl, 
while B = n'l + some remainder, x, such that x <l. 
Then if ll'a to P are drawn from the points of divi- 
sion, C is the sum of n equal segments m, and J) is 
the sum of n' equal segments m, + a remainder y 
such that y < vi. 

2. Then B lies between n'l and (w' + 1) I. Step 1 

3. ■'. -; lies between — t and ^ 7-^ 

A nl nl 

(fn the figure, between rr: and -r^ J, 

_ n'm _ , («' + 1) m 



.■. they differ by less than - 
(In the Sgure. liy lesa than }.) 
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5, And ".' - can be made Bmaller than any assumed 

difference, by increasing n, .'. to assume any differ- 
ence leads to an absurdity, 

Co BO Lii ARIES. 1. A line parallel to ofte side of a triangle 
divides the other two sides proportionally. 




For In the flgare, if BCO is the triangle, the tines OB, OC are cut by 
parallels. Ueaco 38^: B^O = CCf-CiO. 

2, The corresponding segments of the lines of a pencil cut 
off (^from the vertex) hy parallel transversals are proportional. 

In the above figure, OA : OAi = OB -. OK, = OC : OCi = , by 

3, The segments of the lines of a pencil cut off {from the 
vertex) by parallel transversals are proportional to the corre- 
sponding segments of the transversals. 

Toprove that, in the above figure, ,di{:^iBi = OA :0^i= OB:OBi. 
Draw through Ai a line II to OB cutting AB at X 
Then AB : XB = OA : OAi = OB : OBi. Prop. X 

But XB = AiBi. I, prop. XXIV 

4, Parallel transversals ore divided proportionally by the 
lines of a pencil. 



To prove that, In the above figure, AB i BC = 
Byoor. 3, AB:AiBi = BO:BiO = BC:BiC 
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Proposition XI. 

246. Theorem. A line can be divided, intemaily or tx- 
temalli/, into tegments having a given ratio, except that if it 
it divided externally the ratio cannot be unity. 



FIO. 1. Fia. a. 

Given the line AB, and two lines Si, s, having a given ratio. 

To prove t\\2AAB can be divided in the ratio Siisa, except that 
in the case of external division a, cannot equal «,. 

Proof. 1. Suppose AM drawn making, with AB, an angle 
< 180°; that AC h^ taken = s„ and CD^St; that 
DB be drawn, and CP II DB. 

2. Then AP : FB = Si:st, as required. Prop. X, cor. 1 

3. In Fig. 2, if *, = Sj, where does D fall ? What is 
then the relation of CP to AB ? Hence show that 
the division is impossible in this case. 

Corollary, The point of internal dimsion is unique; like- 
wise the point of external division. 

From step 2, AB : PB = »i + Sj :3j, .4B, Si + Sa, and j,, all being 
constants ; but by three terma ot a proportion the fourth is determined. 
(§ 237, def. of Itli proporUooal, cor. 1.) 

247. Note. Instead of Baying that the external division, if the ratio 
is unity, is impOBsihle, it is often said that the point of division, F, iaat 

In the case of internal division, the ratios A P : PB and A C : CD are 
evidently positive ; hut in the case of external division each ratio is 
evidently negative because FB and CD are negative. In both cases 
step 2 is evidently ttnie. 
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Pboposition XII. 

248. Theorem. A line which divides two aides of o 
proportionally i» parallel to the third. 




Given the triangle ABC, and DE so drawn that AI) r DC 
= BE : EC. 

To prove that DE II AB. 

Proof. 1. Suppose DE not II AB, but that DX II AB. 

Then BX:XC=AD:DC. Prop. X, cor. 1 

2. But this is impossible, for the division of BC in the 
ratio AD : DC is unique. Prop. XI, cor. 

3. .-. DX must be identical with DE, and DE II AB. 
. The proof is the same for all of the figures. 

Bxerciaes. 379. IntheaboTefigures.if JD :Ilf7 = BB :BC = m :n, 
and if the line Ibrougli A and E cuts tlie line tlirough B and J> at P, 
then prove that AP -.PE = BP -.PD = m + ti-.n. 

380. If ei. 379 liaa been proved, show from it that the centroid of a 
triangle divides the medians in the ratio of 2 : 1. 

381. Prove prop. XI on the following figures i 



..^^ 
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Proposition XIII. 



2^, Theorem. If any angle of a triangle is bigeeted, in- 
ternallt/ or externally, by a line cutting the opposite side, 
then the opposite side is divided, internally or externally, 
respectively, in the ratio of the other sides of the triangle. 




fflroi AABC, the bisector of Z C meeting JB at P. 
To prove tb&t AF : PB = AC : BC. 

Proof. 1. Let-B^IIPC, meeting^Cproducedat^jin Fig.l. 
Then Z HBC = Z FCB = Z ACP = Z CEB. 

Given ; I, prop. XVII, cor. 2 

2. .■.BC=CK Why? 

3. But iQAABE,AP:PB = AC: CE, Prop. X, cor. 1 
and .■.AP:PB = AC:BC. Why? 
The proof for Fig. 2 is the same if step 1 is changed 
to Z CBE = Z BCP = Z PCX = Z BEC. 

250. Definition. When a line is divided internally and 
externally into segments having the same ratio, it is said to 
be divided tuuinonically. 

If tbe iniernal and external points of division ot AB, in prop. XIII, 
are P and P", then AB is divided liarmonically by P and P". 

Bzercfse. 382. The hypotenuse ot a right-angled triangle is divided , 
harmonically by an; pair of lines through the vertex of the right angle, 
making equal anglen with one ot its arms. 
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4. A PENCIL CITT BY ANTIPASALLELS OR BY A 
CtBCDMFEKSITCE. 

251. Definitions. If a pencil of two lines — X¥ is cut 

by two parallel lines AB, MN, and if MN revolves, through a 




straight angle, about the bisector of Z XO y as an axis, falling 
iu the position AiB^, then AB and AiBi are said to be snti- 
paroUel to each other. 

OA and OAi are called corresponding segments of the pencil, 
as are also OB and OBi. A and A^ are called corresponding 
points, as are also B and B,. 

CosoLLART. If JLA = ^Ai, in the above figure, then AB 
and AxBi are antiparallel to each other. 



SzerdMB. 383. From P, a given point In Om side AB of A ABO, 
draw a line to AC produced so that it will be bisected by BC. 

384. Investigate ex. 383 wben P is on AB produced. 

386. If the vertices of A XTZ lie on the sides of A ate bo that x 1! a, 
y[\h,3i II c, then X, F, Z bisect a, h, c. 

386. In prop. XIII, suppose /LB = £A; also, suppose LB<LA. 

387. In an7 triangle the line joiniDg the feet of the perpendiculars 
from any two vertices to the opposite eides is antiparallel to the third side. 

388. In A ABC, suppose that a ± e, and the bisectors of the interior 
and exterior angles at C meet AB at Pi, P,. Prove that If a circum- 
ference passes through Pi, Pti and C, (1) PiPt Is the diameter, (2).^Ci« 
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Proposition XIV, 



2S2. Tbeoiem. If a pencil of two lines is cut by two cmti- 
paralUl Hnet, the corresponding segments form a proportion. 




Olren. the pencil — XT, cut by the antiparallels AB, 

AiBi, A and ^, being corresponding points. 
To prove that OA : 04, = OB : OB^. 

Proof. 1. Snppose MN the parallel to AB which, revolving, 
fixed AiB,. 

Then OJ, = OM, and OS, = OJV. Def. antipar. S 251 

2. But OA : OM^ OB : ON, Prop. X, cor. 2 

and .■.OA:OAi=OB:OBi. Substitution 

CoROLLAKT. If two antiparcdlels cut a pencil of two lines, 
the product of the segments of one line equals the product of 
the segments of the other. 

Wby ? What is meant by ' ' product of two segments " ? 



Exercises, 389. In the al>ove figureB, AB : AiB, = OA -. OA^ = 
OB:OBi. {Prop. X, cor. 3, etc.) 

390. In the above figures, if Ai coincides with B, and if OB = b, 
OA = a, OBi - b„ then f^ = o6,. 

391. If from the vertex of a right-angled triangle a perpendicular p is 
dravm cutting the hypotenuse c into two segments x, y, adjacent to sides 
tt, 6, respectively, then (1) a and p are antiparallels of the pencil 6, e; 
(3) a is a mean proportional between e and x; (3) j) is a mean propor- 
tional between x and y \ (4) 6' = cy, a' = ex, and .■. a* + 6* = c (a + p) 
= c". (Tliua a new proof is found for the Pythagorean proposition.) 



PENCILS OF LINES. 



Proposition XV. 

253. Theorem. ^ a pencil of lines aits a circumference, 
the product of the two segments from the vertex is constant, 
whichever line is taken. 





(Hvea ABi and AjB, two chords, each divided at into 

two segments. 
To prove that AO • OBi ^ A,0 • OB. 

"Proof. 1. Suppose AB, AiB, drawn. 

Then jiLA^ZA^. Why ? 

2. .-. AB and AiBi are antiparallel, 5 251, cor. 

and .-.AOOBi^AiOOB. Prop. XIV, cor. 
The proposition ia entirely general and should be proved for the fol- 
lowing cases. 




Fio. G.— Chord A3, a]Ba 
tbe end o( the ohord. beoomea lero. beoomea zero. 

CoEOLLAKT. The tangent from the vertex of a pencil to a 
circumference is a mean proportional between the two segments 
of any other line of the pencil. 

In Fig. 4, AOBiO=AiO • 30=80". Therefore AO : BO-BO :BiO. 
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Peoposition XVI. 



854. Theorem. In the «aifw circle or in equal circlet 
certtral anglei are proportional to the arcs on which they 



Given A and B, two central angles standing on arcs C and 

D, respectively. 
To prove that A:B=G:D. 

Proof. 1. If A and B are in differeat circles, they may M 
placed in the relative positions shown in the figure. 
§ 108, def. O, cor. 2 
Suppose A and B divided into equal A x, 
and suppose A = rue, and B = n'x. , 

(In the figure, n ^ 6, n' = i.) 
2. Then C is divided into n equal area y, 

and D " " n' " " y. Ill, prop. I 



■■•i=|- ™J^ 

NoTB. The above proof assumes that A and B are commeiuntable, 
and hence that they can be divided into equiJ angles x. The proof on 
p. 181 \i vaUd if A and S are incommensurable. 
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255. Proof for iocommenauraUe cose. 



1. Suppos^e A divided into equal A x, aiid suppose 
A = nx, while B = n'x + some remainder w, such 
that w < X. 

Then C is divided into h equal aics y, and D is the 
sum of n' equal arcs >/ + a I'eniainder s, such that 
z<y. 

2. Tlien B lies between n'a and (n' -f- 1) a-, Why ? 
and i> lies between n'j/ and (»' + 1) >/. Why 1 

3. .'. — and — both lie between — and Why ? 

(Id the figure, between ) and %.) 
And .'. -J and -^ differ by less than -• Why ? 

4. And '." - can be made smaller than any assumed 
diffei'ence, by increasing n, 

.'. to assume any difference leads to an absurdity. 



COBOLLART. In the same circle or in equal circles sectors 
ire proportional to their angles or to their arcs. 

256. This proposition is often statetl, 

A central angle ts measured by its intercepted arc. See S 180. 
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5. SIMILAS FIGUBBS. 



257. DefinitiODB. We have (§ 69) roughly defined siiiiilar 
figures as figures having the same shape. But this is unsatis- 
factory because the word shape is not defined. We therefore 
proceed scientifically to define 

1. Similar systems of points, aud then 

2. Similar figures. 

Two si/stems of points, A^, B^ C,, and A,, B^, Cj, , are 

said to be similar when tliey can be bo placed that all lines, 

AjAf, B,Bt, C,Ct, , joining corresponding points form a 

pencil whose vertex, 0, divides each line into segments having 
a constant ratio r. 




In tlie flgare, OAi : OAj = OBi : OBt = = r. 

258. Tico figures are said to be similar when their systems 
of points are similar. 

The symbol of similarity ~^, already mentioned, is due to Leibnitz. 
It is derived from llie letter 8. 

The following are illustrations of similar inures involving 
circles: 



CoDscDtilc aintlea. 
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The following are illustrations of similar rectilinear li 




Foot ilmilu- triangle*. Three 111111101 quadrllatenli. 

259, When two similar ligures are so placed that lines 
through their corresponding points form a pencil, they are 
s^d to be placed in perspective, and the vertex of that pencil 
is called their center of similittide. 

The figures above and on p. 182 are placed in perepecUve, and In each 
case O is the center of similitude. 

Two Himilnr figures may evidently be so placed that tbe center of 
^militade will fall within both, or between them, or on the same side of 
both, as Is seen in the above illustrations. 

260. Two St/stems of points, A„ B^, C^ and A^, B„ d, 

, aie SMd to be aymmetrk wiVA respect to a center when 

all lines, A,At, -SiBi, CiC,, , are bisected by 0. 



-A, 



261. Two figures are said to be syiniiietric with respect to a 
center when their systems of points are symmetric with respect 
to that center. 

E.g. in the figure, A'diBiCi, X,BaCi are Hymmetric with respect to 0. 
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262. In similar figures, if the ratio, r, known as the tatio of 
similitude, is 1, the figures are evidently symmetric with respect 
to a center. Hence Central Symmetry is a special case of 
Similar Figures in Perspective. 

Tlie term Center ol Similitude is dae to Euler. 

Corollaries. 1. Congruent figures are similar. 

For if made to coincide, an; point in their plane is evidently a center 
of simililude, the ratio of similitude being 1. Or, the; may be placed in 

a position of central symmetry. 

2. To any point in a system there is one and only one corre- 
sponding point of a similar system with respect to a gieen 
center. 

U Ai and A^ are corresponding 
points in two similar sjsleuia in per- 
spective, and is tbe center of slmili- 
itide, then every point Pi on OAi has 
a unique corresponding point Pt on 
OAf 

For 0-l,:OJ, = OPi 
.-. OPf is unique. 

Szeiclsea. 392. What Is the limit of 1/x as x increases indefinitely ? 
of 1/(1 +1) as 1 = 0? asz = l? 

393. In A ABC, P is any point in AB, and Q is such a point in CA 
that CQ — PB ; it PQ and BC, produced if necessary, meet at X, prove 
that CA:AB = PX: QX. (From P draw a line II AC.) ,. 

391. In the anneied figure of a " Diagonal Scale," AB l| m I 
is 1 centimeter. Show bow, by means of tbe scale and a SjjjillJliJ 
p^r of dividers, to lay oft 1 millimeter, 0,5 millimeter, 0.3 j [t t T| f ffffl 
millimeter, etc. On what proposition or corollary does this ' l l llilmTI 
meaanreraent ot fractions of a millimeter depend ? 

395. ABCD is a parallelogram ; from A a line is drawn cutting BD 
in E, BC in F, and DC produced in G. Prove that AE is a mean pro- 
portional between EF and EG. 

396, ABC is a triangle, and through D, any point in c, DB is drawn 
II a to meet 6 in £ ; through C, CF is drawn II BB to meet c produced in 
F. Prove that AB is a mean proportional between AD and AF. 
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PEOPOSJTIOlf XVII. 



263. Theorem. Two triangUa are timUar if they have two 
angles of the one equal to two anglet of the other, respectively. 




To prove that A yl,B,Ci>^ A^.BsC,. 

Proof. 1. Place one A on the other so that Z Ci coincides with 
Z C as at 0, OA^ faUing on OAj. Let OX^X, be 
ant/ line through 0, cutting AjBi at X^ and A^Bi 
atX,. 
Then ■.■Z.A, = ZA„ 

.: A^Bi II A^S,. I, prop. XVI, cor. 1 

2. .-. OA, : OAj = OB, : OB^ = OX, : OX, = = r. 

Prop. X, cor. 2 

3. And all points on OA, and OB, have their corre- 
sponding points on OA^ and OB^, respectively. 

§ 262, cor. 2 

4. -■- the A aie similar, being the center of simili- 
tnde. 5 258 

Corollaries. 1. Mutually equiangular triangles are similar. 

2. Jf two triangles have the sides of the one respectively 
parallel or perpendicular to the sides of the other, they are 
similar. 

For by S 80, cor. 5, they can be proved to be mutually equiangular. 
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Proposition XVIII. 



264. Theorem. 1/ two triangles have one angle of the one 
equal to one angle of the other, and the ineliiding sideg pro- 
portional, the triangUi are similar. 



GlTcn AAiB^Ci, ^tB^Ct, such that Z (7, = Z C, and a,: a, 
= bi : i,. 

topnn that . A AiB,Ci '^ A AtBtCi. 
Proof. 1. •■•ZCj^ZCi, A^jBiCj can be placedonA^jBiC, 
so that Ci falls at C„ B^ on a„ and A^ on bi. 

2. Then ■■■ C\Ai : C\A^ = C^j-B, : CiB,, 

.-. AjB, II AiBi. Props. XII, V 

3. .'. A AiBiCi and A A^BiCi are mutually equiangular. 

I, prop. XVII, cor. 2 

4. .-. AAiB^Ci — AA^BtCj and its congruent A^,BjC,. 

Prop. XVII, cor. 1 

Exercise*. 397. ABC, DBA are two triauglea with a common side 
AB. If P is any point on AB, and FX II AC, and FT II AD, meeting 
BC and BD in X and 7, respectlTely, prove that A TBX -^ A DBC. 

398. ^SCJ> is a quadrilateral. Prove that if the bisectors of 4^1, C 
meet on diagonal BD, then the hisectors of AB, D will meet on diago- 
nal AC. 

399. Construct a triangle, having given the base, the rertical angle, 
and the ratio of the remaining sides. {Interseciion of loci and prop. XIII.) 

400. In A ABC, CM is a median; A BMC, CMA are bisected by 
lines meeting a and 6 in R and <i, respectively. Prove that QB II AB. 
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Proposition XIX. 

265. Theorem. If two triangles have their sides propor- 
tional, they are similar. 




Given A J,Bi d, AtB^Ct such that a, : a, = J, : J, 

To prove tliat A^iB,Ct — A^j£,(7,. 

Proof. 1. On C\A„ C\Bj lay oif C,^= 6*, and (7ir = 



di-aw XT. 
Then 



a, : a, = ;., : 1,^, and Z Ci s Z C„ 

.-. AXYCi — A J,£,C,. Prop. XVIII 

. But o, ; aj = Ci ; c„ Given 

and «! : a, = c, : A'F. Prop. X, cor. 3 

.-. c, :c, = c, :Xy, Why? 

and 0, = XY. § 237, cor. 2 

.■- A^yCi^A^B,c„ I, pi-op. xn 

and .-. AA.BiCi-^AA^BtCt. Steps 2, 6 



Exercises. 401. The product of the two segments of any cbord 
drawn through a given point within s, circle equals the square of half 
the shoi'test chord that cau be drawn through that, point. 

402. If P is a point on AB produced, the tangents from P to all 
cii-cumferences through A and B are equal, and hence such points are 

. 403. If from any point P on the side CA of a righuangled triangle 
ABC, PQ h drawn perpendicular to the hypotenuse AB at Q, then 
APAC = AQAB. Suppose P to be taken (1) at C; <2)at.d; (3) on 
reproduced. 
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pROPOaiTION XX. 



266. Theotem. Similar triangUt have their corresponding 
sides proportional and their corresponding angles equal. 




GlTen. two similar triangles, A,BiCi, AjB,Ct, A^ correspond- 
ing to A^, J5, to Ba, C, to Ci. 

To prove that ^,/(, ; A^B^ = B^C^ : B^C^ = aiid Uiat Z£i 

= Z B, 

Proof. 1. Suppose the A placed in pierspective. 

Then OA^ : OAj = OB^ : OB^ = OC, : OC^. % 258 

2. .'. AiBi II A^Bt, and so for other sides. 

Props, xri, V 

3. .-. Z OB.Ay = Z OB^A^, and Z C^B^O = Z C)B,0. 

I, prop. XVII, cor. 2 



4. 


.-. ZB 


, = ZB„and 


sofoi 


other angle. 


. Ax. 2 


6. 


Also, OBi 


0B» 


= A,B^ 


A^, 












= B,C, 


BjCi 


Prop. 


X, cor. 3 


6. 


.-. A,B, 


^,B 


= B,(7, 


B,C^ 


and so for other sides. 


Note. 


This Is the c 


nvers 


of props 


XVII 


XIX. 




COROLLAKIES. 1. 

trianijles have the s 
Why? 


The 


Mrrespondinff altitudes of ttco similar 
atio as any two corresponding sides. 


2. TAe corresponding sides of similar 
the equal angles. 

In what step is this proved ? 





iitizec by Google 



BBCs.2e7,28S.] SIMILAR FIGUBBS. 189 

267. SummATy of Pniposltlons concerning SitnUar Trianglea. 
Two ti'iangles are similar it 

1. (a) Two angles of the one eqiial two anijlea of the otiier. 

Prop. XVII 
(V) They are mutually eqviany^dar. Prop. XVII, cor. 1 

(c) The sides of the one are parallel to the sides of the 

other. Prop. XVII, cor. 2 

(d) The tides of the one are perjiendtcidar to the sides of 

the other. Pi-op. XVII, cor. 2 

2. One angle of the one equals one angle of the other and the 

including sides are proportional. Prop. XVTII 

3. Their corresponding aides are 2'roportiunal. Prop. XIX 

If two triangles are similar, 

1. They are mutually equiangular. Prop. XX 

2. Their corresponding sides are proportional. Pi-op. XX 

3. Their corresponding altitudes are j)roportioHal to their 

corresponding sides. Prop. XX, cor. 1 

268. It should fuither be observed that, in general, 
Three conditions determine congruence. (See § 90.) 
Two conditions determine similarity. 

For these conditioiui are 

1. Two angles equal. (Prop. XVII.) 

2. One angle and one ratio. (Prop. XVIII.) 

3. Two ratios ; for If the sides are a, b, c, and a', b', e", then If 
- = — , and - = — , the i are similar, since - must also equal -,■ 

BierclaM. 404. If X is an; point in the side a, or a produced, of 
t\ABC, and if n and r^ are the radii of circles circumscribed about 
A.^£Xand £\AXC, respectively, then rj: rc = c :6. (Join the centera 
and prove two triangles elmllar.) 

406. If one of the parallel sides of a trapezoid is double the other, 
prove that the diagonals intersect one another in a point of tiisecUon. 
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Proposition XXI. 

269. Theorem. Jff two polygont are mutually equiangular 
and have their correiponding sides proportioned, they are 
timilar. 




Glren two polygona, A,BiCj and A^B^Ct , such that 

/.Ai = LA^, /LBy = /LB,, , 

and AyBy : A^B, = B,Ci : B^Ct = 

Toprove that ^,S,(7i ^A^BiCi 

Proof. 1. Place A^B, II ^,B,. Then '.■ the A of one polygon 
= the corresponding A of the other, the remaining 
sides may be made parallel respectively. 

I, prop. XVir, cor. 5 

2. If AjBi > AjBi, then £,Ci > iS,C„ , because 

the' ratios ai'e equal. 

3. Draw AjA,, BiB„ Then AiB,B^j is not a D; 

also BtCjCtBj, etc.; and AiJj meets B,B, as at 0, 
BiB, meets CiCi as at 0', etc. I, pmp. XXrV 

4. ButB,O':B,0' = BiC,:B,C, 

= A,Bi:AtB^ = BjO:B,0, 

Pi-op- X, cor. 3 
whicli is impossible unless and 0' coincide. 

Prop. XI, cor. 

5. .■. the two figures ai-e similar, and is the center 
of similitude. § 258 



iitizecbyGoOglc 



Paop. XXI.] SIMILAR FIGURES. Iftl 

In Step 2, if A^B, = AjBt, then B,C, = £,C„ , and the 

polygons are congruent and therefore similar. § 262, cor. 1 

CoKOLiAKiES. 1. If two polygons are similar, tkey are 
mutually equiangular and their corresponding sides are pro- 
portional. 

For if placed in perspective as on p. 190, 

1. OAi : OAi = OBi : OBii g 268 

2. .'..^iSill^iliJ^, Euidsolorothersides. Prop. XII 

3. .-. Z Bi = Z Bi, and so for otlier angles. I, prop. XVU, cor. 6 

4. AleoJiBi:J,Bs = BiO:B,0 = BiCi:Bi,C, = Prop. X, cor. 3 

2. Polygons similar to the same polygon are similar to each 
other. 

For they have angles equal to those of Lbe third polygon, and the 
latios of their aides equal the ratios of the sides of the third polygon. 

3. The perimeters of similar polygons have the same ratio 
as the corresponding sides. 

For by cor. 1, AxBi : A^Bt = BiCi : BtCf = = r. .-. AiBi + BiCi 

+ -.'AiBi + BiOt + - r. (Why?) 

4. Two similar polygons can be divided into the same num- 
ber of triangles similar each to each, and sijnilarly placed. 

For O and C coincide, and Oie figures can be placed having within 
each. The triangles AiOBi, AtOBi are then similar, by prop. XVIL 



Exercises. 406. If from a point outside a circle a pair of tangents 
and a secant are drawn, the qusdi-itateral formed by joining in succes- 
Bion tlie four points thus determined on the clrcuinferencB has the'rect- 
angles of its opposite sides equal. 

407. AB is a diameter, and from A a line is drawn to cut the circum- 
ference in C and the tangent from B in C Prove that the diameter is 
the mean proportional between AC and AD. 

408. In O ABCD, P, Q are points in a line parallel to AB ; PA and 
QB meet at R, and PD and QC meet, at S. Prove that RS I! AD. 

409. Chords AB, CD are produced to meet at P, and PF is drawn 
parallel to B.^ to meet CB produced in F. Prove that PF is the mean 
proportional between FB and FC. 
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Pboposition XXII. 



270. Themem. In a rightravgled triangle the perpendicur 
lar from the vertex of the right angle to the hypotemute 
dividet the triangle into two triavglea which are mmilar to 
the whole and to each other. 



ir 

GiTCn A ABC, with Z C a right angle, and CD ± AB. 
To prove that (1) AACD'^A ABC. 
(2) A CBD ^ A ABC. 
(Z)AACD-^ACBJ). 
Pn»l. 1. ■.■ /ICDA^/LACB, -Why? 

and AA^ /.A, 

.-. A^C-D^A^BC, which proves (1). 

2. Similarly p CBD^AABC, which proves (2). 

Prop. XVII 

3. .-.AACD^ A CBD, which proves (3). 

Prop. XXI, cor. 2 

Corollaries. 1. Either side of a right-angled triangle is 
the mean proportional between the hypoteniise and its segment 
adjacent to that side. 

YtiTtTOW.s\xvl,AB:AC = AC:AD;aD.AttQTB.%AB:B0 = BC:I>B. 

2. The perpendicular from the vertex of the right angle to 
the hypoteniiae is the mean proportional between the segments 
of the hypotenuse. 

For from sWp 3, AD -.00 = CD: DB. 
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410. Prove the converse of prop. XXII : If Oie peipendicnlar diawn 
from the vertex of a triangle to the base is the mean proportional 
between the segments of the base, tbe triangle ia right-angled. 

411. Prove that any chord of a circle ia the mean proportional 
between its projection on the diameter from one of its extremities, and 
tbe diameter itself. 

412. In the flgnre on p. 1S2, if AD represents three imits, and DB 
represents one unit, what number ia represented by CD ? 

413. Prove that if a perpendicular is let tail from any point on a cir- 
cumference, to an; diameter. It is the mean proportional between the 
segments into which it divides that diameter. 

414. Prove that if two fixed parallel tangents are cut b; a variable 
tangent, the rectangle of the segments of the latter is constant. 

416. Through any point in tbe common chord of two intersecting 
circumferences two chords are drawn, one in each circle. Prove that 
the four extremities of these chords are concyclic. 

416. If the bisectors of the int«rior and exterior angles at B, in the 
figure of prop. XXII, meet 6 at F and E, respectively, prove that BO la 
the mean proportional between FC and CE. 

417. Calculate each of the segments into which the bisectors of the 
angles of a triangle divide the opposite sides, the lengths of the sides 
being 9 in., 12 in., and 15 in., respectively. 

418. From the points A, B, on a line AB, 26 in. long, perpendiculars 
AC, BD are erected such that AC = 13 in., BD = 1 in. On AB the 
point is taken such that ZBOD = Z COA, Calculate the distances 
AO, OB. 

419. Given a trapezoid ABCD, with the non-parallel sides AD, BO 
divided at E, F, respectively, in the ratio of 2 to 3, to calculate the length 
of EF, knowing that AB = 12.46 in., and DC = 38.6 in. 

420. Calculate the sides of a right triangle, knowing that their respec- 
tive projections on the hypotenuse are 2,88 in. and 6.12 in. 

421. The two sides of a right triangle are respectively 10 in. and 24 in. 
Required the lengths of their projections on the hypotenuse, and the 
distance of the vertex of the right angle from the hypotenuse, (To 0,001.) 

422. The two sides of a right triangle are respectively 3,128 in, and 
4.2T6 in. Beqoired the lengths of tbe two segments into which the 
bisector of the right angle divides the hypotenuse. (To 0.001,) 
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Pkopositiob XXIII, 



271. Problem. To divide a Une-iegmeat into parts propof 
tional to the seffments of a given line. 



Olren the line OX', and the line OX divided into segments 
OA, A£, 

Required to divide OX' into segments proportional to OA, 
AB, 

Conetniction. I. Placing the lines oblique to each other at a 

common end-point 0, draw XX'. § 28 

2. From A, B, draw lines II XX', cutting OX' at 

A', B', I, prop. XXXIII 

Then OX' is divided as required. 
Proof. '.' OX, OX'are two transversals of a pencil of ll's, the 

corresponding segments are in proportion. Prop. X 

CoBOLLAEiES. 1. A given line can be divided into parts 
proportional to any number of given lines. 

For that number of given lines may be laid off aa OA, AB, BC, 

on OX 

2. A line can be divided into any number of equal parts. 

Note. While a Btraight line can be divided into aoy cumber of equal 
parts, by means of the straight edge and the compasses, a, circumference 
cannot be divided into 7, 9, 11, 13, and, in general, any prime number of 
equal parts beyond 6. Tbe exceptions are noted in Book V. 
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pEOPoaiTioN XXIV, 
272. Problem. To find the fourth proportional to three 



Given tliree tines, a, h, c. 

Required to find x such that a:b = c:x. 

Construction. 1. From the vertex of a pencil of two lines, with 
the compasses lay off a, b, in order, on one line, and 
c on the other line. 

2. Join the end-points of a, c, remote from the vertex, 
by /. S 28 

S. From the end-point of b, remote from a, draw a line 
parallel to I. I, prop. XXXIII 

This will cut off x, the line required. 
Proof. a:b = c:x. Prop. X, cor. 1 

273. Definition. If a:b = b:x, x is called the third pro- 
portional to a and 6. 

CofiOLLAEY. The third proportional to two given lines can 
he found. 

For to find x Bucb that a:b = b:£, make c = & in the above solution. 



Ezerciaea. 423. The problem admits of a considerable v 
the figure, as suggested b; the figure given in ex. 383. Invent another 
solution from this EUggention. 

424. How miuiy inches in the fourth proportional to lines respectively 
2 in., 3 in., 6 in. long? In the third pioporUonal to lines respecttvel; 
2 in.. Tin. long? 
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Proposition XXV, 



274. Pmblem. To find the mean proportional hetwi 
two given linet. 



Oivea two lines, AD, DB. 

Required to find the mean proportional between them. 

Construction. 1. Placing AD, DB end to end in the same line, 
bisect AS at 0. I, prop. XXXI 

2. With center and radius OB, describe a circle. 

§109 

3, Frpm D draw DC d- AB, to meet circumference 
at a I, prop. XXIX 
Then CD is the mean proportional. 

Proof. AD: CD -^ CD: DB. Prop. XXII, cor. 2, and § 238 

275. Definition. A line is said to be divided in extreme and 
mean ratio by a point when one of the segments is the mean 
proportional between the whole line and the other segment. 

Thus, AB is divided iDtemallj in extreme and mecm ratio at F, if 
AB : AP = AP : PB ; and Bxtemally In , , ■ 
KLchTa.iioB,lP',itAB:AP'=AP':P'B. E -I 

To say thM AB : AP = AP : PB ia * ^ 

mei«ly to say tbat AP^ = AB • PB. This division is often known as 
the Golden Section or the Hedian Section. 

It the student understands quadratic equations he will see tbat if the 
length of AB is 6, and if AP = x, then PB = 6 — x, and 
:■ AP' = AB ■ PB, 
.: *! = 6 (6 - I), 
or a' + 6z — 38 -r 0. Solving, a; = — 3 ± 3 Vs. 
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Propositi OS XXVI. 
276. PraMem. To divide a line in extreme ajid mean ratio. 




Required to divide AB in extreme and mean ratio; i.e. to 

find F such that AB ■ FB = AF*. 
Construction. 1. Draw CBXAB anA=^ AB. 

2. Describe a O with center C and radius CB. 

3. Draw AC cutting the circumference in Xand Y. 

4. Describe two arcs with center A and radii AX and 
A y, thus fixing points P, P'. 

These ai-e the required points. 
Proof for point P. Proof for point F'. 

AE' = AXAY AB' = AYAX 

= AF {AX + XY) =P'A{AY- XY) 

= AF {AF + AB) = PA {P'A - AB) 

= AP^ + AF ■ AB. = P'A'' - AB • P'A. 

.-. AB (AB - AF) = AP^. .: AB (AB + P'A) = P'AK 

.-. ABPB = AP". .-. AB ■ F'B = P'A*. 

.'. AB is divided internally at F and externally at F' in 

Golden, Section. 

It should be noticed that if the sense of the lines as positive or nega- 
tive is considered (that is, considering AP = — PA), the above solutions 
would be ideuUcal if X and Y were interchanged, and f substituted 
for P. 
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PbO POSITION XXVII. 

877. PnUem. On a given line-segment as a side eorre- 
tponding to a given side of a given polygon, to construct a 
polygon similar to t 







Given the polygon ABCD and the line-segment A'B'. 
Required to coDstruct on A'B' as a side correaponding to AB, 

a polygon A'B'CD' — ABCD. 
CoMtructiwi. 1. In Fig. 1, place A'B' II AB. I, prop. XXXIII 

2. Draw AA', BB', meeting at 0; draw OC, 0I>. % 28 

3. Draw B'C II BC, CD' II CD. I, prop. XXXIII 

4. Draw D'A'. Then A'B'CD' ^ ABCD. 

Prwrf. 1, ■.- OA:OA'^OB:OB'^OC:OC=OD:OD', %2^i 
.-.D'A'WDA. Prop. XII 

2. ■.• A'B':AB = OB': OB = B'C':BC = i 

Prop. X, cor. 3 
and ^ C'B'A' = /. CBA, and so for the other A, 

I, prop. XVII, cor. 2 ; ax. 3 
.-. A'B'CD' -^ ABCD. Prop. XXI 

If A'B'=AB, as in Fig. 2, draw from C, D ll's to AA!; 
otherwise the construction is as above. It is left to 
the student to prove D'A II DA, and A'B'CD' ^ 
ABCD. .-. A'B'CD' — ABCD by § 262, cor. 1. 
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BOOK v. — MENSURATION OF PLANE FIGUREa 
REGULAR POLYGONS AND THE CIRCLE. 



1. UBNSUSATIOn OF PLANE FIGUBSS. 

Propositi OH I. 

278. Tiieorem. Ttco rectangles having equal altitvdea are 
proportional to their bases. 



Given two rectangles B and R', with altitude a, and with 

bases b, b', respectively. 
To prcre that S : S' = b : b'. 
Proc^. 1. Suppose b and b' divided into equal segments, t, 

and suppose b = nt, and b' = n'l. 

(In the figures, n = 6, n' = 4.) 
Then if Js are erected from the points of division, 

B = n congruent rectangles al, 

and B' = n' " " " 

_ _ Jt _n'al n b 



~ n'-al 



Why? 



NoTB. The above proof assumes that 6 and b' are comiuensurable, 
and hence that they can be divided into equal segments I. The proposi- 
tion is, however, entirely general. The proof on p. 200 is valid If 6 and 
y are incommeuauiatde. 



109 
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279. Proof for inamimairanble cue. 



1. Suppose b divided into equal eegments /, 
and suppose b = nl, 

while b' = n'l + some remainder x, 

such that X <l. 

Then if X's are erected from the points of division, 

R =n congruent rectangles al, 
andA'=n' " " ai + a remainder oa;, 

such that ax < oL 

2. Then b' lies between n'l and (n' + 1) Z, Why ? 

(In the figure, between 4 1 and 6 {,) 
and R' lies between n' ■ al and (n' + 1) • al. Why ? 

3. .'. — and p- both lie between — and — — — i Why? 

(In the figure, between | tmd j.) 
and .". they differ by less than -' Why? 

(In the figure, b; less than \.) 
i. And "-■ - can be made smaller than any assumed 
difference, by increasing n, 
.■. to assume any difference leads to an absurdity. 

b' R' , R b 

5. .■.- = ;^, whence ;^=^,. 

KoTB. The proof will be noticed to be eeseiitiall; that of pp. 171, 181. 



Prop. n.J MENSURATION OF PLANE FIOURBS. 201 

Corollaries. 1. Rectangles having equal bases are pro- 
portional to their altitudes. 

For tbey can be turned through 90° so as to interchange base and 
altitude. 

2. Triangles having equal altitudes are proportional to their 
bases; having equal bases, to their altitudes. (Why?) 

3. Parallelograms having equal bases are proportional to 
their altitudes; having equaZ altitudes, to their bases. 



Proposition II. ■ 

280. Theorem. Two rectangles have the same ratio as the 
products of {the numerical measures of) their bases and 
altitudes. 



R a X 



Q 



GlTen two rectangles R, B', with bases b, b', and altitudes 



To prove that R: R' = ab: a'b'. 

Proof. 1. Let X be a rectangle of altitude a and base b'. 

Then §=^' - Prop. I 

and ^•~~i' Prop. I, cor, 1 

2. .'. ■p;=-ri;i by multiplying corresponding 

members of the two equations. Ax. 6 

Note. Thus again appeara the relation between geometry and algebra 
get forth in § 221, tliat to tlie product of two numbers corresponds tlie 
rectangle of two lines. 
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381. IMnltion. To meaaore a surface is to find its ratio to 
some unit. The unit of measure, multiplied by this tatio, is 
called the area. 

Thus, iu a surface 4 ft. long by 2 ft. broad, tlie ratio of the surface to 
1 eq. ft. is S, and 8 sq. ft. ia the area. 

CoBOLLABiES. 1. Parallelograms (or triangles) have the same 
ratio as the products of their bases and altitudes. (Why?) 

For a. parallelogram equals a rectangle of the same base and the same 
altitude, II, prop, I, oor. 1. See also (for the triangle) II, prop. II, cor, 1, 

2. The area of a rectangle equals the product of its base and 
altitude. 

That IB, the number which I'epresentB its square imitB of area is the 
product of the two nnmbeis which represent its base and altitude. 

For in prop, II, if S* = 1, the square unit of area, then a' and ¥ must 
each equal 1, the unit of length. Hence if/1 = ab/l, or R = ab. 

3. The area of a parallelogram equals the product of its base 
and altitude; of a triangle, half that product. 

See the proof under cor, 1, 

4. The area of a square equals the second power of its side. 
This is the reason that tbe second pomer of a number is called its square. 

5. The area of a trapezoid equals the product of its altitude 
and half the sum of its bases. (Why ?) 

See II, prop. III. 

Exercbwa. 426. Prove that any quadrilateral is divided by its inte- 
rior diagonals into four triangles which form a proportion. 

426. ABC is a triangle, and P ia any point iu BO ; from P are drawn 
two parallels to CA, BA, meeting AB, AG in X, F, respectively. Prove 
thatA.dXriH a mean proportional between A i(PX and A PCF. In- 
vestlgat* when P is on CH produced. 

427, Suppose D, E, the mid-points of sides b, a of A ABC, to be 
Joined ; draw AE and BD, intersecting at 0. Prove that A BEO is a 
mean proportional between & DOB and ABO. Investigate when DE II 
AB, but £ and E are not mid-points of 6, a. 
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Pboposition in. 

283. Theomn. Triangles, or parallelogramt, wMch have 
an angle in one equal to an angle in the other, have tke »ame 
ratio as the prodiiets of the includinff tidet. 




Given two triangles ABC, AB'C, having an angle, A, of 
one equal to an angle, A, of the other. 

To prove that A ABC : A AB'C =ABAC: AB' ■ AC. 

Proof. 1. Suppose them placed with Z.A in common; draw 
BC, B'C. 
Then A ABC : A AB'O = AB : AB'. Why ? 

2. K-a.^£^AB'C:£^AB'C = AC:AC, 

theii bases being AC, AC. "Why ? 

3. .■.AABC:^AB'C = AB-AC:AB'AC. Ax. 6 

4. And '■* the d] in the figure are douMe the A, the 
theorem is true for parallelograms. 

GoBOLLABY. Similar triangles have the same ratio as tke 
squares of their corresponding sides. 

For If the A are similar, BC II B'C, and the ratio AB : AB" equals, 
and a\ay be subelituMd for, the ratio AG ■■ AC, thus making the second 
member of step 3, AB' -. AB''. 



BxerdBeBi 426. Prove prop. Ill, changed to read, "an angle in one 
tupplemeniai to an angle in the other." 

429. Prove the converse of prop. Ill, cor. ; If two triangles have the 
same ratio as the squares of any two corresponding sides, they are 
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Peoposition it. 



283. Theorem. Similar polyg<m» have ike same ratio at 
the sguare* <if their corretptrnding sides. 




Given P and P', two similar polygons; sides a, b, , 

coiresponding to sides a', b', ; diagonal s corre- 

EpoDding to diagonal «'. 

To prove that P: P' = a^: a". 

Procd 1. Suppose P and P' divided into similar A of bases 
a and a', b and b', , by diagonals from corre- 
sponding points 0, 0'. IV, prop. XXI, cor. 4 
Then AOa:AO'a' = a': a", Prop. Ill, eor. 

and AOa-.A OW = t':s'* = AOb:A O'b' = 

Why? 

2. .■.AOa+Ob + ■.AO'a'+&b' + = A0a:AO'a'. 

IV, prop. VI 

3. ■■• &0a + 0b + = P, and A 0'a'+ 0'b'+ = P, 

.■.P:P- = a':a'*. 

Ezercises, 430. If the vertices, A, B, C, of a triangle are joined to 
a point within the triangle, >uiil if ^1 produced cuts a at D, then 
AABO-.AAOO = BD-.DC. 

431. If two triangles are on equal bases and between the same paral- 
lels, then any line parallel to their bases, cutting the triangles, will cut 
ofi equal triangles. 

432. Two equilateral triangles have their areas in the ratio of 1:2. 
Find the ratio of their rides to the nearest 0.01. 
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2. PASTITIOn OF THE FSBIOOH. 

Proposition V, 
284. Problem. To bisect a perigon. 

Construction and Proof. A special case under I, prop. XXYIII. 
CoEOtiABT. A perigon can be divided into T- equal angles. 



Pkoposition VI. 
Problem. To trisect a perigon. 




fflren the perigon with vertex 0. 

Required to trisect it. 

Construction. 1. On any line OA, from 0, construct an equi- 
lateral A OAB. Authority ? 
2. Produce AO to C, and bisect Z COB by OD. 
Then the perigon is trisected by OB, OC, OD. 

Proof. 1. ■.' Z.AOB = 60% I, prop. XIX, cor. 8 

.-. Z BOC, supplement of Z AOB = 120°. 

2. .-. Z COB, conjugate of Z BOC = 240°. 

3. .■- Z COD = Z DOB = 120°. Const. 2 
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CoBOLLABX. A perigon can be divided into 3 • ^ equal 
angles. 

For if n = 0, then a-2* = 3-l = 8, bo that the coroMary reduces to the 
problem itself. If n = 1, then 3 ■ 2" = 8, and by biaecUng A BOC, COD, 
DOB, the perlgOD la divided lnt« 6 equal anglea. Simitatly, by bisecting 
again, the perigon is divided Into 3 - 2* = 12 equal angles, and so on. 



Pboposition VII. 
286. PToUem. To divide a perigon into jive equal angles. 



Given the perigon with vertex 0. 
Required to divide it into five equal angles. 
Construction. 1. Draw OJ, and divide it at P so that OP - OA 
= PA*. IV, prop. XXVI 

2. Draw 3IY, the X bisector of OP. I, prop. XXXI 

3. With center P and radius PA describe an arc cutting 
MY iuB. § 109 

4. Draw OB. 

Then Z A OS = J of a perigon. 

Proof. 1. Draw AB and PB. 

Then ■■■ OP-0A = PA\ 
and ■.■ OA > PA, 

.-. OP < PA, and .". MP < PA. 
-■. .incuts MY. 
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2. '.A OPB is isosceles, OB = PB = FA, the radius. 

3. Also, OA* +0B' = AB* + 20M- OA. 

II, prop. IX, cor. 1 
And ■.•2 0M=0P, 

.-. OA' + OB* = AB' + OP ■ OA. 
4. And ■■■ OB' = PA' = OP ■ OA, 

.-. 0A'+ Off = AB*+ OB*, from step 3, 
.-. OA'=^AB\ 
and .-. OA = AB. 

6. .-. Z OBA = ZO = Z BFO, I, prop. Ill 

= Al + Z PBA. I, prop. XIX 
And ■-■ /LA = Z. PBA, I, prop. Ill 

.-.Z0 = 2ZJ. 

6. .". Z is J of a St. Z, or | of a perigon. 

I, prop. XIX 

COBOLiiABT. A perigon can be divided into 5 ■ ^ equal parts. 

For if » = 0, theu 6-2» = 5-l = 5, bo that the corollary reduces to the 

problem itseU. If n = 1, then 6 - 2- = 6 ■ 2 = 10, and by bisecting Z A OB, 

the reBulting angle is jij of a perigon. Similarly, by bisecting again, ^„ of 

a perigon is formed, and bo on. 



Exercises. 433. Inilieflgureonp.206, letOP=3:, Pjl = r ; thenshow 
that X = -(V^ - 1). (Omit exs. 433, 434 if the student has not bad 
quadratic equations.) 

434. In the same figure, if OP = x and OA = a, show that x = 

|(3-VS). 

436. On the sides a, b, c, of an equilateral triangle, points X, T, Z 
are so taken that BZ : XC = CT : TA = AZ : ZB = 2 -.1. Find the 
ratio of A XYZ to A ABC. 
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Proposition VIII. 
287. Problem. ?b divide aperigon inio fifteen equal anglet. 



Solution. 1. Make Z.^05 = J of a perigon. Prop. VII 

2. Make Z.AOD = ^oi a perigon. Prop. VI 

3. Bisect Z BOD. I, prop. XXVIII 

4. Then Z BOC = j- (J — J) perigon = ^ of a perigon. 
Corollary. A perigon can he divided into 15 ■ S' equal 

Explain. 

288. KoTB. That a. perigon could be divided Into 2", 3 ' 2", & ' 2*, 
15 ' 2* equal angles, was known as early as Euclid's time. Bj the use of 
the compassea and etraight edge no other partitions were deemed possLble. 
In 1706 Gauss found, and published the fact in 1801, that a perigon could 
be divided into IT, and hence into 17-2" equal angles; furthermore, that 
it could be divided into 2^ + 1 equal angles if 2'" + 1 was a prime number ; 
and, in general, that it could be divided into a number of equal angles 
represented by the product of difierent prime numbers of the form 
2" + 1. Hence it follows that a perigon can be divided into a nnmber 
of equal Bugles represented by the product of 2" and one or more di&erent 
prime numbers of the form 2"' + 1. It is shown in the Theory of Num- 
bers that if 2'" + 1 is prime, m must equal 2p ; hence the general form for 
the prime numbers mentioned is 2^'' + 1. Gauss's proof is only semi- 
geometric, and is not adapted to elementary geometry. 



Ezerciiea. 436. Including the divisions of a perigon suggested by 
Gauss, there are 25 possible divisions below 100. What are they ? 

437. As In ex. 436, there are 13 possible divisions between 100 aud 
300. What are they ? 
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3. REGULAR POlTOOnS. 
Pboposition IX. 



289, Problem. To inscribe in a circle a regular polygon 
havi'ng a given number of tides. 




GiTen a circle with center and radius OA. 
Required to inscribe in the circle a regular n-goa. 

ConBtmctlon. 1. Divide the perigon into n equal parts (n 
being limited as in props. V-VIII and cors.) as A OB, 
BOC, COD, , B, C, D, lying on the circum- 
ference. 

2. Draw AB, BC, CD § 28 

Then ABCD is an inscribed regular re-gon. 

Proof. 1. AAOB^ABOC^ACOD^ , 

and AB = BC= CD= I, prop. I 

2. .-. lB = BC=Ci>= Ill, prop. IV 

3. .•.ZDCB = ZCBA = , 

■-■ each stands on (n — 2) arcs equal to AB. 

Ill, prop, XI, cor. 1 

4. ,'. ABCD is an inscribed regular polygon. 

§§ 92, 201 
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CoROiiLABiEs. 1. The side of an inscribed regular hexagon 
equals the radius of the circle. 

Then ZAOB = i of 360= = 60°; .-.ZBAO, which =ZOBA = WP. 
.*. A ABO is equilftt«ral. 

2. An inscribed equilateral polygon is regular. 
Forby Btep 3 of the proof it is also equiangular; and being both equi- 
lateral »nd equiangnlar, it is regular. 



Proposition X, 

290, Problem. To eircuinscribe ah<mt a circle a regular 
oolygon having a given nv/mber of tidet. 




Given a circle with center and radius OA. 

Required to circumscribe about this circle a regular n-gon. 

Construction. 1. Divide the perigon O into n equal parts (n 
being limited as in props, V-VIII and cors.) by lines 
OW, OX, OY, 

2. Bisect ^ WOX, XOY, by radii to A, B, 

I, prop. XXVIII 

3. From A, B, C, draw tangents to meet OWat D, 

OX&l E, .:... Ill, prop. XXVI 

Then DEFQ is the required polygon. 
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Proof. 1. ■-■ I>E± OA, EFl. OB, , III, prop. IX, cor. 2 

.-.^OAE^AOBE, aiiAA£=BE, 0E= OE. 

I, prop. II 

2. .'. the tangents from A and B meet OX at the same 
point, E. 

3. And ■■ ^ DOE = Z EOF, Const 1 
and Z OED = Z FEO, Step 1 
.-. Ai)0_E^A£'OJ', andi)ff = A'J>'. Why? 

4. Also, '-• Z G^'£ = Z i>'£i>, each being the supple- 
ment of an Z equal to Z WOX, (Name the A.) 

I, prop. XXI, cor. 

,'. DEFG ia a eircumacribed regular polygon. 

§§ 92, 201 

Corollaries. _ 1. The side of a regular hexagon circunv- 
seriied about a circle of diameter 1, is l/Vs, or J VS. 

For it is (aa In prop. IX, cor. 1) the side of an equilateral A whose 
altitude Is i. This 1b eaail; shown to be l/Vs. (Show it.) 

2. A cinm/mserihed equiangular polygon is regular. 
Prove that any two adjacent aides are equaL 



Exercises. 438. Inaright-acgled triangle, any polygon on the hypote- 
nnse equals the sum ol two similar polygons described on the sides as 
corresponding sides of those polygons. 

(Su^esUon : P, : P, = 6" : c» ; 

.-. P, + P, : P, = 6" + C« : C» 

= a' : c* = Pi : Pi i 
■ .-. Pi -H P. : P| = P. : Pa = 1. This is or 
of the generalized forms of the Pythago- 
rean theorem.) 

439. If r is the radius of the circle, and 
• is the side of Uie inscribed equilateral 
triangle, then s = r Vs. 
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Pkoposition XI, 



291. PTOblem. To circumacribe a circle c^out a given 
regular polygon. 



Given the re^lar polygon ABCD 

Required to circumscribe a circle about it. 
Conatmction. Bisect A DCB, CBA, the btsectorB meeting at 0. 
Then is the center and OB the -radius. 

Proof. 1. Draw OA, OD, OE, Then ■.* A OCB, CBO are 

halves of oblique A, each is less than a rt Z. 

2. .". CO and BO cannot be II, and they meet as at 0. 

3. And ■.■ Z. CBO = Z OBA, Const, 
and AB = BC, § 92, def. reg. pol. 

4. .-. AABO ^ A CBO, and OA = OC. Why ? 
Similarly each of the lines OB, OD, = OC. 

6. .■- is the center, and OA, OB, are radii, g 108 

292. Note. The InBcription and circumscriptioD of regular poljgonB 
are seentodependupon the partition of the perigon. Elementary geometr; 
is tbua limited to the inscription and circumscription of regular polygons 
of 2", 8 ■ 2", 5 ■ 2", 15 ■ 2" sides ; or, since the discovery by Gauss, to poly- 
gons the number of whose sides is represented by the product of 2" and 
one OT more different prime numbers of the form 2* + 1. 

In addition to regulaj convex polygons, cross polygons can also bo 
ngolar, the common dye-pointed star being an esample. 
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Pboposition XII. 
Problem. 7b inscribe a circle in a given regviar 



Given a regular polygon WXY 

Required to inscribe a circle in it. 

Constmction. 1. Circumacribe a circle about it. Prop. XI 

2. Prom center of this O draw OA J. WX. 

I, prop. XXX 
With center 0, and radius OA, a O may be inscribed. 

Proof. I. Draw OB, OC, X XY, YZ, 

Then ■.■ OA bisects WX, .-.A lies between W and 
X, and so for B, C, Ill, prop. V 

2. And-.- WX=XY= , .: OA = OB = 

Ill, prop. VII 

3. .'. if with center and radius OA a O is described, 
then WX, XY, will be tangent to the O, 

III, prop. IX, cor, 3 
and .'. the O is inscribed in the polygon. 

§ 201, def. inscr. O 

Exerdaea. 440. Solve prop. XI by bleecting the sEdes AB, BC by 
perpendiculars, thus determining O. 

441. Inscnbe it regular cross pentagon in a circle. (The regular cross 
pentagon, tbe pentagram, was the badge of the Pythagorean schooL) 
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CoBOLLABiES. 1. The iHscrihed and cireumacribed circles of 
z regular polygon are concetitric. 



2. The bisectors of the angles of a regular polygon meet in 

I- ajid circumcenter. 



3. The perpendicular bisectors of the sides of a regular 

polygon meet in the common £n- and circumcenter. (Why ?) 

294. Definitions. The radius of the ciieumscribed circle is 
called the radius of a regular polygon ; the radius of the 
inscribed circle, the spothem of that polygon; the < 
center of the two circles, the center of that polygon. 

E.g. in the figure below, r ia the radius, m 
oeat«r of the regular polygon, part of which is 



Pkoposition XIII. 



295, Theorem. The area of a regular polygon equalg half 
the product of the apothem and perimeter. 




Given an inscribed regular polygon, of area a, perimeter 

p, apothem m. 
To prove that a = ^ mp. 
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Pnxrf. Let be the center and r the radius of the circum- 
scribed circle. 

Let t be one of the &. formed by joining to two 
conBecutive vertices, and a a side ot the polygon. 
Then area t equals J ms. Why ? 

.'. the area of the polygon equals the sum of the 
areas of the triat^les = ^ m x the sum of the eides 
= i rtip. Ax. 2 

CoBOLLABiES. 1. The areas of regular poli/ifons of the 
same number of eides are proportional to the squares of their 
apothems, of their radii, or of their sides. 

For — = ■ f. — -^ ; and from similar A. and IV, prop. XX, 

m r a p ^ ^ .., . a m» r" •» 
—; = -^ = - = —,; .-.by subBtitution -; = -« = T, = :;5- 

2. The perimeters of regular polygons of the same number 
of sides are proportional to their apothems, their radii, or 
their sides. 

Proved with cor. 1, 

BxerciKS. 442. The distance from the cent«r to a aide of the inscribed 
equilateral triangle equals r/2. 

443. Diaw a diameter AB of a circle with center O; then with 
center A and radina A draw an arc cutting the circumference in C, D ; 
di-aw CD, DB, BC, and prove A BCD equilateral 

444. The area of an inscribed regular hexagon ia a mean propor- 
tional between the areas of the inscribed and circumecrit^ed equilateral 
triangles. 

445. Show how, with compasses alone, to divide a circumference into 

446. Prove that if AB, CD, two diameters of a circle, are perpen- 
dicular to each other, then A CBD is an inscribed square. 

447. Let OJ be the perpendicular bisector of line-segment AB at O ; 
l87 off on OX, OD = AO ; and, on DX, lay oft DC = DB ; then prove 
that C is the center of the O circumscribed about the regular octagon of 
which AB is a side. 
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4. THE HENSUBATIOn OF THE CIRCLE. 



296. Postulate of Limits. The circle and its circumference 
are ike respective limits which the inscribed and circum- 
leribed regular polygons and their perimeters approach, if 
the number of their sides increases indefinitely. 




The following may be read by the student in connection 
with the postulate, although it does not constitute a proof: 

1. In the figure, suppose ftn in- and circumscribed regular n-gon rep- 
resented. Then each eiterior angle equals ■ — - in each figure. 

2. .-. each interior angle equals leO"- — - and.-. Za = 90°-— ■ 
IS indefluitely, Za = 90°, and p z=z r. 



4. .'. the uiBcribed polygon = the circle, and Ka perimeter = the 
circumference. Similariy for the circumscribed polygon. 

CoBOLLABiKS. 1. The eircumscribed regular polygon and 
its perimeter are respectively greater than the circle atid its 
circumference ; the inscriied, and its perimeter, less. 

2. If, on any finite closed curve, n points 
are assumed equidistant from each other, and 
each connected with the succeeding point by 
a straight line, then the curve is the limit which the broken 
line approaches if n increases indefinitely . 
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Pbofosition XIV. 

297. Huorem. The ratio of the cireun^erence to the 
diameter of a circle is constant. 

Proof. 1. Suppose any two circles, of cireumferencea c, c', 
radii r, r", and diameters d, d', respectively, to have 
similar regular polygons inscribed in them, of 
perimeters p, p', reapectiTely, 

Then p:p' = r: r', Prop. XIII, cor. 2 

= 2 r : 2 / = d : d'. IV, prop. VIII 

2. And '.■ r, r', d, d' do not change when the number of 
sides of the polygons is doubled, quadrupled, , 

§ 294, def. radius polyg. 

and '.' p=^ e, and p' = c', § 296, post, of limits 

.-.e-.c' = d:d'. IV, prop. IX 

3. .■.e:d=e':d' = the same for any ®. IV, prop. Ill 

NoTB. This constant ratio c.-d ia designated by the symbol x (pi), 
the initial letter of the Greek word for circumference (periphareia). 
The value of « Is discuBsed in prop. XVII. 

COKOLLARIES. 1. C = '7rd, OT 2'7n. 

For if -5 = *, Oien c = «d. 

2. If the radius of a circle is 1, then c = 2Tr, or a semi- 
cireumferenee equals it. 

3. The circumferences of two circles are proportional to 
their radii. 

For- = ^^ = -- 

If ^vf r- 

Exercises. 448. Find, in terms of the radius of the circle, r, the side, 
apothem, and area of the insciHbed and circumscritied equilateral triangle. 
449. Also of Uie inscribed and circumscribed square. 



-.i,2.c I!, Google 



PLANE GEOMETRY. 



Propositi OH XV. 



398. ProUem. Given the tidet of the regular inscribed 
and circumicrihed n-gon», to find the side of the regular 
cireumteribed ^n-gon. 




Solution. 1. In the figure, 

let AB = a side of the regular mscribed «-gon, t,; 
" A'B' = " " " circumscribed " c,. 

Then BM' 

= " " " inscribed 2w^on,i,,; 

sdABC 

= ^ "■ " " circumscribed " c,,. 

2. But-.- OC bisects ^M'OB', Why? 

.-. CB' : M'C = OB' : OM' (= OB), 

IV, prop. XIII 
= A'B' : AB, TV, prop. X, cor. 3 



. CB' + M'C : M'C = e^ + \:' 

r M'B':M'C=c, + i^r: 

. 2M'B':2M'C = o, + t^:^ 

c„;cs. = c, + i,:: 



Ci.= 



«. + C 



IV, prop. V 
IV, prop. VIII 
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Proposition XVI. 

299- PnAlem. Cfiven the tideg of the regular inscribed 
n-gon and the regular eircurmeribed 2 n-gon, to find the aide 
of the regular inscribed 2 n-gon. 

Solution. 1. In the figure on p. 218, 

A M-BM - A CM"!). Why ? 

.-. M'B : BM = CM' : MD. Why ? 

2. Or ii.-iK = ic^.-ii,.- Why? 

3. .■.ti. = iV2c,..v Why? 

Corollaries. 1. 1/'p^'Pim Pn, I'jn '•epreseni the perimeters 
of the polygons vHth sides i^ i^^ c„, c,^ respectively, then 

W ^•. = 1^' «»«' (2) P.. - ^'P.-r,, 

For Ci. = Fij,/2n, e, = P„/n, <i„ =^ pj,/2n, and i,=p,/n; Bubati- 
tute tiie«e in the final steps of props. XV, XVL From prop. XV, 
fs..^ P,/n.p./H ^ PmP.j^. 
2n P,/n+p,/ii P^ + Pn 

■ p, ^ 2Pn-p. 
" P.-hP. 

Prom prop. SVI, 




Forc:i,-r:OJtf = r;-y^r«-(^y = r:Vr=-ii,a. 
■■- c, = - ''"'• - I by multiplying by in. 
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Pboposition XVII. 

X Tbeonm. The approximate value of ir is S.14.159 +. 

. 1. In a regular hex^on inscribed in a circle of diam- 
eter 1, i, = i, and .". p^ = 3. Prop. IX, cor. 1 

2. Of the r^ular hexagon circumscribed about that O, 
c, = 1 / Vs. Prop. X, cor. 1 

3. .-. P. = 6 ■ c, = 3.4641016 

4. From^t and P^ can be found ^^ and Pi,. 

Props. XV, XVI 

5. From pit and P^ can be found p„ and P„, and 
so on. Props. XV, XVI 
If the process were continued to a 1636^on, p^s, 
would be found to be 3.1415904, and Pist» would be 
found to be 3.1415970. 

6. And '.■ c, or wd, which equals ir ■ 1 or tt, lies between 
j>, and P„ however large n may be, 

§ 296, post, of limits, cor. 1 
.-. IT lies between 3.1415904 and 3,1415970, and ia, 
therefore, approximately 3.14159 +. 



452. To construct a reguliir pentagon equal to the sum of two given 
regular pentagons. 

463. Find, lu terms of the radiue of the circle, r, the side of the 
inscribed regular pentagon. (Omit unless ex. 433 wa« taken.) 

454. Also of the inscribed and circumscribed regnlar heiagOD. 

455. Also of the inscribed and circumscribed regular dodecagon. 

456. Also of the inscribed regular decagon. (Depends on ei. 463.) 
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301. Notes. Tlie computation in prop. XVII, which t 
student is not expected to make, is as follows: 





3.4641016 


1068886 


3.2168903 


1326286 


3.1696699 


13S3502 


3.1460863 


U10319 


S.1427146 


1414624 


3.1418730 


U1567« 


3.1416027 


1416838 


3.1416101 


U15904 


8.1415970 



30S. The following historical notes on IT are inserted to show 
the student how the subject of the mensuration of the circle 
haa grown. 

The early approximation for %, in use among the ancient people, was 3. 
See I Kings, tU, 23 ; II Chron. iv, 2. " What ia three hand-breadths 
aionnd is one hand-breadth through." — The Talmvd. 

Alimes, howerer, gave the equivalent of 3.1604. 

ArchiinedeB Heems to have been the first to employ geometric methods 
similar to that of props. XV, XVI lor approximating it. He announced, 
"The circumference of a circle exceeds 3 times the diameter by a part 
which is less than }, but more tlian ^, of the diameter." 

Hero of Alexandria nsed looth 3 and 3). 

Ptolemy of Alexandria gave 3jVg. 

Aryabhatta found 3.1416, by a method similar to that of prop. XVU. 

Brahmagnpta used the values of Archimedes ; also f jjj and JJj, the 
last being ouly another form for Ptolemy's. 

Melius gave the easily remembered value 36S/113. 

Ludolph van Ceulen computed « to the equivalent of over 30 decimal 
places (the decimal fraction vras not yet invented) , and vrlehed it engraved 
on his tomb at Leyden. On this account ir is often called in Germany, 
"the LndolpUan number." 

Vega carried tt to 140 decimal places. 

Dase carried it to 200 decimal places. 

Bichter carried it to 600 decimal places. More recently Shanks carried 
it to 707 declmi^ places. 

The symbol « Is first used in this sense iu Jones's "Synopsis Palma- 
rionun Matheseos," London, 1706. 
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303. Definitdon. It ia now necessary to extend our idea of 
equal surfaces. The definition at the beginning of Book II, 
§ 142, is true, and it suffices for the cases there under con- 
sideration. But when curvilinear figures are compared with 
rectilinear, it is impossible to cut the surfaces into parts 
respectively congruent. Hence, we enlarge the definition, 
thus : Two surfaces are said to be equal if they have the 
same numerical measure in terms of a common unit. 

Thus, a circle Laving an area of 2 «fi would equal a rectangle 2 m long 
by 1 m broad, even tliougb they could not be cut Into parts respectively 
congruent. 

304. Table of Values. The following table of values of 
expressions involving tt will be found useful in computations 
concerning the circle, sphere, cylinder, cone, etc. : 

n = 3.14169 Vi = 1.77246 180=/jt = ST'.SOSTS 

«/4 = 0.78540 1/V^ = 0,5M19 jr/180 = .01745 

\/x = 0.31831 *V2 = 4.44288 Approximate values : 

tC = 9.88960 V^ = 1.26331 it = y = 3(, f Jf 

The table is repealed, with other tables of value in numerical compu- 
tations, at the end of this work. 

305. Radian Heaaure of Angles and Arcs. Since if .^ = any 
central angle and a = its are, 

^ : st. Z = a : semicircuinf. = a : wr. 

.-. ^:8t. Z/7r =a 

otA:180'/w =a 

or^:57''.29-H =a 
That is, the ratio of a central angle to st. Z/tt equals the 
ratio of its arc to an arc of the same length as the radius. 
Just as the "degree" is the unit for both angle and arc 
measure, it being understood to be gj^ of a perigon in the 
one case and ^^^ of a circumference in the other, so a special 
name is given to st. Z/tt and to an arc which equals a radius 
in lei^h ; this name is radian. In other words, a radian 
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is - of a St. Z, in angle measure, and - of a Bemicircumfer- 



ence, or an arc equal to a radius in length, in arc measure. 
Since r = — 180°, .*. r = 67''.29+, where retands for radian. 

Also ■.■ 180° = wr, .-. 1" = "^ 
.0174633 of a radian. 

In most work in advanced mathematics the radian measure 
is used exclusively. In common measurements the degree is 
used. It is neceBsary in this work to use both. 

It is cnstomary to express an angle in radians by the Greek 

letters a (alpha), j8 (beta), y (gamma), , the first letters of 

that alphabet. 

.306. Corollary. The length of an arc equals the product 
of the radius by the anyle in radians. 

For if a = length of arc, and a = M6 Z in ladiaAH, then - = — , 



ExerclSM. 457. Express the following in radians : 10°, 21° 20', bt", 
68°, B0°. 

458. Express the following in degrees; l.SOOOr, .B066r, .SeSOr, 
.1687r, .0029r. 

459. Express the following in radians : 100°, 180°, 270°. 

460. Express the following in degrees: 3.4Q07r, 6.2.%9r, 6.2832r, xr. 

461. Find the lengths of arcs of 47° 50', 61° 20", 76° 40", the radius 
being 10. 

462. Given the lengths of the following aica, to find the radii of the 
various circles r 75° IC, 131.19; 32° 20', 2.822 ; 4°, .0608. 

463. Show that the perimeters of the Inscrilied and circumscribed 
squares, the diameter of the circle being 1, are respectively 2.82S4271 
and 4; hence, find the perimeiers of the inscribed and circumscribed 
regular octagone, and thus show that the value of x may be approxi- 
mated in this way. 

464. The circumferences of certain ® are 43.9823, 84.8230, 128.8053, 
185.6340,204.20351 find the diameteis. 
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Proposition XVIII. 



907. Ttaeoton. The area of a circle equals half the prod- 
vet of it* cireu^ferenee and radius. 

Qkna a, e, r, the area, circumfereQCe, and radius of a circle. 

To proTC that a = icr. 

Proof. 1. If a', p represent the area and perimeter of a cir- 
camscribed regular polygon, then the apothem of 
that polygon is r. § 294 

2. And a'^ipr. Prop, xni 

3. But a' :^ a, sxid ipr:^icr. § 296, post, of limits 

4. .-. a = i cr. IV, prop. IX, cor. 1 

COBOLLABIES. 1. O = Wr". 



2.«-j^- (Why?) 

3. -^ S T^resents the area of a sector, and a its angle in 
radians, then 8 = r'a:/2. 

For » : «r" = a : 2 s. (IV, prop. XVI, eor.) 

4. Of two unequal circles, the greater has the greater circum- 
ference. 

For, by eor. 2, " = ^ 

.-. 4 ira = ca. 
.-. as the area IncreaseB, the circumference increases also. 

5. The areas of two circles are proportional to the squares 
of their radii. 
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308. HlBTOSIClI. NotB on QcADRATCrBB OF THE ClBOLM. ThO eZ- 

presaion, " U> Bquare the ciicle," me&iiH to find the side of a square whoae 
area equals that of a given circle. The solution of this problem b; 
elementarj geometry has been proved to tie Impossible. It nevertheless 
occupied the att«nUou of many mathematicians before this imposaibilitr 
was shown, and many ignorant people still attempt it. Some of the 
Pythagorean school claimed to have solved it, Auaxagoras (died 428 b.c.) 
-wrote upon it, and hundreds of miters since then have discDsaed the sub- 
ject. It is closely related Co finding a straight line equal to a given circum- 
ference ("to recWfy the circumference"), and the two depend upon 
finding the value of * exactly. That « cannot be expressed exactly, nor 
as the root of a rational algebraic equation, was shown by Lindemann 
in 1S82. 

For the mathemaUcal discussion, see Klein's "Famous Problems of 
Elementary Geometry," translated by the authors. (Boston, Ginn& Co.) 



Bxerciws. 466. What is the radius of that circle of which the number 
of square units of area equals the number of linear units of chvumf erence ? 

466. Also, of which the number of square units of area equals the 
number of linear units of radius ? 

467. Oive a formula for a in terms of d, and the constant n. 

468. A circle equals a. triangle of which the base equals the circumfer- 
ence and the altitude equals the radius. 

469. Find the areas of circles nith radii 6, 7, 21, 36, 47, 50. (In these 
computations, for uniformity let « = 3.1416.) 

470. Also with diameters 2, 8, 11, 31, 42, 07. 

471. Find the radii of circles of areas 78.5398, 2042.8206, 4636.4698. 

472. Also the diameters of chrcles of areas 2123.7166, 3318.3072, 
66.746017. 

473. Also the circamferences of circles of areas 96.0332, 462.3893. 

474. Also the areas of circles of circumferences 267.0364, 191.6372. 
476. The area of the ring formed between the circumferences of two 

concentric circles of radii ri, rj, where ri > rj, is « (ti + rj) (ri — rj). 

476. The area of that portion of the ring of ex. 475 cut off by the arms 
of the central angle a radians is -J ct (r, + ra) (ri — rj) ; or, if Oi, Oa are 
arcs bounding that portion, the area = i{ai + an) (ri — rj). 

NOTB. The remainder of the work may be omitted without destroying 
the integrity of the course, 
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APPENDIX TO PLANE GEOMETRY. 



L SVPPLEHEHTABT THEOBEHS Ilf BIBnSDRATION. 

Pbofosition XIX. 

309. Theonm. If the tides of a triangle are a, b, c, and 
i/'s = i(a + b + c), 8, = s — a, 8j = s — b, 83 = 8 — 0, then the 



1 equals Vb ■ B| ■ Sj ■ 8 J. 




Proof. 1. «'= J' + c':j:2Jc', 2fic'takmgtliesigii-forFig.l, 
+ for Fig. 3, and being for Fig. 2. § 159 

-■. e'= ± (6" + c* — ffl')/26, by solving the above 
equation for. c'. Axs. 2, 7 

2. But A' = c* - c" = (c + c") (c ~ c*) § 154 
= [c+{6« + ,;«-a')/26][c-(t' + c»-««)/2&], by 
substituting the value of c' given in step 1. 

.-. A' = (2 be + b^ + c^- a») (2 6c - fi« - c* + a^ /4 b^, 
by removing parentheses and simplifying. 

3. .-. 4 b^k' = [(J + c)" - a'] [tt» - (i - c)'], by multi- 
plying by 4 J' and factoring. 

.■.4i'A' = (6 + c + «)(J+(;-a)(a + 6-c)(o-A + c), 
by factoring still farther. 
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4, But if a + b + c = 2a,a& given, 

then b + c-a = 2(a-a) = 2sy 
and a — b + e = 2(a-b)=2st, 
and a + J - c = 2(s - c) =s 2«.. 
6. .-. 4 6*A» = 2 s ■ 2 «, ■ 2 s, ■ 2 «,. Subat. in 3 

6. .■. area = ^bh = Vs ■ s, ■ «, ■ s,. V, prop. II, cor. 3 
NoTB. This iB kDOwn ah Hero's fonnuls for tlie area of a triangle. Of 
ourse a, b, c represent numerical valnes as explained under V, prop. II, 



PeO POSITION XX. 

310, Theorem. The radius, r, of t?ie circle cireumaeribed 
about the triangle abs of area t, equals abc/4 1. 




Froof. 1, Suppose CX = d a, diameter, CD (or A) X AB, and 
BX drawn. 



Then 
and 



3. But 



A ADC ^ A XBC, IV, prop. XVII 
.■.d:a = b:h. Why? 

.■.r^ab/2h. IV, prop. I ; ax. 7 
■.■ ike = t, V, prop, II, cor, 3 

.'. r= abc/ii. Subst. 3 in 2 

HOTE. ITie value of ( can be found by Hero's formula. 

Exercise. 477. Find the areas of the triangles with aides (1) 13, 14. 
16; (2) 8, 6, 8; (3) 7, 10, 18; (4) a, a, a; (6) 3, 4..6. 
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PLANE GEOltBTBY. 



Pbopositiom XXI. 



311. Ttuoiem. The product of ike diagontUa of an inacrip- 
tible quadrilateral equaU the sum <f the productt of the 
opposite sides. 




Glren ABCD, an iosciiptible quadrilateral, with sides a, b, 
Cy d, and diagonals e, f. 

To prore that e/ = ac + 6(i. 

Proof. 1. Let ABCD be inscribed, the sides arranged as in the 
figure, chord AK = BC, and DK drawn cuttii^ AC 
at L. 

Then Z ADK = /.BDC, and Z CAD = Z CBD, 
and .-.AALD^ABCD. Why? 

2. Also-.- jiLDCL = ZDBA,aiiAjiLLDC = ZADB, 

III, prop. XI, cor. 1; ax. 2 
.-. A CDL -^ A BDA. Why ? 

3. Froml,AL:d = b:e,oiAL = bd/e; IV,prop.XX 
from 2, LC:c = a:e, 01 LC = ac/e. IV,prop.XX 

4. .-. AL + LC, or AC, or/= (ac + hd)/e. Ax. 2 

5. .-. e/=ac + W. Ax. 6 
IfoTB. Ptolemy's theorem. 

Exeicise. 478. Is prop. XXI true when b = zero t 
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MAXIMA AND UINIMA. 



2. MAXIHA AND HIKDU. 

312. Definitions. If a geometric magnitude can, by con- 
tinuous change, increase until a value is reached at which the 
m^nitude begins to decrease, such value is called a nuzlmnm 
value ; if it can similarly decrease until a value is reached at 
which it begins to increase, such value is called a m inim um 
value. 

In general, a magnitade can have more than one maximum or 
minlmnm value, as in the annexed 
figare where Oi, Oj, a» represent 
maximiun, and bi, b%, minimum 

values of the ordInat«a of F. In ^' 

the elementary geometry of the line 

and circle, however, only one maximum or miniinam ezista, bo that the 

worda here mean greatest and least. 

E.g. the maximum chord of a circle is the diameter (III, prop. Till, 
cor.), and the minimum chord is spoken of aa zero, since zero ia the limit 
which conBtantl; decreasing choida of a circle approach. 

A magnitude at it« maximum value ia called a maximum; similarly, 
a mintmum. E.g. a chord of a circle is a maximum when It U a 
diameter. 

313. Figures having equal perimeters are said to be isoperi- 
metric. 

Exercises. 479. Di-aw a line AB, bisect it at Jtf, and take a point 
.r on AM; then show that AX^ + XB^ = 2AM^ + 2XM\ and that 
this is a minimum when XMt=0; hence ahow that the sum of the 
squarea on the two aegmenta of a given line ia a minimum when the s^- 

480. Also that AX • XB = MB' - XM^, and that this is a maximum 
when XM = ; that is, that the rectangle of the two segments into nhich 
a given line can be divided is a maximum when tlie given line Is bisected. 

481. If the diagonals of an inscribed quadrilateral are perpendicular 
to each other, then the Bum of the products of the two opposite sides 
equals twice the area of the quadrilateraL 
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pROPOaiTIOH XXII. 

314. Theorem. Of all triangles formed with the tame two 
given nde», that ii the maaimum whose sides contain a right 
angle. 



Given the A ABCi, ABCt, witii ACt = ACi, and ACi±AB. 



Toproye 


tliat AABCi> AABC,. 




Pitxrf. 


Suppose CiD ± AB. 






Then ACi > DC^ 


I, prop. XX 




and .'. its squal ACt > DCj. 






.■.AABC^>AABC„ 


II, prop.II, eor.3 




since they have the same baa^ but different altitudes. 



Exercises. 482. Find in radians the angle « of a Beclot of a ciicle of 
radios r, such that the number of equare units of its area equals the 
number of linear units of its entire perimeter. 

483. Interpret the result of ex. 482 for r = 2^1 +-)■ Discusaitfor 
r<f 2. Discuss it forr<2 A + -V 

484. In the Sulvasutras, earl; Eemt-theotogical niitingB of the Hindus, 
it is said ; "Divide the diameter Into 15 puts and take away 2; the 
remainder is approximately the side of tUe square equal to the circle." 
From this compute their value of s. 

486. On AB describe a iieniicircle, and in it inBCrit>e the Isosceles tri- 
angle ABC; on BC and CA describe semieirclea opposite the A ABC- 
Show that A ABO = the sum of the two lunes thus formed. (The lanes 
of Hippocrates.) 

486. Six lights are placed regularly on the circumference of a circle 
of radius 21 ft.; what are the distances of each from each of the others ? 
(To 0.01.) 
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Proposition XXIII. 



315. Theorem. Of all isoperimetrtc triangles on the same 
hate ike isosceles is the maximum. 



Given two isoperimetric A ABC and ABX, A ABC being 
isosceles, with AC = BC. 

To prove that A ABC > A ABX. 

Proof. 1. 0-a.AC produced, kt CB' = AC; draw B'B, B'X; 

suppose CD II AB. 

Then ■.■AC^CB; 

.-. BD = DB'. I, prop. XXVII, cor. 2 

2. And •■■ CB = AC, 

.-. CB= C.e', and CDXBB'. Why? Ax. 1 

3. .-. AC+ CB = AC+ CB' < AX+ XB\ 

Ax. 2; I, prop. VIII 

4. ■ .■ AX -V XB == AC -V CB, Why? 
• ■. AX-\-XB < AX+XB', 

and .■- XB < XB'. Why ? 

&. ,'. X and .^S lie on the same side of CD, 

I, prop. XX, cor. 3 
and .-.AABC >AABX. II, prop. II, cor. 3 

CoEOLLART. Of all isopeHmetric triangles, thai which it 
equilateral is the maximum. (Why ?) 
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PROrOBITION XXIV. 



^A Theorem. Qf all trianglei having the same base and 
area, the iaoteeUg hat the minimum perimeter. 



Olvea the A ABC and A£X having the same base and 

area, with AC = BC. 
To prove that perimeter ABC < perimeter ADX. 
Proof. 1. Suppose cm JB; .reproduced so that t7B' = JCi 

B'X drawn ; and B'B drawn cutting C¥ sX D. 

Then ■.• AABC = £^ABX, 

.'. GY passes through X II, prop, II, cor, 4 

2. And ■■• AC= CB', 

.-. BD = DB'. \, prop. XXVII, oor. 2 

3. And ■■■ A BDC^A B'DC, I, prop. XII 

.•.CD±BB', Why? 

and .-. XB = XB'. I, prop. XX 

i. But AC + CB' < AX + XB', I, prop. VIIl 

and .■.AC+ CB<AX+XB. 
5. .-. perim. ABC < perim. ABX. Why? 

Corollary. 0/ all equal trianglea, that which is equi- 
lateral has the minimuTti perimeter. 

For whatever side is taken as the base, the perimeter ia less if the other 
two sides are equal. 
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MAXIMA. AND MINIMA. 



PROPOHITION XXV. 



817. Theorem. If the end» of a line of given length are 
joined by a straight line, and the area of the figure enclosed 
is a maximum, it takes the form of a semicircle. 



Given a line APS (tlie curve in the figuie), of given 
length, and AB joining ita end-points. 

To prove that, if the area of the figure ABP is a maximum, 
ABP ia a semicircle. 

Pn»f. 1. Let P be any point on the line; then joining A and 
P, B and F, let the segments cut ofE by AP, BP be 
called 3,, Si, and A ABP called 2, as in the figure. 
Then Zi* is a right angle; for if not, without 
changing s,, S|, the area of t could be increased 
by making Z P right. Prop. XXII 

2. But this ia impossible if ABP is a maximum, and 
similarly for any other point on APB. Why ? 

3. .'. the area enclosed is a maximum when the line 
connecting A and B subtends a right angle at every 
point on the curve. 

Note. It will be seen tliat examples of maxima or minima Involve 
also Uie idea of lymm^ry {% 68). This fact is of value in solving problems 
in maxima and minima. 

Exorcise. 487. Given the points A, B, on the same side of line X'X, 
to find on Z'X a point P sucti that Z Z'PA = £ BPX. Prove that 
AP+ PB is the shortest path from-1 to J'-T and back to B. (Reflected 



iitizec by Google 



PLANE OEOUBTBY. 



PBOPOSrTION XXVI. 

318. Theorem. Of alt isoperimetric plane fffures itke 
1 it a circle. 



Suppose A, B points bisecting tlie given perimeter, 
AB cutting tlie figure into two segments, s,, Sj. 
Ihen s„ «, are maxima when they are semiciicles, 
and AB is a diameter. Why? 



Pkoposition XXVII. 
319. Theoi«m. 0/ all equal plane figures the circle hat 
the minimum perimeter. 




Giveii circle C = plane figure F. 

To prove that circumference C < perimeter I*. 

Proof. 1. Suppose X a circle of circumference equal to perim- 
eter P. 

Then P < X, Prop. XXVI 

and .-. C <X. Subst. 

2. .". circumference C < circumference X, § 307, cor. 4 

and ,■. circumference C < perimeter P. Subst 



MAXIMA AND MINIMA. 



Proposition XXVIII. 

320. Theorem. A polygon with given sides is a maximum 
when it is i: 




two polygons, F and P\ with given sides a, b, c , 

P being inscribed in a cirde, and P' not inscriptible. 



To prove that 



P>P'. 



Proof. 1. Name the circular s^ments on a, b, (opposite F), 

A, B, ; suppose congruent segments constructed 

on a, b, (opposite P'), 

Then P + A + B + > P' + A + B+ 

Prop. XXVI 
2. .■.P>P'. Why? 



Bzerclses. 488. II the diagonals of a patallelogram are givea, ils 
area is a maximum when it ia a rhombus. 

489. What is the minimum line from a given point to a given line ? 
Where has this been proved ? 

490. Into what two parts must a given number be divided so that the 
product of those parts shall be a maximam ? (Compare ex. 479.) 

491. Ae a corollary to ex. 479, show that of isoperimetric rectangles 
the square is the maximum. 

492. Find the point in a given straight line such that the tangenUi 
drawn from it to a given circle contain the maximum angle. 

493. A straight ruler, 1 foot long, slips between the two edges of the 
floor (the edges making a right angle). Find the position of the ruler 
when the triangle formed by the edges and ruler if 
the area of that triangle. 
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pBOPoaiTioN yyiY . 



381. Theorem. Of all igoperimetrie polygoru of a given 
nutnher of sidet, the maximum it regular. 




Given F, the maximuiii polygon of a given perimeter and 
a given number of sides. 

To pnre tliat P is regular. 

Proof. 1. Any two adjacent sides, AB, BC, must be equal. 
' For if unequal, as AX, XC, then A AXC could be 
replaced by A ^£(7, having ^B = B(7, thua enlai^ing 
P without changing the perimeter. But this is im- 
possible because P is a maximum. Prop. XXIII 

2. And hence P is inscriptible because its sides are 
given. Prop. XXVIII 

3. .". F is regular. V, prop. IX, cor. 2 



Exerdflei. 494. Considering only the relation of apace enclosed to 
amount of wall, what would be the most economical form for the ground 
plan of a honse ? 

496. Of all triangles in a given circle, what is the shape of the one 
having the greatest area ? Prove it. 

496. Through a point of intersecUon of two circumferences draw the 
maximum line terminated b; the two circumferences. 

497. Of all triangles of a ^ven base and area, the isoBcelea has the 
greatest vertic&l angle. 

498. Draw the minimnm straight line between two non-intersecting 
oiicumferances. 
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Proposition XXX. 



322. Theorem. Of two tBoperimetric regular polygont, 
that having the greater number of aides ia the greater. 




Proof. 1. Let ABCJ> be a square, P a point on DA, A PCX 
iaoperimetric with A FCI> and having CXs= PX. 
Then A PCX > A PCD, Prop. XXIII 

and .■• pentagon ABCXP > D ABCD. Ax. 4 

2. But pent^on ABCXP woiild, with the aame perim- 
eter, be greater if it were regular. Prop. XXIX 

3..'. a regular pentagon is greater than an isoperi- 
metric square. Similarly, a regular hexagon would 
be greater than an isoperimetric regular pentagon, 
and so on. 

ExerciMB. 499. A croas-section of a bee's cell la a regular hexagon. 
Show that this is the best form for eecuriog the greatest capacity with 
a given amoimt of wax (perlmeUr). 

fiOO. Find the maximum rectangle inscribed in a given semicircle. 

601. Find the minimum square inscribed in a given square. 

602. Draw the minimum tangent from a variable point in a given 
line to a given circle. 

a of the largest triangle that can be isscritied in 



604, Oiven a square of area 1. Find the area of an Isoperimetric 
(1) eqnilaural triangle, (2) tegular hexagou, (3) circle. 
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3. COnCDSBBNCE AUD COLLIHSARITT. 

Proposition XXXI. 

K3. Theorem. If x,Y,z are three points on the sides a, 
b, 0, reapectively, of a triangle ABC, iach that the perpen- 
diculars to the sides at these points are concurrent, then 

(BX* - XC) + (CV - YA') + (AZ* - ZB') = ; 
and conversely. 




?mit. Let P be the point of concurrence, and draw FA, 
PB, PC. 

Then {BX* - XC^ + (Cr» - YA^ + (AZ* - ZB^ 
= PB' - PC^ + PC* - PA^ + PA* - PB* = 0, 
for BX' - XC* = (BP* - PX^ - (PC* - PX^ = 
BP* - PC*, and so for the rest. 

CoNVEHaELT: 1. Suppose the Js from X, Y, to meet at P; 
and suppose PZ ± c. 
Then as above, 
{BX'-XC^ + {CY*-YA^ + {AZ'*-ZB*)=li. 

2. Bat (BX<'-XG^ + (CY*-YA') + (AZ*-ZB^ = 0, 
and AZ"* - ZB* = AZ* ~ ZB^. Why ? 

3. .-. AZ' - AZ* = Z'B* - ZB*; but these differences 
hare opposite signs and cannot be equal unless each 
is zero. 

4. ,". Z must coincide with Z. 
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Pbofobition XXXII. 

324. Theorem. If three linea, x, y, z, draum from the 
vertices of triangle ABC to meet a, b, c tn X, Y, z, are con- 




1. Let P be the point of concurrence. Then.'A^PC, 
PBC have the base PC, they are proportional to 



their altitudes, and .'. to AZ, ZB. 

. AZ _ AAPC 
' ZB APBC' 
BX ABPA 
XC A APC' 
CY _ A PBC 
YA" A BPA' 
_ AZ BX CY^ 
' ' ZB XC' YA 
CoNVEKSKLY : Let CP meet c in Z"; then 

Az^ px cy^-i 

ZB' XC' YA 

AZ Bx cr_ 

ZB' XC' YA 

. AZ AZ 

" ZB~ ZB 

7. .'. Z must coincide with Z. 

NoTB. Ceva's theorem. 



Why? 



and 






5. But 



IV, prop. XI, cor. 
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Pboposition XXXIII. 



If three points, S, T, Z, Ij/ing respectively 
on the three sides a, b, c of triangle ABC, are collinear, tJien 



werseljf. 



AZ BX CT ^ _ J. 
ZBXCTA ' 




. Let /, m, n be perpendiculars from A, B, C on XT. 
Then b; similar A, ZB being here negative, 
AZ _ I 
ZB~~m' 
BX m 
XC~n' 
CY n 



. And similarly, 
and 



YA 



, AZ BX CY__ 

"*■ -zexcYA' ^' ^ 

Convekselt: Let -ST meet AB in Z'; then as above, 
A^ BX CY_ 
Z'BXC' YA~ 
AZ BX CY ^ 
ZB XG YA 
AZ' AZ 
' ' Z'B ZB 
7. .'. Z' must coincide with Z. 
Note. Menelaus's theorem. 



B. But -==■' 



IV, prop. XI, cor. 
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pEOPOSiTroN XXXIV. 

326. Theorem. If a eireumference interteett the aicles, 
a, b, c, of a triangle ABC, in the points Ai and A», Bi and Bi, 
Ci and Ci, retpectively, then 

AC, EA; CB, AA B^ CB, _. 
CiB ■ AiC ■ BiA ■ C,B ■ A,C ' B,A ~ ^' 




Pnot. 1. ACrACt = BiA-BtA, Why? 

and BAi ■ BA, = C,B ■ C,B, 

and CBi ■ CB^ = A^C ■ A^C. 

2. .'. by axs. 6 and 7, the above result follows. 

KoTB. Tbis tUeorem, known as Camot'a theorem, is not a, proposi' 
tioD in concnirence or collinearity. It is introduced as leading to the 
proof of the very celebrated theorem following, one commonly known a« 
the HysUo Hexagram, discovered by Pascal at ttie age of 16. 

The theorem is also easily proved when the triangle is inscribed or 
circunuicribed. 



Exercises. 606. By means of Ceva'a theorem, prove that the tliree 
medians of a triangle are concurrent. 

606. Also, that the bisectors of the three interior angles of a triangle 



507. Also, that the bisectors of two exterior and of the other interior 
angles of a triangle are concorrent. 

50S. Also, that the perpendiculars from l^e vertices of a triangle to 
the opposite side are concurrent. 
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Proposition XXXV. 



327. Theorem. If the opposite sides of an inscribed hex- 
agon intersect, they determine three collinear points. 




OiTen an inscribed hexagon, ABCDEF, such that BA and 
DE meet at F, CD and AF at Q, BC and FE at B. 

To prove that P, Q, R a^ collinear. 

Proof. 1. Call the A determined by AB, CD, and EF, LMK, 
as in the figure. 

Then from Menelaus's theorem, 
LP MD NE _ 
PM ' DN ' EL ~ .' 
, MQ NF LA , 

NR LB MC 
*"^ BLBMCN^^^- 

2. .'. By multiplying and recalling Carnot's theorem, 

LP MQ NR _ 
PM ' QN ' RL 

3. .". by Menelaus's theorem, P, Q, B are coUineai. 
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uiacBU^HBona bxbboisbs. 

509. Show that the lollowing is a specif case of prop. XXXI : The 
perpendicular bisectors of the aides of a triangle are coDcorrent. 

610. Also, the perpendiculars from the vertices of a triangle to the 
opposite sides are concurrent. 

511. If three circumferences hitersect in pairs, the common chords 



512. By means of Menelaos's theorem, prove that the points in which 
ilio three bisectors of the exterior angles of a triangle meet the opposite 
sides are colliuear. 

613. Also, that the points in which the two bisectors of two interior 
angles of e. triangle and the other exterior angle meet the opposite sides 
are collinear. 

614. The orthocenter, O, of A ABC is determined by the perpendicu- 
lars AD, BE. Prove that AOOD = BO- OE. 

616. Draw a circle with a central right angle AOB, A and B being 
on the circumference; bisect ZAOB by OM, meeting ^B at M; draw 
jVP± OA; then see if the following is true in general: vlB = chord 
AB + PA. (Consider special cases, AB = 120", 180°, 360'.) 

516. Given the base and the vertical angle of a triangle; construct it 
so that its area shall be a maximum. 

517- .4Bis a diameter of a circle of center 0; from any point P.on 
t^e circumference, PC is drawn perpendicular to AB ; from C a perpen- 
dicular GE is drawn to OP. Prove ttiat PC is a mean proportional 
between OA and PE. 

618. On Bide o of A ABC, point P is taken such that Z PAC = £S. 
Prove that CPtCB = AP^tAB^. Investigate for three cases, j1A<, 
= ,>^B. 

619. ABC is a triangle right-angled at C; CD±c Prove that 
AD:DB= CA^:BGK 

620. If O, O* are the centers of two fixed circles, such that the cir- 
cumference of Cy passes through O, and if a tangent to circumference of 
O at r cuts circumference of 0" at X, F, then OX - OF is constant. (If 
the center-line meets the circumference of O'^tA, t\ XTO -^ ^ ATO.) 

621. If is the orthocenter of triangle ABC, and A\ R, C are the 
nud-points of o, 6, c; M^, M^, Mc are the mid-pointa of AG, BO, CO; 
Pa, Pi, Pc are the feet of the perpendiculars from A, B, C to a, b, c; 
prove that A', R, C, M^, Aft, Mc, Pa, Pb. Pc are concyclic. (The 
" Nine Points Circle.") 
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BOOK VI. — LINES AND PLANES IN SPACE. 



1. THE POSITIOV OF A PLABI HI SPACE. TEE STRAIGHT 
LIRE AS THE ihtersectioh of two PLAITBS. 

328. Definitions. Through three points, not in a stia^ht 
line, any number of surfaces may 
be imagined to pass. 

For exajuple, through the points A , J 
C the Boibuxa P and S may be imagined 



A.B. /~^^III3^ 



329. A plane Bnrface (also called it plane) is a surface which 
is determined by any three of its points not in a straight line. 

In the ftgnre, P representa a plane, for it is determined by the points 
A, B, C. But S does not represent such a surface. 

A plane is, of courae, supposed to be indefinite in extent. 

This delinltion, and the following postulatea, are repeated, for con- 
venience, from the Plane Geometry. 

In drawing a figure it should be remembered that a plane, 
like a line, has no thickness, and that it is indehnite in extent. 
Nevertheless, it aids the eye in understanding the figure, if we 
represent the plane as a rectangle, lying in perspective, and 
having a slight thickness. 



622. Show that U there are given four points in space, 
no three being colllnear, the number of distinct straight lines determined 
by them is six ; if there are five points, the number of lines is ten. 

623. Hold two pencils in such a way as to fhovf that a plane cannot, 
in general, contain two straight lines taken at random In spsoe. 
244 
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330. Postulates of the Plane. (See § 29.) 

1. Three points not in a straight tine determine a plane. 

2. A straight line through two points in a plane lies wholly 
in the plane. 

3. A plane may be passed through a straight line and 
revolved about it so as to include any asuigned point in space. 

4. A portion of a plane may be produced. 

5. A plane is divided into two parts by any one of its 
straight lines, and space is divided into two parts by any plane. 

SSL Solid Geometry treats of figures whose parts are not 
all in one plane. 

Pkoposition I. 

3S2. Tbetn^m. A plane is determined hy a atraight line 
and a point not in that line. 



Given- the line AS, and the point F not in that line. 

To prove that AB and P determine a plane. 

Proof. 1. Only one plane contains pts. A, B, and P. % 330, 1 
(% 330, 1. Three points not in a. atraight line determine a pUne.) 

2. And that plane contains line AB. S 330, 2 
(S 330, 2. A striught line joining two poinia in a plane lies wholly 

in the plane.) 

3. .". only one plane contains AB and P. 

333. Definition. Lines or points which lie in the same plane 
are said to be coplanai. 
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CoBOiiLABiBS. 1. A plane is determined by two intersecting 



Let the lines AB, CO Inteiaect at O. 

Then only one plaoe contatne AB and C. Prop. 1 

And that plane contauiB tbe point O, for ties in the line AB. 

5 330,2 
And since that plane contains C and 0, it contidns CJi. % 330, 2 

2. A plane is determined by two parallel lines. 
For tbe parallela lie in one plane, by definition (§ 82). 
And only one plane can contain these parallels, since a plane is delei- 
mined by either line and any point of the otfaer. 
Draw the figure, 

S. If a plane contains one of two parallel lines and a»y 
point of the other, it contains both parallel lines. 

For it must be identical with the plane determined by tbe two paral- 
lels ; otherwise more than one plane could contain either parallel and any 
point in the other. 



Proposition II. 
The intersection of two planes is a straight 




(^Ten two intersecting planes, M, N. 

To prove that their intersection is a straight line. 
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Proof. 1. Let P be a point commoQ to M and iV. 

Them a pencil of liaes through P, in the plane N, 
must lie pai'tly on one side of M and partly on the 
other, because M divides space into two parts. 

§330,5 

2. Hence, in general, a line connecting ai point in the 
pencil on one side of M, with a point on the other 
side, must cut M at some other point than P, — 
say at Q. 

3. Then M and JV have two points in common. 

4. Then every point in the straight line through P and 
Q lies in plane 3f, § 330, 2 
and also in plane If, f ot the same reason. 

6. .■. the straight line PQ is common to both planes. 
6. If there were any point not in PQ, common to M 
and N, the planes would coincide. Prop. I 

GoBOLLABY. A point common to two planes lies in their 
line of intersection. 
Proved in step 6. 

Bserciaea. 524. State tbe four methods, already mentioned, of 
determining a plane. 

52fi. Is it poBsible for three planes to have a straight line in common ? 
Draw a figure to illoBtrate. 

626. If two planes have three points in common, will they necessarily 
coincide ? 

527. Four planes, no three containing the same Ihie, intersect in pairs ; 
bow many straight lines do they determine by their intersections 7 

528. What is the only rectilinear polygon that is necessarily plane ? 
Why? 

529. Prove that all transveraalB of two parallel lines are coplanar with 
tbe parallels. 

630. What is the reason that a three-legged chair is always stable on 
Qte floor while a four-legged one may not be ? 
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Proposition III. 



335. Theorem. If three planes, not containing the same 
line, intersect in pairs, the three lines of intersection are 
either concurrent or parallel. 



Given planes JD, CF, EB, intersecting in AB, CD, EF. 
To prore that AB, CD, EF are either concurrent or parallel. 
Proof. Case I. If CD meets AB, as at 0, to show the three 
lines concurrent, 

1. ■-■ is in AB, it is in plane EB. § 330, 2 

2. Similarly, ■.■ is in CD, it ia in plane CF. Why ? 

3. ■.■ ia in planea EB and CF, EF passes through, O. 

Prop. II, cor. 

4. .■. AB, CD, EF are concurrent in 0. 

CAaE II, If CD II AB, to show the three lines parallel, 

1. If AB were not II MF, CD would pass through their 
common point. Case I 

2. But this is impossible, for CD II AB. Given 

3. If CD were not II EF, AB would pass through their 
common point. Case I 

4. But this is impossible, for CD II AB. Given 
6. .■. as no two can meet, and aa each pair is coplanar, 

tliey are parallel. Def. II lines 

Corollary. If two intersecting planes pass through two 
parallel lines, their intersection is parallel to these lines. 
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Proposition IV. 
336. Theorem. lAnes parallel to the same line are parallel 
to each other. 




GiTcn AB II EF, CD II EF. 

To prove that AB II CD. 

Proof. 1. AB and BF determine a plane. Prop. I, cor. 2 

(A plane ie determined by two II lines.) 

2. CD and FF determine a plane. Why ? 

3. AB and any point C of CD determine a plane. 

Prop. I 

4. Suppose this last plane to intersect plane ED in CX, 
another line than CD. 

Then CX would be II to hoth EF and AB. 

Prop. Ill, cor. 
(H two intersecting planes pass through two II lines, theii' inlersection 
is II to these lines.) 

5. But ■.' CD II FF, this is impossible. 

Post, of parallels 
(f 85. Two intersecting straight lines cannot both be II to the same 
straight line.) 

6. .*. CD is the intersection of the planes through AB 
and C, and FF and C, 

and .-. CD II AB. Prop. Ill, cor. 



Exercise. 631. Why wilt not the proof of this tbeorem at 
plane geometry apply to this case in solid geometry? 
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Pbopositioh V. 

33T. Tbeorem. If two interMcting lines are retpeetivelg 
parallel to two otheri, the angles made by the jirst pair are 
eijaal or supplemental to those made hy the second pair. 



y, respectively parallel to 




tvo intersecting lines : 
two other lines x', y'. 



To prove that the angles made by x and y are equal or supple- 
mental to those made by x' and y'. 

Proof. 1. Suppose the intersections and 0' are joined, and 
from any points A, B, on x, y, parallels to 00' are 
drawn. 

2. *.■ 00', X, and x' are coplanar (Why ?), the paxallel 
from A meets x' as at A'. Similarly, B' is fixed. 

Prop. I, cor. 3 

3. Draw AB, A'B'. 

■.■ AA' 11 OO; and BB' II 00', .: AA' II BB'. Prop. IV 

4. ■.■0A',0B'aie!I],.\AA'=00' = BB'. r,prop.XXIV 

5. .-. ABBA' ia a O. I, prop. XXV 

6. .-. OA = O'A', OB = O'B; AB = A'B'. I, prop. XXIV 

7. .-.A ABO S A A'B'O', and Z AOB = Z A'O'B'. 

I, prop. XII 
After proving one pair of angles equal, the rest are 
evidently equal or supplemental by the tl 
ceming vertical and supplemental angles. 
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2. THE BEU.TI7E POSITION OF A USE AND A PLANS. 

Pkoposition VI. 

338. Theorem. ^ a line is perpendicular to each of two 
interseetiti^ lines, it u perpendicular to every other line 
lying in their plane and parsing through their point of 
intersection. 




Given x and s, two lines intersecting at 0, and w perpen- 
dicular to X and to z ; also y, any line through 
coplanar with x, z. 

To prove that w X y. 

Proof. 1, On w suppose OP' = PO ; let any transversal cut 
X, y, a at A, B, C; join P and P' with A, B, C. 
Then AP = AP', and CP = CP'. I, prop. XX, cor. 5 

2. And ■■•AC=AC, 

.-. A ACP ^ A ACP: I, prop. XII 

3. .'. by folding A ACP over AC as an axis, it can be 

brought to coincide with A ACP'. § 57 

4. .-.ABOP^ABOP', I, prop. XII 
and Z POB is a rt. Z, and w J. y. Why ? 
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338. Definitiona. A line is said to be perpendicular to a plane 
when it is perpendicular to eveiy line in that plane which 
passes through its foot, — i.e. the point where it meets the 
plane. The plane is then said to be petpendicolar to the line. 

If a line meets a plane, and is not perpendicular to it, it is 
said to be oblique to tbe pUne. 

OoROLLASiES. \. If a line is perpfMdieular to each of two 
intersecting lines, it is perpendicular to their plane. 

2. The locus of poiiits equidistant from two given points is 
the plane bisecting at right angles the line joining those points. 



Proposition VII. 

340. Theotem. If a line is perpendtcuiar to each of three 
concurrevt lines at their point of concurrence, the three linei 
are coplanar. 



>-^«^~M< 



Otreit 



that 



OY±OA, OB, OC. 
OA, OB, OC are coplanar. 

Proof. 1. Suppose M the plane determined by OA, OB ; and 
N the plane determined by OY, OC. 
Suppose that OC is not in M, and call OX the inter- 
section of M and N. 
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2. Then muBt OYA.OX. Prop. VI 

3. But ■-• or J. OC, this is impossible. Prel. prop. II 

4. .'. it is absurd to suppose OC not in M with OA 
and OB. 

CoBOLLABiEB. 1. Line* perpendicular to the same line at 
the savie point are eoplanar. 

2. Through a given point in a plane there cannot be drawn 
more than one line perpendicular to that plane. 



Sappoae OP and OQ ± plane M. Then each would be perpendlculai 
to OX, the line of intersection of their plane N with the given plane Jtf, 
thns Tiolating prel. prop. II. 

3. Through a given point in a line there cannot be drawn 
more than one plane perpendicular to that line. 

For if two planes could be drawn perpendicular to the line, then three 
lines in each would be perpendicular to the given line, and hence the two 
planes would coincide. 

Exercises. 532. Prove that if the band of a clock is perpendicular 
to Ita moving axle, it describes a plane in its revolution. Prove the 



533. How many straight lines are determined by six points, three 
being collinear? 

634. How many planes in general are determined by four points in 
space, no three being collinear? 

E35. In the left-hand figure of prop. Ill, suppose point to move 
farther from BDF, and to continue to do so indefinitely. What is the 
limiting figure which the left-hand figure is approaching? 
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parallel. 



SOLID GEOMBTBT. 

Pboposition VIII- 
Line* perpendicular to the s 



e plane o 




Given OY.XAl. plane MN at 0, X. 

To pTOre that OY II XA. 

Proof. , It is necessary first to show that OY, XA are 
eoplanar ; then that they are X to OX. 

1. Let XZL OX in plane MK, and = OF. 

Draw OZ, ZY, XY. 

2. Then ■■■ XZ = OY, OXs OX, 

and zxor = zo.rir = rt. Z, 

3. .-.AXOY^AOXZ, 

and OZ = XY. I, prop. I 

4. And ■.■ZY=ZY, r. A XYZ^A OZY, 

and Z YXZ = Z ZO r = rt. Z. I, prop. XII 

.-. XA, XY, XO are eoplanar. Why? 

6. .-. YO lies in that same plane. § 330, 2 

6. But ■.■ YO and XT J. OX, § 339 

.'. ro II AX, and similarly for all other Js. 

I, prop. XVI, cor. 3 

CoEOLLAKT. From a point outside of a plane, not mart 
than, one line can be drawn perpendicular to that plane. 
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PROPOBITION IX. 

342. Tbeorem. If one of two par<dlel Hrtes U perpendicvr 
lar to a plane, the other is also. 



":> 



or II OT, Oyx plane MJV a.t 0, and O'Y' meeting 

plane MN at 0'. 



Proof. 1. Let OA, OB be any lines from 0, in MN, O'A' II OA. 
and O'B' II OB. 

2. Then A YOA, YOB are rt. ^. § 339 

3. Bv.t ZYOA = AY'0'A',^YOB = ZrO'B: Prop.V 
i. .-. A yO'A', Y'O'B' are also rt. A, Prel. prop. I 



and 



0' Y' J. MN. 



the 



343. Definitions. The projection of a point on a plane ii 
foot of the perpendicular through that point to the plane. 

The projection of a line on a plane is the locus of the pro- 
jections of all of its points. 



' Exercises. 53fi. Are lines which mahe equal angles with a given 
line always paj-allel ? {Answer b; drawing figures to illustrate.) 

537. Show how to determine tlie perpendiculaj- to a plane, through a 
given point, by the use of two carpenter's squares. 

638. Prove prop. VI on the following outline ; Assume B on j/, and 
draw ABC bo that AB = BC (How is this done?); prove 2PB* + 
i-BC = PA^ + PC» =2-P0»+ 0C2+ OA^ = 2 ■ PO" + % ■ OB" + 
2 ■ BO* ; .: FB* = PO"^ + OB* ; .-. ^ POB is a rt. ^. 
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Proposition X. 



344. Theorem. The projection of a straight line on a plane 
it the straight line which partes through the prqjectiona of 
any two of its points. 



"T" 



Given A', P', B', the projections of A, P. B, points in the 

line AB, on the plane MN. 
To prove that the projection of AB is the straight line A'B'. 
Pnjot 1. AA' II BB' II PP'. Why ? 

2. .-. A, A', B, B' are coplanar. Prop. I, cor. 2 

3. .■- P is in that same plane. Why ? 

4. .". PP' is in that same plane. Prop. I, cor. 3 
6. .', A', P', B' are collinear. Prop. II 
6, Also any other point in A'B' is the projection of Bome 

point in AB. For a X to MN from such a point 

is II to AA' (§ 341) and lies in plane AA'B'B (S 82), 

and therefore meets AB in some point. 

345. Definitions. The smallest angle formed by a line and 

its projection on a plane is called the inclination of the line to 

the plane or the angle of the line and the plane. 

A figure is said to be projected on a plane when all of its 
points are projected on the plane. 

The plane determined by a line and its projection on another 
plane is called the projecting plane. 

In the figure of prop. X, Z ROB is the inclination of ABto MN. The 
plane deurmined by AB, A'B" U Uie projecting plan«. 
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Proposition XI. 

346. Theorem. Of all lines that can be drawn from a 

point to a plane, 

1. The perpendicular is the shortest ; 

^. Ohliques with equal inclijiationa are e^ual, and con- 
versely ; 

3. Oblifues uiith equal projectioju are equal, and eon- 
venely. 




1. GiTen PO J. plane MN, PX oblique to MN. 
To prove that FO < PX. 

Proof. ■.■^XOP=Tt.Z,(yVhy?).\PO<PX. I,prop.XX 

2. Given PO ± MN; ^PY0 = ^ PXO. 

ToproTC that PY = PX, which ia true because APOY^ 
A POX. I, prop. XIX, cor. 7 

CoNVEHSELY : Given PO J- JlfiV, PY-- PX. 
To prove that Z P TO = Z PXO, which is true because 
APOY^A POX. I, prop. XIX, cor. 6 

3. Given PO ± MN, 0Y= OX 

To prove that PY=PX, which is true because APOY^ 
A POX. I, prop. I 

CoNVEBSELY : Given PO ± MN, PY= PX 
To prove that OY=OX, which is true because APOY = 
A POX. I, prop. XIX, cor. 5 
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Proposition XII. 



347. TlMorem. From a point to a plane, 

1. Of two obliques vith unequal inclination», that having 
the greater inclination is the shorter, and conversely ; 

2. Of two obliques with unequal projections, that having 
the longer pry eetion is the longer, and conversely. 




1. Oirai POXJtfiV, py and PA two obliques such that 
^PA0>JLPY0. 

To prove that PA < FY. 

Piwrf. 1. Suppose X takeu on OA so that OX=OY. 

2. Then A P0^=£ A POr, and PX= J' y. Why? 

3. But FX, and -•. its equal PI', > PA. I, prop. XX 

CONVEBSELY : 

Given POA-MN, PF and PA two obliques such that 
PA < PY. 

To prove that Z.PAO> /iPYO. 

Proof. 1. Suppose X taken on OA so that 0X= OY. 

2. Then APOX^APOF, ^PXO = ZPYO, and 
PX^PY. Why? 

3. .-. PA < PX, :■ PA < PY. Given 

4. X cannot fall on A, for then PA = PX. 

5. Nor between and A, for then PA > PX. Why? 



Pbop. XII.] lines and PLANES IN SPACE. 259 

6. .■. ^ is on OA produced, 

and .■ . Z PAO > Z PXO. I, prop. V 

7. .-. Z PAO > Z pro. Subst. 

2. Given PO ± MN, PT and PA two obliques such that 

OA < OY. 
To prove that PA<Py. 

Proof. 1. Suppose -X taken on OA so that 0X= OY. 

2. ThGuAPOX^APOY,aadPX=PY. I,prop.I 

3. And ■.■ OA < OY, or OX, 

.-. PA < PX, or PY. Why ? 

Conversely : 
Given PO ± MN, P Y and FA two obliques such that 

FA < FY. 
To prove that 0A< OY. 
Proof left for the student. 

Definition. The length of the perpendicular from a point to 
a plane is called the distance from that poiut to the plane. 

E.g. in tbe figure on p. 268, the distance from P to MN is the length 
of PO. 



Exercises. 639. Prove that it three concurrent lines meet a fourth 
line, not in the same point, the four linea are coplanar. 

640. Why does folding a sheet of paper give a straight edge ? 

541. Suppose it known that a point P is in each of the three planes 
X, Y, Z. Is P prohably fixed ? Is it necessarily fixed ? 

642. If the triangles ABC, A'B'C, in different planes, are such that 
AB and A'B meet when produced, as also BC and B'C, and OA and 
a A', then the tines AA\ BE', CO' are either concurrent or parallel. 

643. How man; planes are determined by n concurrent lines, no three 
of which are coplanar ? 

544. If a line cuts one of two parallel linea, must it cut the other ? If 
it does, are the corresponding angles equal ? 
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PaoposiTioN XIII. 



34S. Theonm. The acute angle which a line makes with 
ite own projection on a plane is the least angle which it makes 
wUk any line in that plane. 




Otna the line AB, cutting plane P at 0, A'B' the projec- 
tion of AB on F, and XX' any other line in F, 
through 0. 

To prove that Z.A'OA<AXOA. 

Proof. 1. Suppose A' the projection of A, 0_X made equal to 
OA', and AX, AA' drawn. 

2. Then AA' < AX. Prop. XI, 1 

3. ."■ in A OXA and OA'A, we have 

0X= OA; OA s OA, and AA' < AX, 

.-. Z A'OA < Z XOA. 1, prop. XI 



Bzeicises. 546. The obtuse angle which a line makes with i\e own 
projection (produced) on a plane is the greatest angle which it makes 
wiih any line in that plane. 

646. In a given plane, to determine tbe locus of points equidistant 
from two fixed points in epace. 

647. Prove prop. IX by supposing OT* not perpendicular lo MN, but 
supposing another line CZ from C J- to UN ; then prove that (XZ would 
be parallel to OF, which would violate g 8G, and hence be absurd. 

648. As a special case of prop. X, suppose AB ± MN; what would 
be Ita projecUoD and Its inclination ? 
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Peofosition XIV. 

349. Theorem. Parallel lineg interBeotinff the same plane 
are equally inclined to it. 



k^ r 



Given two parallels, PA, P'A', intersecting a plane MN at 

A, A'; and 0, 0' the projections of P, P'. 
To prove that ZPAO = ZP'A'O'. 

Proof. 1. -.- PO and P'O' J. MN, 

^* .-.POWP'O'. ' Why? 

2. .-. Z OPA = Z O'P'A'. Prop. V 

(Let the student complete the proof.) 
350. Definition. Two straight lines, not coplanar, are re- 
garded as forming an ai^le which is equal to the one formed 
by either line and a line drawn, from a point upon it, parallel 
to the second. 



Ezercisea. 549. Parallel line-segments are proportional to tfaeir pro- 
jectioas on a plane. 

550. In genertil, which is the longer, a line-segment or its projection ? 
le there any exception ? 

661. Show how, with a 10 ft. pole marked in feet, to determine die 
foot of the perpendicular let fall lo the floor from the celling of a room 
8 ft. high. 

662. Show how a line 1 in. long and onotber 2 in. long may have 
equal projections on a plane. 

663. If any two lines are parallel, respectively, to two oUierB, an angle 
made by the first pair equals one made by the second. 
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PkO POSITION XV. 



SSL neorem. If a line intenecU a plane, the line in the 
plane perpendicular to the projection of the frtt line at the 
point of intersection i» perpendicular to the line itself. 




Oimi AB interaecting the plane MN at A, B' the projeo- 

tion of B on MN, and DC±AB' at A. 
To prove that DC±AB. 

Proof. 1. On DC let BA = AE'; join J;,^' to £ and B'. 

2. Then A AB'E ^ A AB'E", and EB' = ETB'. Why ? 

3. Then A EBB' ^ A E'BB', and EB = EB. Why ? 

4. Then A E'AB ^ A BAB, and Z. E'AB = Z BAE. 

■ Why ? 

5. .-. DC ± AB, by defs. of rt. Z and J.. 

352. Definition. A line is Baid to be parallel to a plane when 
it never meets the plane, however far produced. In that case, 
also, the plane is said to be parallel to the line. 

Exercises. 654. Prove prop. XV on the following outline : draw 
throagh B' a line II to DC ; prove this parallel perpendicular to plane 
ABTB; .-. DO ± plane JB^B, .-.UC^AB. 

555. Prove prop. XV by showing that AE^ + AS/' = BE^, and tiat 
therefore Z E'AB is right. 

556. In the figure of prop. XV prove that the area and perimeter of 
A ARB are reapeoljvely less than those of A ERB. 
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Proposition XVI. 

353. Theoiem. Antf plane containing only one of Ueo par- 
allel lines is parallel to the other. 



Given the parallel lines AB, A'B', and the plane MN con- 
taining AB but not A'B'. 

To prove that MIf II A'B'. 

Proof. 1. AB and A'B' determine a plane F. Prop. I, cor. 2 

2. ■.■ AB and A'B' He wholly in F, .-. if A'B' meets MN 
it meets AB. g 85 

3. But -.' AB II A'B; this ia impossible. § 82, def. II lines 



Exercises. 567. A line which ia parallel to a plane ia parallel to iU 
projection on tliat plane. 

658. Through a point without a stn^ght line any number of planer 
' can pass parallel to that line. 

669. If a line la parallel to a plane, the intersection of that plane with 
any plane passing through that line is parallel to the line. 

660. If from two points on a line parallel to a plane, parallel lines are 
drawn to and terminated by that plane, these parallel lines are equal. 

661. If a line is parallel to a plane, and if from any point in the plane 
a line is drawn parallel to the first tine, then the second line lies wholly 
in the plane. 

662. If, through a line pa,ral1el to a plane, eereral planes pass so as to 
intersect that plane, these lines of intersection are parallel. 

663. If the distances from two ^ven points on the same side of a 
plane, to that plane, are equal, the line determined by th<»e points ia 
parallel to the plane. 
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Proposition XVII. 



354. Theorem. Between two linea not in the tame plane., 
one, and only one, common perpendicular can be drawn. 





/ 


" 


I\ 


/ 


..(' 


l^'ip'^\ 



Qireii two lines K, L, not coplanar. 

To prore th&t one, and only one, common perpendicular can 

be drawn between them. 
Proof. 1. Let MN be the plane, througb K, II L. (Can such a 

plane exist ?) Let L' be the projection of L on MN. 

2. Then K is not II to L', for then it would be II to £. 

Why? 
Let K intersect L' at F. 

3. A X to £ and A" is J. to JKK Why ? 

4. Then ■/ L' is the locus of the feet of all Ja from 
points in L, on plane MN, § 343, def. projection 
.". P is the unique point in which a ± from a point 
on L, to K, can meet K. 

6. .'. if FQ is drawn X to L, it is ±, and the only J., . 
to both L and K. 

Corollary. The common perpendicular is the shortest line- 
segment between two lines not in the same plane. 

For if Q-P- II QP, then QP = Q'P' < Q'K. Prop. XI, 1 

355. Definition. The length of the common perpendicular 
from one line to another is called the distance between those 
lines. 
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PENCIL OF PLANUS. 



3. PEHCn. OF FLAITES. 



356. Deflnltlona. Any number of planes containing tlie 
same line are said to form a pencil of planes; the line is 
called its nda. 



357. Any two planes of a pencil aie said to form a dihedial 
ai^. 




formed by (he 
plSDee JC SDil A'. Dihedral angle 
UfF meuured by plane angle 

BOC. ^O the edge of Chadlhe- 



The two planes of a dihedral angle are called the faces, and 
the axis of the pencil is called the edge of the dihedral angle. 

Two Intersecting planes form more than one dibedr^ angle. Just as 
two intersecting tines form more than one plane angle, the latter term 
now being used to designate an angle made by lines in a plane. 

358. A plane of a pencil turning about the axis from one 
face of a dihedral angle to the other ia aaid to turn through 
the angle, the angle being greater as the amount of turning is 



Sine© the size of a dihedral angle depends only upon the 
amount of turning just mentioned, it is independent of the 
extent of the faces. 
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359. If perpendiculars are erected from any point in the 
edge of a dihedral angle, one in each face, the size of the plane 
angle thus formed evidently varies aa the size of the dihedral 
angle. Hence a dihedral angle is said to be mentsured hy that 
plane angle, or, strictly, to have the same numerical measure. 

360. A dihedral at^le is said to be acute, right, obtuse, 
oblique, reflex, Hraight, according as the measuring plane 
angle is so, and it is usually named by its measuring plane 
angle, or merely by its faces in counter-clockwise order. 

The terms adjacent angles, bisector, sum and difference oj 
dihedral angles, point within or vdthout the angle, complement, 
supplement, conjugate, and vertical angles will readily be 
understood from the corresponding terms in plane geometry. 

Aa with plane angles the smallest angle made by two intersecting 
lioea is, in general, to be onderstood unless the contrary 1b stated, so 
with dihedral angles. 

If a dihedral angle is right, the planes are said to be perpen- 
dicaUr to each other. 

E.g. in the following figure, ZT X UN. 



Proposition XVIII. 



361. Theorem. If a line i» perpendicular to a plane, any 
plane contairtir^ this line ig also perpendicular to that plane. 



(CSh 



Given OF perpendicular to the plane MN, and ZY any 

plane containing OY. 
To prove that Zrj. JfJV. 
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Proof. 1. Supppse OX, in JfiV, _L OZ, the intersectioa of MN 
andZr. 

Then A YOZ, XO Y are right A. Why ? 

2. But ■•■ Z ZOr fixes the measure of the dihedral Z, 

S359 

.-.ZY^-MN. Def. 



Pboposition XIX. 

362, Theorem. If two planes are perpendicular to each 
other, any line in one of them, perpendicular to their inter- 
section, ie perpendicular to the other. 



^ 

"1^" 



(Hven the planes ZY±MN, OZ theii intersection, and 
OX, in MN, ± OZ. 

Toprore that OX^-ZY. 

Proof. 1. Let OY, in ZF, he J. to 02 at 0. 

Then Z ^0 T ia the measuring angle. § 369 

2. .-. A XOY is right. Def. ± planes 

3. But '.■ Z ZOX is also right, Why? 

.-.OXJLZY. Why? 

CoKOLLARiES. " 1. If two planes are perpendicular to each 
other, a line from any point in their line of intersection, per- 
pendiendar to either, lies in the other. 

By the theorem, OTXMN, and it liei 
cor. 2, only one perpendicular to IIN can 
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2. Through a point without a line not more than one plane 
can pass perpendicular to that line. 

For if through F another plane could pass X OX, it would pass through 
O, ■.■ Z XOT = rt. Z, and only one ± can be drawn from T to OX. 
But the plane would also include line OZ, else there would be two Ji 
from U> OX in the plane MN. 



Pboposition XX. 

363. Theotem. If each of two intersecting planes is per- 
pendicular to a third plane, their Urie of intersection is also 
perpendicular to that plane. 




Given two planes, Q, R, intersecting in OF, and ea«h per- 
pendicular to plane M. 
To prore that OP J. M. 

Proof. 1. A±toJlffromOIiesin§andin-B. Prop. XIX,cor. 1 
2. .'. it coincides with OJP, the only line c 
Qand B. -•- OP ±M. 



Ezerciaea. 564. To construct a plane containing a g^ven line, and 
parallel to another given line. (Assumed in step I of prop. XVII,) 
666. Prove that vertical dihedral angles are equal. 

666. How many degrees in the measure of the dihedral angle between 
the plane of the earth's equator and the ecliptic ? 

667. Prove that the edge of a dihedral angle Ib perpendicular to the 
plane of the measuring angle. 

668. Prove that a line and ita projection on a plane determine a 
second plane perpendicular to the first. 
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Pboposition XXI. 



364. Theorem. Any point in a plane which bitectB a 
dihedral angle ie e^idistant from the faces of the angle. 




a dihedral angle, with faces Q, R, and edge CD, 
bisected by plane B; P, any point in B, with 
FX±Q, PY±E. 



Proof. 1. Let ^be the plane of PX, FY, and D its intersec- 
tion with CD. 

2. Then •■■ PXl. Q, .-.Ml. Q. Why? 

3. Similarly, M ± B. Why? 

4. .•.M±CD. Prop. XX 

5. .■.CD± DX, DY, DP, whose A therefore measure 
the dihedral A. g 359 

6. .-.AXDP^APDY. 

And ■■ AX=AY= rt. Z, and DP s DP, 

7. .■.ADXP^/\DYP,a.nAPX=PY. § 88, cor. 7 

CoBOLLARY. The locus of points that are equidistant from 
two intersecting planes is the pair of planes bisecting their 
dihedral angles. 
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PaOPOSiTiOM XXII. 



365. Theorem, 1/ from any point Unei are drawn per- 
pendicular to two intersecting planes, the angle formed by 
these perpendiculars hat a measure equal or supplemental 
to that of the dihedral angle of the planes. 




Glvoi the planes M, Q, intersecting in i ; lines PX 1. M, 
FY ±Q; and plane P YX cutting i at A. 

To prove that Z YPX ia equal or supplemental to the dihe- 
dral angle MQ. 

Proof. 1. Plane YXP X M, also J. Q. Prop. XVIII 

2. .-. plane YXP ± i. Prop. XX 

3. .-.XJand r^J-t. §339 

4. .-.Z-XAY measures dihedral Z MQ. § 359 
6. Bnt ■•• Z X= Z Y= rt. Z, Given 

.'. Z YPX is supplemental to Z XA Y, or dihedral 
Z Jfg. I, prop. XXI, cor. 

Corollary. If the point is within the dihedral angle, the 
angles are supplemental. 

Definition. If two planes do not meet, howeTer far pro- 
duced, they are said to be parallel. 

The term pencil of parallels is applied to planes as well as to UnM, 
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Pbofosition XXIII. 



366. Tbeorem. Planet perpendicular to the aame straight 
line are parallel 



Given two planes, M, N, J. line XY, at X, T, respectively. 
To prove that M II N. 

Proof. If .3f and N should meet, as at P, then two planes 
would pass through P J. XY, which is impossible. 
Prop. XIX, cor. 2 



SzeiciBes. G69. Proye that through a poiot without a plane any 
number of lines can pass parallel to the plane. 

670. Problem : To bisect a dihedral angle. 

571. ' To find the locus of points equidistant from two fixed planes, and 
equidistant from two fixed points. 

672. To find n point equidistant from two given planes, equidistant 
from two given points, and also at a given distance from a third plane. 

673. Prove prop. XXII for the case in which tbe point P is taken in 
plane .If. 

574. In the figure on p. 270, as Z XA Y increases from zero to a 
straight angle, what change does ^ YPX undergo ? 

575. Also, suppose Z XA Y = 120° ; what angle will FY make with 
plane M, it produced through Q to 3f ? 

576. Given two points, F, W, in two intersecting pUnes, M, Q, 
respectively. Find Z in tbe line of inlersection of Jf and Q, such that 
VZ + ZW shaU be a 



577. If from two points on a line parallel to a plane, parallel linos are 
drawn to that plane, a parallelogram is formed 
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Pboposition XXIV. 



367. Theoicm. The linet in which two parallel planes 
interaect a third plane are parallel. 




Giren two parallel planes, Jtf, JV, intersected by a third 

plane, T, in lines a, b. 
To prove that a II b. 

Proof. 1. a and b are in the same plane T. 

2. And they cannot meet, because they are in JIf and N 
respectively, and M 11 N. 

3. .'. they are parallel by definition. 

CoROLLABY. A line perpendicular to one of two parallel 

planes is perpendicular to the other. 

PsBH two planes through that line and apply prop. XXIV and the def. 
of a plane X to a line. ^ 

Exercises. 678. Through a given poinC onl^ one plane can pass 
parallel to a given plane. 

679. If two parallel planes intersect two other parallel plimw, tjie 
four lines of intersection are parallel. 

580. Parallel lines have parallel projections on an; plane. (Suppose, 
as a special case, that the lines are perpendicolar to the plane.) 

SSI. If two lines are at right angles, are their projections on any plane 
also at right angles ? 

682. If two planes are perpendicular to each other, any line perpen- 
dicular to one of them is either parallel to oi lies in the other. 



PENCIL OF PLASSS. 



Proposition XXV. 



368. Theorem. If two gtraight linei are cut by parallel 
planes, the corresponding seffments are proportional. 




Given ABCf DEF, two lines cut by planea P, Q, E, in 

points A, B, C and D, IS, F. 
To prove that AB: BC = DE: EF. 

Proof. 1. Suppose the line GRF, drawn through F, II ABC, 

cutting P, Q at G, H, respectively. 

Then AC, tf J" determine a plane; also DF, GF. 

Prop. I, eors. 2, 1 

2. .-. AG II BH II CF, and DG II EH. Why ? 

3. .-. AB = GH, and BC = HF. I, prop. XXIV 

4. BMf.GH-.HF^DE: EF, IV, prop. X, cor. 1 

.-. AB:BC = J>E: EF. Sobst. 3 in 4 



EXMCUea. 583. In a gfmiias[uiD swimming tank the water is 6 ft. 
deep, and the ceiling is 9 ft. above the water ; a pole 18 ft. long resi^ 
obliquely on the bottom of the tank and touches the celling. How much 
of the pole is in the wat«r ? 

684. In the figure of prop. XXV, connect C and D, and prove the 
theorem without using the line FG. 



iitizec by Google 



SOLID GBOUETBT. 



4. POLTHEDBiX AITGLES. 

369. Definitions. When a portion of space is separated 
from the rest by three or more planes which meet in but one 
point, the planes are said to form, or to include, a polyhedral 
angle. 

A polyhedral angle ia also called a wild angle. 

As two interaecting lines form an infinite nnmber of plane angles, but 
the smallest is considered unless the contrary is 
stated, and similarly with two intersecting planes, 
BO tbree or more intersecting planes form an infi- 
nite number of polyhedral angles, but, as with 
plane and dihedral angles, only the smallest is 
considered. 

The lines of intersection of the planes 
of a polyhedral angle, each with the next, 
are called the edges of the polyhedral angle. 




On account of the complexity of the general 



figure, the planes which form a polyhedral angle y-ABCD. ^.therer- 

are considered as cut ofl by the edges, as in Ibe tei ; VA, VB, VC, 

aboTe figure. So also the edges, which may be TD, the edges; plana 

produced indefinitely, are considered as cut off by ^' *'^'^' ""■ 

the vertex unless the contrary is stated. 

The portions of the planes which form a polyhedral angle, 
limited by the edges, are called the faces of the angle. 

370. Polyhedral angles contained hy 3, 4, , re planes are 

termed respectively trihedral, tetrahedral, if-hedral angles. 

A polyhedral angle is specifically designated by a letter at its vertex, 
or by that letter followed by a hyphen, and letters on the successive 

371. Congruent polyhedral angles are such as have their 
dihedral angles equal, and the plane angles of their faces also 
equal and arranged in the same order. 
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372. Symmetric polyhedral angleB are such as have their dihe- 
dral angles equal, aud the plane angles of theii faces also 
equal, but arranged in reverse order. 





Symnietric polyhednU ouglea. 



Oppoflite poljbedral ojiglea. 



Thus, in tbe above figure, Fand V are symmetric triliedrai angles, 
the letters showing the reverse arrangement. 

Some idea of this reverse arrangement may be obtained by thinking of 
two gloves, fitting tbe right and left hands respectively. As two such 
gloves are not congment, bo, in general, two symmetric polyhedral angles 
are not congruent. 

373. Opposite polyhedral angles are such that each is formed 
by producing the edges and faces of the other through the 
vertex. 



Exercises. 686. How many edges in an n-hedral angle ? How many 
dihedral angles ? How many plane face angles ? How many vertices 9 

686. If a straight line ia oblique to one of two parallel planes, it is to 
the other. 

687. If a plane intersects all the faees of a tetrahedral angle, what 
kind of a plane figure is formed by the lines of intersection ? What, in 
the case of a trihedral angle ? 

688. Does tbe magnitude of a polyhedral angle depend upon the 
lengths of the edges? 

689. Construct from stifi paper two symmetric trihedral angles, with 
face angles of about 30°, 60°, 45°, and see if they are congruent. (No 
proof required.) 

690. If each of two Intersecting lines is parallel to a plane, so is the 
plane of those lines. 



'.:.t,z'.c I!, Google 



J76 SOLW GBOMETHY. [Bk. VL 

Propositi ON XXVI. 
374. Theonm. Opponte polyhedral amglei are symmetric. 




Wvea r-ABCD, any polyhedral angle, and V-A'B'CD', its 

opposite polyhedral ai^le. 
Topiore that V-ABGD mA F--^'B'C"Z>' are symmetric. 
Proof. 1. ^ArB = /LA'VB', 

ZBrC=ZB' rC, Prel. prop. VI 

2. Dihedral A with edges VB, VB', being formed by 
the same planes, have equal (vertical) measuring 
angles. Prel. prop. VI 

3. So for the other dihedral A. But the order of 
arrangement in the one is reversed in the other. 
.". the polyhedral A are symmetric 

NOTB. That the order of the angles ia reversed appeara mora clear); 
to the eye b; making two opposite trihedral angles of pasteboard. It ia 
also seen by tipping the upper angle over, aa has been done in the figure 
to the right. 

KzerciBM. S91. If the edges of one polyhedral angle are respectively 
perpendicular to the faces of a second polyhedral angle, then the edges of 
the latter are respectively perpendicular to the faces of the former. 

692. Two parallel planes intersecting two parallel lines cut ofE equal 
segments. 
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Proposition XXVII. 



375. Theorem. In any trihedral angle the mm of any 
two faee-anffles is greater tkan the third. 



GiTcn the trihedral angle V-XYZ. 

Toprove that ZYyZ+ZZVX>ZXV7. 

Proof. 1. If Z XFy> either Z YVZ or ^ZVX, no proof is 
necessary. Why not ? 

2. If ZXrr> either Z YVZ ov ^ ZVX, suppose it 
> AZVX. 

3. Then in plane VXY suppose VW dra^ni, making 

z.xyw = Azvx. 

Suppose VC taken on VZ, equal to VP on VW, and 
a plane passed through C, F, and any point A of 
VX. Let this plane intersect VY at B. 

4. Then A^FP^A^FC, and v^t7 = ^-P. I, prop. I 
6. But-.-.4C+ C5>^£,or^i' + P^, Why? 

.•.CB>PB. Why? 

6. .-. in APri?and CVB, ZBVO ZPVB. 

I, prop. XI 

7. .-. Z CVA + Z.BVC> ZAVP + Z.FVB, 01 ^AVB., 

Orz rrir + zzrx>zxrr. Ax. 4 
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CoBOLLARiBS. 1. In any trihedral angle the difference of 
any two faee-angUs in less than the third. 

For if the face-angles are a, b, c, then dnce a + b>e, .■■a>c — b. 

2. In any polyhedral angle any face-angle is less than the 
sum of all the other face-angles. 

For the polyhedral angle may be divldod inUi a nmnber of trihedral 
anglea, and prop. XXVU repeatedly applied. 

Note. Prop. XXVII and corollaries auppoee that each face-angle is 
leas than a straight angle. This ia in accordance with the note under 
Ihe definition of a polyhedral angle. 

376. Deflnition. A polyhedral angle is said to be convez 
when any polygon formed by a plane cutting every face, is 
convex ; otherwise it is said to be concave. 



-Pboposition XXVIII. 



377. Theorem. In any convex polyhedral angle the i 
of the face-anglet is less than a perigon. 




(Hven any convex polyhedral angle, V-ABC 

To prove that ^ AVB + Z. BVC -\- ^ CVD -\- < perigon. 

Proof. 1. liBt the faces of the angle be cut by a plane. This 
will form a convex polygon of n sides (m = 6 in the 
figure), abc Def. convex polyh. Z 
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Let S^ = sum of plane A a, Vb, b Vc, , at the 

vertex ; 
^ = Bum of plane AbaV, Vba, cAF, , at 

the bases of the &u ; 
and iSp= sum of plane Acha, deb, , of the 



2. Then .ST, = (n - 2) at A, gi S^ + 2si.A = n at. A. 

I, prop. XXI 

3. And S^-\- S^ = n at. A, since there is a at *i for 

each A. I, prop, XIX 

4. -■. S,-\- S^ = S^ + perigon. Steps 2 and 3 ; ax. 1 
6. And -.- S^ > S^, Prop. XXVII 

.'. 5„ < perigon. 



BxeccUn. 593. The three planes wbicb bisect the three dihedral 
angles of a trihedral angle intersect in a common line whose points are 
equidistant from the three faces. (See prop. XXI, cor., and I, prop, 
XLrv.> 

594. Suppose a polybedral angle formed by three, four, five equilateral 
triangles. What is tbe sum of the face-angles at the vertex ? 

596. If lines through any point and the vertices. A, B, C, , of 

a polygon, cut a plane parallel to the pUne of that polygon in A', B", C, 

, prove that .^'JfC .^ABC ajut that the ratio of similitude 

is that of OA' to OA. 

596. In ex. 695, the more remote is from the planes ABC , 

A'B'C , the more nearly do AA', BB", CC become parallel; 

suppose they become parallel, state and prove the resulting theorem. 

697. In ex. 595, if plane .d'B'C were not parallel to plane ABG 

, prove that the corresponding sides, AB, A'B", and BC, RC, and 

CD, Ciy, , would, in general, meet In points on the intersection of 

the two planes. 

698, Two planes, each parallel to a third plane, are parallel to each 
Other. 

599. £x. 698 is analogous to I, prop. XVIII. State the theorem and 
corollaries analogous t« I, prop. XVII and its corollaries, and prove them. 
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Proposition XXIX. 

378. PraUem. Through a given point to pagg a plane 
perpendicular to a giveii line : (1) the poijit being withoiU 
the line, (£) the point being on the line. 




L Given the line YV, and point P without. 
Reqniied through P to pass a plane X TV. 
Conatmction. 1. From P draw POX ¥¥•. I, prop. XXX 

2. From draw another line OX J. Yy. 

I, prop. XXIX 

Then MX', the plane of OP, OX, is the required 

plane. 
Proof. ■■ r¥'A.OP, 

and YY'±OX, 

.-. YY'XMN. §339 

2. Given the line YY^, and the point upon it. 
Requind through to pass a plane ± YY'. 
ConBtraction and Proof. Draw OP and 0X± Y¥'. This can 

be done because the three lines are not required to 

be eoplanar. 

Then the plane XOP X Y¥'. § 339 
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PROBLEMS. 



Proposition XXX. 

379. Problem. Through a given point to pats a plarte 
parallel to a given plane. 

Solution. Draw two intersecting lines in the given plane. 
Through the given point draw two lines parallel to these lines, 
thus determining the required plane. 



Proposition XXXI. 



380. Problem. Through a given point to draw a line per- 
pendicular to a given plane : (1) the point being without the 
plane, (^) the point being in the plane. 




X. Given the plane MN, and the point P without. 
Required to draw a perpendicular from P to Mlf. 
Conetmction. 1. Draw PC ^.AB, any line in MN. 

I, prop. XXX 

2. In MN draw CE ± AB. I, prop. XXIX 

3. Draw PP' J. CE. I, prop. XXX 
Then PP' is the required perpendicular. 

Preof. 1. CA J. plane CPP'. Prop. VI, cor. 1 

2. Draw PD II CA ; then P'D X plane CPP'. Prop. IX 

3. .-. Z DP'P is right, and PP' J. P'D. § 339 

4. ButPJ"J,CP', 9.TA .• . PP' A. MN. Prop. VI, cor. 1 
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8. OiTCD the plane MN, and the point R within it. 
Q 




Reqttlnd through R to draw a perpendicular to MN. 
ConBtnicdoii. 1. From any external point S draw ST J. MN. 

Caael 

2. From fl draw SQ II TS. I, prop. XXXIII 

Proof. Then ItQ is the required perpendicular. Why ? 



600. From the point of intersection of two tines to draw 
• line perpendlcultu- to eacb of them. 

601. To determine the point wliose distances from the three faces of 
a given trihedral angie are given. Is it unique ? 

602. Prom the vertex of a trihedral angle to draw a line making equal 
angles with the three edges. 

603. The three planes, through the hisectors of the face-angles of a 
trihedral angle, perpendicular to tliose faces, intersect in a common line 
whose points are equidistant from the edges. (See I, prop. XLIII.) 

604. Id how manj ways can a polyhedral angle be formed with equi- 
lateral tilangles and squares ? 

605. Prove that a straight line makes equal angles with parallel planes. 

606. It each of two intersecting planes is parallel to a given line, prove 
that their intersection is coplanar with that line. 

607. Prove that parallel lines make equal angles with parallel planes. 

608. Are planes perpendicular to the same plane parallel ? 

609. In the figure of prop. XXV, without drawing FG, draw CD and 
AF ; then show that the four lines CD, CA, FD, FA intersect plane Q 
in the vertices of a parallelogram. 

610. Given two lines, not coplanar, and a plane not conCuning either 
line, required to draw a straight line which shall cut both given lines and 
shall be perpendicular to the plane. (Project both lines on the plane.) 



BOOK TIL — POLYHEDEA. 



1. gehebal and begvlak polthbdra. 

381. Definitions. A solid whose bounding suiface coosiats 
entirely of plajies is called a polyhedron ; the polygons which 
bound it are called its facea; the sides of those polygons, its 
edges; and the pointe where the edges meet, its verticeB. 

382. If a polyhedron is such that no straight line can be 
drawn to cut its surface more than twice, it is said to be 
convex; otherwise it is said to be concave. 

Unless the contrary is Btat«d, the word potyhedron means convex poly- 
hedron. The word conJiex will, however, be used wherever necessary tor 
special emphasis. 

383. If the faces of a polyhedron are congruent and regular 
polygons, and the polyhedral angles are all congruent, the 
polyhedron is said to be regular. 

Bxercises. 611. Draw a figure of a polyhedron of four faces. Count 
the edges, faces, and vertices, and show that the number of edges plus 
two equals the number ol faces plus the number of vertices. 

613. Do the same for a polyhedron of five faces ; also of six faces. 

613. Take a piece of chalk, apple, or potato, and see if a seven-ei^ed 
polyhedron can be cut from it. 

G14. What is the locus of points on the surface of a polyhedron equi- 
distant from two given vertices ? (The distances are to be taken as usual 
on a straight line, and not necessarily on the surface.) 

616, What is the locus of points equidistant from two given non- 
parallel faces of a given polyhedron ? 

616. To find a point equidistant from two given vertices of a polyhe- 
dron, and from two ^ven non-parallel faces. 
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Proposition I. 



381. nwonm. If a convex polyhedron has e edi 
tices, and f faces, then e + 2 = f + v. 




(Hven ABC Z, a convex polyhedron of e edges, v ver- 
tices, / faces. 

To pnm that e + 2 =f+v. 

Proof. 1. Imagine^BC Z formed by adding adjacent faces, 

beginning with any face as ABCD of a sides, 

then adding face M, of b sides, and so on. 

(It is advisable to build up a rectangular box of paste-board 
while reading Ihe proof.) 

Let e^ = the number of edges, and «, = the number 
of vertices, after r faces have been put together. 

(Thus when we put 2 rectangles together in building np the 
box, we have located T edges and vertices ; i.e. ej = T, 
Cg =6, in thiscftSe.) 

2. Then, since the first face had a sides, .". «i = o and 
wi = a. 

(In the box, d = 4, fi = 4.) 

3. ■■' adding an adjacent face M, of 1/ sides, gives only 
(i — 1) new edges, and (b — 2) new vertices (Why ?), 

(In the box, addiog a second rectangle 1« the first givea 
only 3 Dew edges because we have 1 in common with the 
first face, and 2 new vertices because we have 2 in common 
with the first face.) 
.■.et = a+b — l,Vi = a + b — 2,ao that ei — »'i = 1. 

(In the box, es = 4 + 4 — 1 = 7, P5 = 4 + 4-2 = 6, so 
thates -T>i = 1.) 
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4. Therefore we have 

«i = "i + 1- 
Now while the aumber of edgea common to two 
Buccesaive open surfaces will vary according to the 
way in which the additions are made, the addition 
of a new face evidently increases e by one more 
nnit than it increases v. 

.-. «> = *-. + 2, 
e,^Vi + 3, 
and, in general, 

or e^ — »;^ = r — 1. 

6. But the addition of the last, or /th face, as XYZ, 

after all the others have been put together, gives no 

new edges or vertices, 

.■..,-,, = .,_,-„,_, =/-2, 
(la the bos, adding the last face merely puta on the cover, 

adding no new edgea or verticcB. .-. eg — ug = es — Oj = 4, 

wbicti IB evidently true, because 12, the number of edges, 

minus 8, the number of vertices, is 4.) 
6. That is, er-i^=/-2, so that e4-2=/+«i for 

e^ = e, and v^ = v. 

Corollary. For every polyhedi-on there is another which, 
ivith the same number of edgea, has as many faces as the first 
has vertices, and as many vertices as the first has faces. 

It is easily seen that a polyhedron ean be inscribed with a vertex at the 
center of each face, the nnmbor of edges remaining the same. 

NoTB. This theorem is known as Enler's, although Descartes knew 
and employed it. The theorem is very useful in the study of crystals. 

Exercise. 617. If the faces of a polyhedron are all triangular, the 
namber of faces is even and is four less than twice the number of ver- 
tices. (Since there are 8 edges to every face, but each edge belongs to 
2 adjacent faces, e = S/y2 ; substitute in e + 2 = / + «.) 
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Proposition II. 

385. Theorem. There cannot be more than five regular 
convex polyhedra. 

Proof. 1. Let n = number of sides in one face, and a = numbei 
of degrees in each plane Z of the faces of a regular 
convex polyhedron. 

Then a = (» - 2) ■ 1807«, I, prop. XXI 

and if n = 6, then a = 120°, and 3 a = 360°. 

2. .•. if B = 6 or more, there can be no solid angle. 

VI, prop. XXVIII 

3. And if n = 5, then a = 108", and 3 a = 324°, 

and .■. 3 regular pentagons, but no more, can form a 
solid angle. VI, prop. XXVIII 

4. And if n = 4, then a = 90% 3 a = 270% 4 a = 360°, 
and .*. 3 squares, but no more, can form a solid 
angle. VI, prop. XXVIII 

5. And if n = 3, a = 60°, 3 a = 180°, 4 a = 240", 
6o = 300% 6a = 360°, 

and .'. 3, 4, or 5 equilateral ^, but no more, can 
form a solid angle. VI, prop. XXVIII 

6. .'. there cannot be more than 5 regular convex 
polyhedra, viz. those formed by regular pentagons 
(3 at each vertex), squares (3 at each vertex), equi- 
lateral triangles (3, 4, or 5 at each vertex). 

NoTB. There are five regular convex polyhedra ; but tbe complete 
proof of the fact ia not of enough Importance to insert it in tlie body of 
the work. It may be ^ven as an exerciae, since it inyolves no new 
principles. These five polyhedra have beeu called the Plijiionic Bodies, 
from the att«nUou given them in riato's school, atthoogh they were 
known to Ihe PyUiagoreana. The three simpler forms enter largely into 
orystollography, usually somewhat modified. 

The five regular polyhedra are ^ven on page 287. 
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r leirahtdron Tbe regnliir hexahedron 
(or uitmgulsr p^rUDld), (or cube), farmed b; 

formed b; 4 eqoUMeral 6 sqnares. 



The regular oetahednm, 
formed bj 8 eqnllatend 
trlODgles. 





The five regular polyhedra can be constructed from cardboard by 
marking ont the following, cutting through the heavy lines and half 
through the dotted ones, and then bringing the edges together. 




-nOOglC 



SOLID GEOMETRY. 



2. PARALLELEPIPEDS. 



386. Definitions. A Parallelepiped is a solid bounded by 
three paiia of parallel planes. 

The four linea through a parallelepiped, joining the oppo- 
site vertices, are called its diagonals. 



Proposition III, 



387. Theorem. The opposite faces of a parallelepiped are 
congruent parallelograms; and any section of it, made by 
a plane cutting two pairs of opposite faces without cutting 
the remaining pair, is a parallelogram. 



Given the parallelepiped AG, and PQRS a plane section 
cutting the parallel faces AF, DG, and AH, BG. 

To prove (1) that AC and EG are congruent H], 
(2) that PQRS is a O. 

Proof. 1. EF II HG II DC II AB W EF, 

and BC II FG II EH II AD II BC, VI, prop. XXIV 

and .-. all faces are S. § 97, def. O 

2. .\AB = EF = HG = DC, 

and BC = FG= EH=AD. I, prop. XXIV 
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3. And ■-■ ^FEH=^BAD, VI. prop. V 
.-.CJAC^CJ EG, which proves (1). I, prop. XXVI 

Similarly for other opposite faces. 

4. And -.■ FQ II SB, and PS II QB, VI, prop, XXIV 

.'. PR is a O, which proves (2). § 97, def. EJ 

CoBOLLABY. A parallelepiped has three sets of parallel 
and equal edges, four in each set. 

388. Definitton. If the faces of a parallelepiped are all 

rectangles, it is called a rectang[ulAr parallelepiped. 

It will be noticed that as axes of symmetry enter Into the study of 
plane fignrea (§ AS), and especially of regular figuiea, bo planes of sym- 
metry and axes of symmetry enter into the study of solids. A jAane of- 
symmetry divides the solid into halves, related to each otber as a figure is 
related to its image in a mirror. Planes of c^mmetr; play an ImportAnt 
part !n the study of crystals. The term axit of ^V^melry will be under- 
stood from Plane Geometry. 



Exercises. 618. Prepare a table shewing ttie number (1) of faces, 
(2) of edges, (3) of vertices, (4) of sides in each face, (5) of plane angles 
at each vertex, of all of the fire regular polyhedra. 

619. How many degrees in the sum of tbe face-angles at one vertex 
of a regular tetrahedron ? hexahedron ? octahedron ? dodecahedron ? 
icosahedron ? 

620. The perpendiculars to the faces, through their centera, of a 
regular tetrahedron are concurrent in a point equidistant from all of the 
vertices, from all of the faces, and from all of the edges. 

621. Prove that no polyhedron can have less than six edges. 

622. In a regular tetrahedron three times the square on an altitude 
equals twice the square on an edge. 

623. Certdn crystals have their comers cut off, that is, the vertices of 
their polyhedral angles replaced by planes. Suppose a regular heza- 
hedral crystal has its trihedral angles replaced by planes, how many faces 
has the new crystal ? How many edges ? vertices ? Is Euler's theorem 
satisBed ? 

624. How many planes of symmetry and how many axefl of sym- 
metry has a regular hexahedron ? octahedron P 
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Pkopositioh IV. 

389. Theorem. In any parallelepiped, 

1. The four diagonals are concurrent in the mid-point 
of each. 

Z. The mem of the squares on the four diagonals equals 
the mm of the squares on the twelve edges. 




Oiren 
To prove 



a parallelepiped with diagonalB AG, SH, CE, DF. 
that (1) the dU^nals are concurrent at 0, the mid- 
point of each; 
(2) A<? + BH^ +CE* + DF* = AB* + BC* + 

1. -■■ BF=aiidi\Dff, Why? 

.-. DBFS is a D. Why ? 

2. .-.FDaM BH bisect each other at 0. § 100, cor. 2 
Sim ilaily, BH and CE, CE and A G, bisect each other. 

3. And '.■ there is only one point of bisection of BH 
and CE, § 41 
-■. BH, CE, AG, and DFa-ra concitrrent at O. 

4. Ai^A-.- AG^-frCE' = AC'+CG'+GE* + EA*, 
and DF* + BH* =BF* + FH* + Hlf + i>B», 

II, prop. XI, cor. 
6. .-.by adding, and noting that AC* + DB* = AB* -^ 
BC* + CD* + DA*, etc., the theorem is proved. 
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3. PfilSMATIC Ain) PYBAHIDAL SPACE: 
PRISMS Aim PYBAHmS. 

390. Definitions. A prismatic snriace is a surface made up 
of portions of planes, the intersections of which ate all parallel 
to one another. 



391. If, counting from any plane of a piismatic surface 
as the first, each plai 



^¥^ 




A poTtloD of a piiNnatiii 
(pace, quadiuiKular 
uidoooTei. ABCD, 
a lighl BKtion. 



intersects i 

plane, and the last one 
intersects the first, the sur- 
face ia said to enclose a 
prisnutlc space. 

The lines of intersec- 
tion are called the edges, -^p"* 
and the portions of the 
planes between the edges, 
the faces, of the prismatic space. 

The edges and the fac«s are supposed lo be antiiiiit«d in lengtb. It 
will be readily seen that a prismatic space is related to entire space sm a 
plane polygon is to'its entire plane. It will therefore be interred that 
theorems relating to polygons have corresponding theorems relating to 
prismatic spaces. 

392. A section of a prismatic space, made by a plane cutting 
its edges, is called a transverse section. If it is perpendicular 
to the e^es, it is called a right section. 

393. A prismatic space is said to be triangular, quadrai^^lar, 

rectoi^^lar, pentagonal, , n-gonal, according as a transverse 

section is a triangle, quadrilateral, rectangle, ptntagon, , 

n-gon, and to be convex or concave according as a transverse 
section is a convex or a concave polygon. 
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FrismatJc spaces ma; be such that transverse sections are codtsz, con- 
c«Te, OT cross polygons. All theorems not inrolving mensuration will 
at once be seen to appl j to each class. But on accoimt of the complexit; 
of the figaKS, the third form (cross) is not considered in this work. 

394. The portion of a prismatic spa^e included between two 
parallel tranaTerse sections is called a prism, the two transverse 
sections being called the bases of the prism. 

Thus in the figure on p. 293 the portion of the prismatic space P, 
between S and S\ is a prism. 8 and S" are the bases. 

The signification of the terms edges, faces, and prismatic surface at a 
prum, upper and lower bases of a prism, Iriarigitlar prisms, etc., will be 
inferred from the above definitions. By transverse and right sections of 
a prism are to be understood the transverse and right sections of its 
prismatic space. 

The sides of the bases of a prUm are also called edges ; where con- 
fusion is bible to arise these are called base edges, and the edges of the 
prismatic space are called lateral edges. 



is. In the figure of prop. IV, prove that Oi, 0, Og are 
collinear. 

626. Also that OiO = EA/2. 

S27. Also that If AO is a rectangular parallelepiped, OiO Is perpen- 
dicular to line EO. 

628. Also that if the diagonals of all the faces are drawn, and the 
points of intersection of the diagonals of the opposite faces are con- 
nected, these connecting lines are concnrrent at 0, the mid-point of each. 

629. Prove that the square on a diagonal of a rectangular parallele- 
piped equals the sum of the squares on three concurrent edges. 

630. If the edge of a cube is represented by Vs, find the diagonal. 

631. Prove that the four diagonals of a rectangular parallelepiped 
are equal. 

632. Show that the edge, diagonal of a face, and diagonal, of a cube, 
are proportional to 1, V2, Vs. 

633. If the plane FE, of prop. Ill, were also to cut the faces EF 
and DB, what would be the plane figure resulting ? What would be the 
relation of its opposite sides ? 
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Proposition V. 

395. Theorem. Parallel tran»ver»e geetions of a prismatic 
apace are congruent polygons. 




Given the prismatic space F, with S, S', two parallel trans- 
verse sections. 

To prove that 8= S'. 

Pntof. 1. ".' the sides of S II sides of S', respectively, 

VI, prop. XXIV 

.'. A oi S= A of S', respectively. VI, prop. V 

2. And '.' the sides of S also equal the sides of S', 

respectively, I, prop. XXIV 

.". by superposition, S is evidently congruent to S'. 

Corollaries. 1. The bases of a prism are con,gruent poly- 

2. The faces of a prism are parallelograms. 

3. The lateral edges of a prism are equal. 



Exercise. 634. Suppose in the figure of prop, ni, another plane II to 
PR, cnttiDg the same faces as PR, but not the other faces. Prove that 
it would cut out a parallelogram congruent to PR. 
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396. Definitions. A pyramidal surface is a surface made up 
of portions of planes which have but (me point in common. 





A prrunidttl gnrfaoe. A portion ot ■ pyrtunldal Bp«os qoad- 

lansnlsi and oonTei. V, tbe Tertex; 
.IfCD, a tmtnena section; V-ABCD, 
> pynunld, ASCD being lu base. 

397. If, counting from any plane of a pyramidal surface as 
the first, each plane intersects its succeeding plane, and the 
last one intersects the first, the surface is said to contain a 
pyramidal space. 

Unlilie a piiecostlc space, a p7Tamidal space is doable, its parte lying 
on oppodte sides ot the common point. 

The lines of intersection of the planes are called the edges, 
the portions of the planes between the edges, the faces, and 
the point of intersection of the edges, the Tcrtex, of the 
pyramidal space. 

Hie edges and faces are Eupposed to be unlimited in length. 

398. A section of a pyramidal space, made by a plane 
cutting all of its edges on the same side of the vertex, is called 
a transrerse section. 

399. The terms triangular, , n-gonal, concave, convex 

pyramidal space are defined as the like terms for prismatic 
space. 
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400. The portion of a pyramidal space included between 
the vertex and a transverse section la called a pymnld, the 
tianaveise section being called its bue, and the vertex of the 
apace, the vertex of the pyramid. 

is a pjnunid, ABC being the base uiil 



The distance from the vertex of a pyramid to the plane of 
its base is called the idtltade of the pyramid. 

Thus in the i^ure below, VV is the altitude of pyramid V-ABC. 

The Bigniflcation of the terms edges, facea, transverse section, base edges, 
etc., of a pyramid can be inferred from the preceding definitions. 

40L The portion of a pyramidal space included between 
two transverse sections on the same side of the vertex ia 
called a truncated pyramid; if the tranaverae aections are 
parallel, it is called a fmstum of a pyramid, the two sections 
being called the bases of the frustum, 

A %-ustum of a pyramid is therefore a special form of a truncated 
pyramid. 

A pyramid is also a special case of a truncated pyramid, the upper 
liase being zero. 

The distance from any point in one base of a frustum of a 
pyramid to the plane of the other base ia called the altitude 
of the frustum. 




TiBtmncatedpTTUnld; ABCJC TZ, ^ IrvMaia at (be pyramid F-ABC; 
FV, the altitude of the pyramid; ABC, XYZ.tbe lower and npiier 
baee* of the rrmtum ; SX , the altitude ol the Irustom. 
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Pbopositiok VI. 

40S. Theonm. ParaUel tranmerse geetiong of a pyramv- 
dot tpace are similar polygons, whose areas are proportional 
to the tquares of the distances from the vertex to the cutting 
planes. 




^A7 



OlTen P, a py^ramidal space with vertex V, cut by t-wo 
parallel planes, R, R', making transverse sections 

ABC = S, A'B'C = S, respectively ; VXl. R, 

VX'^R'. 

To proTc that (1) S^ S', 

(2) S:S'= VX<': VX'^. 

Proof. 1, '.■ the sides of S are II to the sides of 5', 

VI, prop. XXIV 

-■. VA : VA' = VB : VB' = and so on for other 

points. IV, prop. X, cor. 2 

2. .-. 5'— S", which proves (1). § 258, def. sim. figa. 

3. And -.- AB : A'B' = FA : VA' = VX -■ VX', 

IV, prop. X, cors. 1, 3 

and S:S' = AB': A'B'*, ■ V, prop. IV 

.■.S:S'= VX-' : VX'*. rV, prop. VII 
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NoTB. The definition ot similar flguree, given in Book IV, 5 268, is 
general ; the center of similitude and tlie given figures may or maj not 
be in tbe same plane. Tlius in tbe £gure on p. 296, V is the center of 
similitude of the triangles ABC and A'B-C, and in the flgnre on p. 296, 
F is the center of similitude of the triangles XYZ and ABC. Neither 
is the definition limited to plane figures ; we may have etmilar solids as 
welL Thus two balls are similar, or two cubes, or two regular tetra- 

Corollaries. 1. If a pyramid is cut by a plane parallel 
to the base, (1) the edges and altitude are divided proportion^ 
eMy, (2) the section is similar to the base. 

If the planes in the proof on p. 290 are on tbe same side of F, step 3 
proves (1), and sl«p 2 proves (2). Or, in the figure on p. 2S5, 

FF':XX' = VA -.XA, 
and AJBC^AXrZ. 

2. In pyramids having equal bases and equal altitudes, 
transverse sections parallel to the hoses, and equidistant from 
them, are equal ; if the bases are congruent, so are the sections. 

1. Let 8, s' be the areas ot the sections, b, b' the areas of the bases, d 
the distance ot the section from the vertex, and a the altitude. 

2. Then from prop. VI, 

s r 6 = # : a», 
and a':6' = (P:a«. 



i. And if tbe bases are congruent, so are the sections, since they are 
both similar and equal to the liases. 

3. The bases of a frustum of a pyramid are sim,ilaT figures . 
For they are parallel transverse sections of a pyramidal space. Hence 
step 2, p. 296, proves the corollary. 

Exercise. 636. In the figure on p. 206, suppose Z ABC a right angle, 
.iB = 8iii.,^C=6in.,FB = 10in.,andtheareaof Ad'B'C = 12sq.in.; 
find the length of VW. 
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4, THE MERSUKATIOIT OF TEE PSISH. 

403. Definition. The ajea of the prismatic surface of a 
prism is called the lateral area of the prism. 



Proposition VII. 

404. Theorem. The lateral area of a pritm eqaah the 
product of an edge and the peiiTmter of a right section. 




Oives the prism P ; a right section B, with sides Su Sj, ; 

/,,/,, the faces of the prism; e, an edge- 
To prove that the lateral area of P is e ■ («, + «j H ■). 

Proof. 1. '."bydefinitionof rightsection,.RJ.e,.-.s,±e. §339 

2. ■■'/i./a. areiU, Prop. V, cor. 2 

.". area/i — e-Si. V, prop. II, cor, 3 

3. And ■-' the edges are equal, Prop. V, cor. 3 
.■- area ft = e- s%, and so for the other faces. 

4. .'.lateral area^e^s, +e-Sj+ = e.(5, + 5, + ), 

Ax. 2 
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405. Definitions. A prism whose edges are perpendicular 
to the base is called a right prism ; if the edges are oblique to 
the base it Is called an oblique prism. 

E.g. on p. 301 fi ifl a right priam and is an oblique prism. So a 
cabe is a special kind of & right prism, and the parallelepiped illustrated 
on p. 200 Is an oblique prism. 

The distance from any point in one base of a prism to the 
plane of the other base is called the altitude of the prism. 

Similarl; for a parallelepiped, which is a special kind of prism. 

Corollary. The lateral area of a right prism equals the 
product of the altitude and the perimeter of the base. 
For the altitude here equals the edge. 



Exercises. 636. Required the lateral area ot a prism of edge 3 in., 
the right section being an equilateral triangle of area J Vs aq. in. Also 
the laieral area of one of edge 3 in., the right section being a square of 
diagonal V2 in. 

637. Required the lateral area of a right prism whose base is a square 
of area eq. in., and whose altitude equals the diagonal of the base. 
Also required the total area. 

633. Required the total area of a nght prism whose base is an eqni- 
latoral triangle of area i Vs, and whose altitude equals a base edge. 

639. Required the total area of a right prism whose t>ase is a regular 
hexagon whose side is 1 in., the altitude of the prism being equal to the 
diameter of the circle circumscribing the base. 

640. Required the lateral area of a prism of edge }, the right section 
being a regular hexagon of area | V3. 

641. Required the total area of the prism mentioned in ex. 640, 
snpponng it to be a right prism. 

642. A converse of prop. VI is as follows r If two wmilar polygons 
have their corresponding sides parallel, and lie in different planes, the 
lines through their corresponding vertices are concnrrent. Prove it. 
(A generalization of the idea of similar figures In perspective ; see the 
definition of ^milar figures § 268, and the note at the top of p. 297.) 

643. InvesUgate. and prove whether or not any three faces of a tetra- 
hedron are together greater than the fourth. 
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Proposition VIII. 



406. Theorem. Pnwiw cut from the same prismatic space 
and having equal edges are equal. 



Given two prisms, P, P', cut from the some prismatic 
space S, and having equal edges e. 

To pro™ that P = P'. 

Proof. 1. If ^=the portion of the prismatic Space between 
P and P', then by adding e to the edges of K, each 
edge of P + K= an edge of K-\-P'. Ax. 2 

2. Then '.' P + K can evidently slide along in the 
prismatic space and occupy the position of K + P', 

.-.p + k^k+p: §57 

3. ..P = P: Ax. 3 

CoROLLAKlES. 1. Right prisms having equal altitudes and 

congruent bases are congruent. 

2. An oblique prism is equal to a right priavt whose base 
and altitude are respectively a right section and edge of the 
oblique prism. 
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Pboposition IX. 

407. Theorem. The two tria'ngular prisms into which any 
parallelepiped w divided by a plane through two opposite 
edget are equal. 



Glreii aad R, parallelepipeds with equal ef^t^s, cut from 
a prismatic space, R being right ; also, P, a plane 
through two opposite edges of that apace, cutting 
R, into two triangular prisma, T^ and T,, X-y and 
Xt, respectively. 

To prore that (1) T, = T,, (2) Xi = X». 

Proof. 1. The base of T, ^ the base of T^. I, prop. XXIV 

2. ■■■ they have the same altitude, .-. T, = T,. Why? 

3. X, = Ti, audX, = 2',; Prop. VIII 

4. And ■-■ T, = n, .■- X, = X,. Ax. 1 

CoEOLiAKT. A triangular prism is half of a parallele- 
piped of the same altitude, whose base is the parallelogram of 
which one side of the triangular base is the diagonal and the 
other two are the sides. (Why ?) 
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Pbopobition X. 



408. Tbeorem. Any parallelepiped is equal to a rectan- 
gular parallelepiped of equal base and equal altitude. 




Giren a paj'aJlelepiped, III. 

To prore tliat III equals a rectanguJar parallelepiped as I, of 
equal base and equal altitude. 

Proof. 1. Let II be a parallelepiped on the same base, B, as 
III, formed by a rectangular prismatic space, B, 
cutting the prismatic space S of the figure. 
Let I be a rectangular parallelepiped cut from R, 
with a base B' = B, and a base edge e' consequently 
equal to base edge e of II. II, prop. I, cor. 4 

2. Then III = II, being part of S and having a com- 
mon edge. Prop. VIII 

3. And I = II, being part of R and having an equal 
edge. Prop. VIII 

4. .-. Ill = I. Ax. 1 
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Pbopobition XI. 

409. Theorem. Two rectangular parallelepipeds having 
congruetU bases are proportional to their altitudes. 






Given two rectangular parallelepipedB, R and R', with aJti 

tudes a and a' respectively, and with bases h. 
To prove that B:R' = a:a'. 

Proof. 1. Suppose a and a' divided into equal segments, I, and 

suppose a = nl, and a' = n'l. 

(In the figures, n = 6, n' = i.) 

Then Lf planes pass through the points of division, 

parallel to the bases, 

R =n congruent rectangular ppds. bl, 

and R' = n' " " " " 



Why? 



Note. The Btadent should notice the resemblance between this 
theorem &ad Bk. V, prop. X. The above proof assumeB that a and a' 
are commensurable, and hence that the; can be divided into equal 
KgmenUi I. The proposition is, however, entirely general. The proof 
on p. 301 is valid if a and a' are incowmensiiTable. 



Ezerdae. 644. Given the dii^onala, a, b, c, of thcee unequal faces 
of a rectangular parallelepiped, to compute the edges. 
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410. Proof tia Inconuneiuarable cue. 




1. Suppose a divided into equal segments /, 
and suppose a = nl, while a' = n'l + s^e r 
X, such that x<l. 

Then if planes pass through the points of division, 
parallel to the bases, 

R =n congruent rectangular ppds, bl, 
and -B' = »' " " "" + a re- 

mainder bx such that bx < bl. 

2. Then a' lies between n'l and («' + 1) I, Why ? 
and R' lies between n' • bl and («' + 1) bl. Why ? 

I'+l 



s between — and - 



^'i 



I' + l 



4. .". — and -p- differ by less than — • Why ? 

6. And '.'— can be made smaller than any assumed 
difference, by increasing n, 
.'. to assume any difference leads to an absurdity. 

_— --^- 
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Proposition XII. 

111. Theorem. Tteo rectangular parallelepipeds of equal 
altitudet are proportion^ to their hates. 



f^ ^ 



^ 



GiTen two rectangular paraHelepipeds, P, P', having alti- 
tndea a, and bases be and yz, respectively. 



Proof. 1. Suppose a rectangular parallelepiped Q to have an 
altitude a and a base yc. 

2. Then '■■ aa may be considered the base of F and Q, 

?. = t 
"Q y 

Q 



3. And similarly, -^, = 
4. 



be 



Prop. XI 
Why? 
Why? 



ti2. Deflnhioii. The length, breadth, and thickness of a 
rectangular parallelepiped are called its three dlmenBions. 



Bxeidse. 646. H through a point oi 
piped plane* are passed parallel to tbe t 
by ttie diagonal, tbe paralleleplpeda on 
plane are equal. (See II, prop. IV.) 



a diagonal plane of a parallele- 
vo pairs of faces not intersected 
opposite sides of that dii^nal 
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Pkoposition XIII. 

113. Theorem. Two rectangvlar parallelepipeds are pro- 
portional to the products of their three dimeneione. 




Giren two rectangular parallelepipeds, P, P', of dimen- 
sions a, b, c, and a', />', c', reapeetively. 
To prore tliat P:P' = alic : a'h'c'. 

Proof. 1. Suppose a rectangular parallelepiped Q to have the 

three dimensions a', b, e'. 



2. Then 
and 



P' b- 



Prop. XII 

Prop. XI 

Why? 



Corollaries. 1. The volume of a rectangular parallele- 
piped equals the product of its three dimensions. 

Tbia meanH that the number which represents the volume is the pcodnct 
of the three numbers representing the dimenuons. That is, the number 
of tines the unit of volume is contained in the given pandlelepiped, is the 
prodnct of the numbers of times the unit of length is contained in three 
concurrent edges. 

If P' is a cube, of edges 1, 1, 1; Uien P' is the unit of meafinre of 
volume. But P : P" then becomes P : 1, and a6c : 1 ■ 1 ■ I then becomes 
oiK-A. .-. P : 1 = oftc ; 1, or P = ate, 
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2. The volume of any parallelepiped equals the product of 
its base and altitude. 

For <prop. X) it equals a rectangular parallelepiped of equal base and 
equal altilode. 

3. The volume of a triangular prhm equals the product of 
its base and altitude. 

Cor- % with prop. IX, cor. Let ibe etndent give tlie proof in detiul. 

4. The volume of any prism, equals the pivduct of its base 
and altitude. 

For it can be cut Into triangular priama b; diagonal planes through 
a laUral edge, the sum of the bases of the triangular prisms being the 
base of the given prism. .-. cor. 3 applies. Let the student draw the 
figure and give the proof in detail. 

5. Any prism, equals a rectangular parallelepiped of equal 
hose and equal altitude. 

Cora. 4, 2, 

6. The volume of an oblique prism, equals the product of an 
edge and a right section. 

Cor. 4 with prop. VIII, cor. 2. 

7. Prixms having equal hoses are proportional to their alti- 
tudes. 

For if a is the altitude and 6 the base, then P = ab, and P" = af. 
If & = &■, then P' = (i'6. Hence P ■.P'= ab -.al) = a:a'. 

8. Prisms having equal altitudes are proportional to their 
bases. Prisms having equal bases and equal altitudes are 
equal. 

Let the atudeni give the proof. 

Exercises. 646. What is the edge of Ibe cube whose volume equals 
tliat of a rectangular parallelepiped with edges 2.4 m, 0.9 m, 0.8 m ? 

647. From the given edge e of a cube, compute (1) the cube's entire 
surface, (2) iU diagonal, (3) its volume. 

648. Draw a figure illustrating geometrically the formula 

(o + 6)= = a= + &> + 3 aSft + 8 a6». 
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5. MSNSDBATIOn OF THE PYEAKID. 

414. Definitions. A tegular pyramid is a pyramid whose 
baae is a regular convex polygon, the perpendicular to which, 
at its center, passes through the vertex of 

the pyramid. 

415. The slant height of a regular pyramid 
is the distance from the vertex to any side of 
the base. 

E.g. VB in the annexed figure. 

416. The portion of the slant height of a 
regular pyramid cut off by the bases of a 
frustum is called the slant lie^[ht of the 
frustum. 

CoROLLABY. The slant height of a regular pyramid, or of 
a frustum, of a regular pyramid, is the same on whatever face 
it is measured. 

Let the student show that the faces are all congruent ; hence that the 
slant heights are equal. 

BxerciKa. 649. To pass a plane through a given pyramid parallel to 
the base, so that the section shall equal half the base. 

650. The edges of a rectangular parallelepiped are 3, 4, 6 ; required 
the total area of the faces, the areas of its diagonal planes, (be length of 
its diagonal line, and the lengths of the diagonals of its faces. Similarly 
for a cube of edge V2. 

651. IE a cubic block of sandstone at a temperature of 0° Centigrade 
has an edge 1 m long, and if for every V Centigrade increase of tempera- 
ture the edge increases 0.000012 of ils length at 0°, find the volume at 40° 
Centigrade. 

652. A brick has the dimensioDS 25 cm, 12 cm, 6 cm, but on account 
of shrinkage in baking, the mold is ^7.6 cm long, and proportionally 
wide and deep. What per cent does the volume of the brick decrease in 
baking? 
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Proposition XIV. 

1 417. Tbeonm. The lateral area of the fruttum of a 

regvZar pyramid equals half the product of ita slant height 
and the sum of the perimeters of its bases. 




Giren BB', a frustum of a regular pyramid, h its alait 
height, s a side of base B and p its perimeter, s' a 
side of base B' and p' its perimeter, I the lateral 
area. 

To prove that l = ^k(j)+ p'). 

Proof. 1, The area of ea«h face = |A (a + «*). 

V, prop. II, cor. 5 
2. Adding all the faces, and remembering that p is 
the sum of the sides s, and p' of the sides s', we 
have l = ih(p +p'). 

CoEOLLAKT. The lateral area of a regular pyramid equals 

half the product of its slant heightand the perimeter of its base. 

For In the above theorem, let f = ; then ^ and j/ = ; .■.l = ihp. 



>3. ProTe the above corollary independently of the 
theorem. 

654. What is the lateral area of a regular pyramid whose baae is a 
triangle of altitude 2 "^i and nhose slant height is a ? 

666. What is the total area of a frustum of a regular hex^onal 
pyramid whose base edges are respectively 3 — Vs and 3 + V^, and 
whose slant height is 10 ? 
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Proposition XV, 

418. Theorem. Pyramids havvn^ equal baaes and equal 
altitudet are equal. 




Given pyramids VAZ, VA'Z', having equal bases, ajid 
liaving equal altitudes k. 

To prove that pyramid VAZ = pyramid VA'Z'. 

Proof. 1. Suppose their bases in the same plane M, and their 
vertices on the same side of M. 
Suppose their altitude h divided into n equal parts 
and planes passed through the division-points par- 
allel to M. 

Then these planes will make equal corresponding 
transverse sections because the bases are equal. 

Prop. VI, cor. 2 

2. Suppose planes passed through the sides of these 
sections parallel to an edge of the pyramid, making 

a set of prisms in each pyramid, A, B, and 

a; B', 

3. Then •■• A = A', 

and B = B', Prop. XIII, cor, 8 

.■.A + B+ = A' + B'+ Ax, 2 
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4. But if n increases indefinitely, 

A + B+ = pyr. VAZ, 

and A' + B' + = pyr. VA'^. 

5. .-. pyr. VAZ= pyr. rA'^. IV, prop. IX, cor. 1 

Corollaries. 1. A pyramid having a parallelo^jram for 
its base is divided into equal pyramids by a plane throuyh its 
vertex and two opposite vertices of the base. 

For the two pyramida have equal bases and a common altitude. 

2. A pyramid having a parallelogram for its base equals 
twice a triangular pyramid of the same altitude, whose base 
equals half that parailelogram. (Why ?) 

3. A triangular pyramid can be constructed equal to any 
given n-gonal pyram,id. 

II, prop. XII, and this theorem. 



BxerciMS. 656. Find the area of the entire sarface of a regular 
tetrahedron of altitude k. 

667. Pind the altitude of a regular tetrahedron of total area a. 

668. Find, by % 417, the total area of a cube of edge e. 

659. What is the length of the base edge of a regular triangular 
pyramid which Is equal to a regular hexagonal pyramid of the same 
altitude, the base edge being 1 ? 

660. In prop. XIV, cor., f was supposed to decrease to ; supposing 
instead, that B' increases until it equals B, show that step 2 of the 
theorem gives the usual formula for the lateral area of a prism. 

6S1. Prove that frustums of pyramida having equal tiases and equal 
altitudes, which themselves have equal altitudes, are equal. 

662. A pyramid has for its base a regular hexagon with Its shorter 
diagonal V3; the altitude equals the longer diagonal; required the 
lateral area of the pyramid. 

663. Find the total area of the pyramid mentioned in ex. 662. 

664. The lower base of a frustum of a regular pyramid is a square 
of area ^ ; the area of the upper base is half that of the lower one ; the 
slant height Is s ; required the lateral area. 
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Oiven ABCDEF, a triangular prism. 

To prOTB that ABCl)EF can be divided iuto three equal tri- 
angular pyramids. 

Proof. 1. ■-• A, E, C determine a plane, also C, Z>, E, % 330, 1 
.'. ABCDEF = three triangular pyramids, viz., 
EABC, E-ACD, C-DEF. Ax. 8 

2. But ■.■ AABC^ADEF, 

.-. E-ABC= C-DEF. Prop. XV 

3. And C-DEF = E-DCF = E-ACD, because they have 
a common altitude from E to plane ACFD, and 
equal bases. Prop. XV 

4. .-. E-ABC = C-DEF = E-ACD. Ax. 1 

CoROlLAEiES. 1. A triangular pyramid is one-third of a 
triangular prisw, of the same base and same altitude. 

IFor the priBD) is three timee the pyramid. 

2. Any pyramid is one-third of a prism of the sam.e base and 
same altitude. 

For, diTiding the base into triangles b; drawing diagonals, the pyra- 
mid may b« coQuidered aa made up of triangular pyramids, each of 
which is a third of a triangular prism of the same base and same alti- 
tude i hence the sum of the triangular pyramids, or the given pyramid, 
equals one-third the sum of the triangular prisms, or one-third of a 
prism of the same base and same altitude. 
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Pboposition XVI. 

419. Theorem. A triangular prism can be divided into i 

three equal triangular pyramids. I 
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3. The volume of a pyramid equals one-third the product of 
its base and altitude. 

Cor. 2, and prop. XIII, cor. 4. 

4. Pyramids having equal bases are proportional to their 
altitudes ; having equal altitudes, to their bases. 

Foz'ii p = iab, andp' = ia'6', then ?. = 1^ = — . 
p' ia'b' a'l/ 

And if 6 = 6', then ^ = ^. 



Or il o = a' and 6 = 6', then — = 1, orp =p', aa stated in prop. XV. 
P 

420. Definitions. A polyhedion which has for bases any 
two polygons in parallel planes, and for lateral faces triangles 
or trapezoids which have one side in common with one base 
and the opposite vertex or side in common with the other 
base, is called a prismatoid. 

The altitude of a prismatoid is the perpendicular distance 
between the planes of its bases. 

Ezerciaea. 665. Find the volume of the pyramid mentioned in ex. 662. 

666. A chureh-tower is capped by a regular octagonal pyramid whose 
height is 55.5 m, and whose base edge is 4.9 m. Required the volume. 

667. A pentagonal pyramid has equal lateral and base edges, 1 in. 
Find the lateral area. 

668. Find the volume of a cube the diagonal of whose face is a"^. 

669. Bach face of a given triangular pyramid is an equilateral 
triangle whose side is S. Find the total area. 

670. Find the volume of the tetrahedron mentioned in ex. 666. 

671. Also of the pyramid mentioned in ex. 667. 

672. An edge of a regular octahedron is 1 in. Find the volume. 

673. A pyramid stands on a square base of edge 1 m ; the lateral edge 
of the pyramid is also 1 m. Find the lateral area and volume. 
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Peoposition XVII. 



421. Theorem. The volume of a privmatoid of batet b and 
y, attitude h, and tran»ver»e »eetion m midway between the 
bates, ia expreated by the formula 

v = \{b + V + im). 




Proof. 1. If any face, ABFE, of the prismatoid P, is a trape- 
zoid, diyide it into two triaagles by a diagonal EB. 
Let V be any point in m ; join V to the vertices of 
P ; then P will be divided into two pyramids (Fig. 2) 
of bases b, b' and vertex V, and also pyramids of 
vertex V and triangular bases ABE, etc. (Fig. 3.) 
Let EB meet maXD; call A VDC m,. (Fig. 3.) 

2. Then the volume of 

and r-A' = i 6' ■ ^ ■ Prop. XVI, cor. 3 

This completes Fig. 2. 

3. Pyramid V-ABE = E-CVD-^ B-CVD + V-ABC. 



. Ofthese, E-CVD ^^m^.-^> 
and fi-Cri> = im,-|' 



Prop. XVI, cor. 3 
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5. But r-ABC= twice V-CB D (oi B-CVD), 

•.- A ABC = twice A CBD, 
having edge AB = 2 • CD, and a common altitude. 
Prop. XVI, cor. 4 

6. .-. F-^5C = §m,|- 

7. .-. pyramid V-ABE = | 4 m^ Axs. 2, 8 
and .'. the som of the pyramids of the form of 

r'A£E=\-^m. Axs. 2, 8 



8. .-. P = g (6 + 6' + 4m). Axs. 2, 8 

NoTB. The Prls)uat«id Formula, t) = ~(& 4 b' + 4m), ia of great value 
- in the roensuratioD of Bolida. From it can be derived formulae for the 
volomee of all of the aoMs of elementary geometry. 

CoEOLLART. The volume of the frustum of a pyramid, of 

bases b, b', and altitude h, is ^(b + b' + Vbb'). 

For if e, e* are corresponding sides of b, V, Uiea j (e + e^ is the corre- 
sponding side o( m. (Why ?) 

.'. 4m = &4-6'4-2 v^, which may he sabetituted in the Prismaloid 
Formula. 

Sxercises. 674. By letting (1) 5' = 0, and (2) V = b, show that 
<1) prop. XVI, cor. 3, and (2) prop. XIII, cor. 4, follow, as special 
cases, from the PriBmatflId Formula. 

675. Calling a priamatoid whose lower base 6 is a rectangle of length J 
and width u, and whose upper base 5' Is a line e parallel to a base edge, 
and whose altitude is A, a wedge, find a formula (or the volame of a 
wedge. 
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67S. The base ol a wedge is 4 hj ^, the altitude isi G, and tbe edge e 
Is 3. Find tbe volume. (See ex. 676.) AIbo, wben e = 0. 

677. The altitude of a pyramid is divided inUi five equal parts by 
planes parallet to tbe base. Find tlie ratioB of the varioos frustums to 
one another and to tbe whole pyramid. 

678. Two pjTaroids, P, P', have square bases, and are such that the 
altitude of P equals twice the altitude of P*, but the base edge of P is 
haU as long as the base edge of P*. Find (he raljo of their volumes. 

679. Find the volume of a cube whose diagonal is "v^. 

680. A frustum of a pyramid has for lis bases aqnares whose sides are 
respectively 0.6 m, 0.6 m ; the altitude of the frustum is 0.9 m. Find 
the volume. 

681. Given the volume v, and the bases b, b", of a frustum of a 
pyramid, to And a formula for (1) its altitude, (2). tbe altitude of the 
whole pyramid. 

682. A granite monument Is in tbe fonn of a frustum of a square 
pyramid, surmounted by a pyramid ; tbe sides of the bases of the frustum 
are 1 m and 0.8 m, and the altitude of the frustum is 1.8 m ; the altitude 
of the pyramidal lop is 0.46 m, A cubic meter of water weighs a metric 
ton, and granite is three times aa heavy as water. Find the weight of the 
monument. 

683. An excavation 1.& m deep, rectangular at top and bottom, and 
in tbe form of a frustum of a pyramid, has its upper base 10 m wide and 
Id m long, and the tower base 7.5 m wide. How many cubic meters of 
earth would it take to fill it to a depth of 0.76 m ? 

684. The volume of a cube is si: times that of the regular octahedron 
formed by joining tbe centers of the faces of the cube. 

686. Find the volume of a prismatoid of altitude 3.5 cm, tbe bases 
being rectangles whose corresponding dimensions are 3 cm by 3 cm, and 
3.6 cm by 6 cm. 

666. It Is usnal to tlnd the volume of a pile of broken stones by taking 
the product of the altitude and the area of a tmnsverse mid-section. 
Compare this with the Prismatoid Formula and find what relation it 
assumes between m and b + I/. Is this relation true iu the case of a 
pyramid ? 

687. The volume of a pyramid equals the product of the altitude and 
a transverse section (parallel to the base) how far from tbe vertex f 
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BOOK VIII. — THE CYLINDER, CONE, AND 
SPHERE. SIMILAR SOLIDS. 



1. THE CTLtHDER. 

422. DeflnltionB. A cuired sorface is a surface no part of 
which is plane. 

The number of kinds of curved surfaces is unlimited, just as tlie 
number of kinds of curves in a plane is unlimited. But as among plane 
curves the circumference is the best known, so there are certain curved 
surfaces which are betier itnown than others, and these are treated in 
this book. 

423. A cylindrical surface is a surface generated by a straight 
line, c^led the generatrix, which moves bo as constantly to 
pass through a given curve, called the directrix, and to remain 
parallel to its original position. 

The surface of a piece of straight pipe, or the surface of the paper 



424. A Straight line in any position of 
the generatrix is called an element of the 
cylindrical surface. 

425. If the directrix is a closed curve, 
the cylindrical surface incloses a space of 
unlimited length, called a cylindrical space. 



426. A section of a cylindrical space, 
made hy a plane cutting its elements, is 
called a transrerse section." If it is perpen- ej*™*'" ; ^^u't ' 

^ r Hon of a cjltndr 

dicular to the elements, it is called a right space. 




817 
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As a, transverse sectiDii of a priamatic space niay be a convex, con- 
cave, or cross polygon, so a Iransverse section of a cylindrical space 
may be a curre of any shape if only its end-points meet. All theorems, 
if the mgDM are properly considered, will be seen to apply to each of the 
three forms of transverse section, corresponding to convex, concave, and 
cross polygons. Hie third is, however, u>0 complex for treatment In 
elementary works. 

427. The portion of a cylindrical space included between 
two parallel transverse sections is called a cylinder. 

E.g. the portion between planes P and P" in the figure on p. 318. 

The terms baiet and aUititde of a cylinder will be understood, without 
further definition, from the corresponding definitions under the prism. 
The student should, throughout this section, notice the relation of cylin- 
drical spaces to prismatic spaces. 

A cylinder ia considered as having the same direcU-vx as 
cylindrical apace, and as having for elements the segments 
the elementa of the cylindrical surface included between 
bases. 

A cylinder ia said to be right or oblique according as its 
elements are perpendicular or oblique to the bases. 

If the base of a cylinder is a circle, the cylinder is said to 
be ckculAT. 

428. PoBtulate of the Cylinder. A cylindrical surface may 
be constructed with any directrix and with any original posi- 
tion of the generatrix. 

In solid geometry constructions ai« allowed which require other 
instruments than the compasses and straigbt^e<^. For example, ibis 
postulate requires the generatrix to move constantly parallel to its origi- 
nal position, a construction manifestly impossible by the use of merely 
these two instruments. 



Bxerdses. 688. Draw a figure of a convex cylinder; a concave 
cylinder ; a cross cylinder. 

689. Prove that if a transverse section of a cyliDdrical space is pe^ 
pendicnlar to one element it is a right section. 
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THE CYLINDER. 



Propositi OH I. 



429. Theorem. Parallel transverse tectiont of a cylin- 
drical apace are congruent. 




fflven a cylindrical spa«e S, cut by two parallel planes, 
F, P', so as to form two transverse sections, L, V. 

To prove that L £ L'. 

Proof. 1. Let AA', BB', CC be segments of elements between 
P and P', any point in P, and 00' II AA', meeting 
P' at 0' ; join to A, B, C, and 0' to A', B', C. 

2. Then 00', AA' determine a plane. VI, prop. I, cor. 2 

3. And ■•• OA II O'A', OB II O'B', OC II O'C, § 367 
.-. Z AOB = Z. A'O'B; ZA0C = Z A'O'C, § 337 

4. Also, OA = O'A', OB = O'B', I, prop. XXIV 

.". if L is placed on L' so that falls on 0' and OA 
lies on O'A', A will fall on A', B on B', etc. 

6. Similarly, for every point of L there is a single 
corresponding point of L' on which it will fall. 
.'. the figures are coi^ruent. § 57, def. congruence 
CoBOLLARiEB. 1. The bases of a cylinder are congruent. 

2. The elements of a cylinder are equal. (Why ?) 
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Proposition II. 
430. Theorem. Cylinden cut from the mvie cylindrical 
tpace^ and having equal ehmentB, are equal. 



Given tWo cylinders, AD, A'D', cut from the same cylin- 
drical space S, and having equal elements AC, A'C. 

To prove that AD = A'D'. 

Pioof. 1. •.■AC = A'C, 

and A'C = A'C, 

.■.AA-= CO. Ax. 3 

2. Similarly for BB' and DD', and for all other seg- 
ments of the same elements, included between AB, 
AB',d.uA CD, CD'. 

3. And ■ ■ CD-^AB, and CD'^A'B; Prop. I 
.-. solid CD' can be made to slide along in S and 
coincide with solid AB', since they are equal in all ■ 
their parts. 

4. Adding the common part A'D, 

AD=A'D: Ax. 2 

Corollary. The cylindrical surfaces of two cylinders cut 
from, the same cylindrical space, and having equal elements, 
are equal. 

For it is proved, in step 3, thai they can be made to coincide. 
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2, THE COITE. 

431. DefinltiODB. A conical surface is a surface generated by 
a straight line which moves so as constantly to pass thiough 
a given curve and contain a given point 

called the vertex. 

The leriiiB generatrix, directrix, etententi will be 
understood from g§ 423, 424. 

432. The portions of the conical siurface 
on opposite sides of the vertex are called the 
nappea, and are usually distinguished as upper 
and lower. 

433. If the directiix is a closed curve, the 
conical surface incloses a double space, on 
opposite sides of the vertex, known as a 
conical space. 

A section of a conical space made by a 
plane cutting all of its elements on the same 
side of the vertex is called a transTerse section. 

434. The portion of a conical space included between the 
veitex and a transverse section is called a cone, the transverse 
section being called its base. 

A cone is considered as having the same directrix and vertex 
as its conical space, and the segments of the elements Iwtween 
the vertex and base are called the elements of the cone. 

The distance from the vertex of a cone to the plane of the 
base is called the altitude of the cone. 

If the base of a cone is a circle, the cone is said to be 
circular. In that case the line determined by the vertex and 
the center of the base is called the axis of the cone. If this 
axis is perpendicular to the base, the cone is called a right 
drcular cone ; if oblique, an oblique circular cone. 




r-DX.aoone.witb 
ba«e the « 
flgure DX. 
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A right circular cone is often called a eone of revolution, 
because it can be generated by the revolution of a right^mgled 
triangle about one of its shorter sides. A i^ht circular 
cylinder is often called a cylinder of revolution. (Why?) 

435. Ptwtnlftte of the C<me. A conical surface may be con- 
structed with any directrix and any vertex. 

436. Rdatlon <rf Cone and Pyramid. If points A, B, C, 

are taken on the perimeter of the base of a cone, and joined to 
the vertex V, and if planes be passed through VA and VB, 

VB and VC, , a pyramid will be formed, called an Inscribed 

pyramid. 

If the base of the cone is bovmded by a onves curve, the haee of the 
pyiamid will be a polygon inscribed in It. But whether the haaa ia 
convei or not, the pyramid U called an inscribed pyramid. 




437. If the base of the cone is a circle, and a regular 
polygon is circumscribed about it, the planes determined by 
the sides of the polygon and the vertex of the cone form, 
with the polygon, a pyramid which is said to be circumscribed 
about the circular cone. 

There are other forms of circumsorilwd pyramids, but the one here 
mentioned is the only one that is necessary for this work. 



The slant height of a right circular cone is defined as the 
slant height of the circumscribed pyramid. (Why ?) 
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THE CONE. 



438. If a pyramid ia inscribed in or circumscribed about a 
cone, a transverse section of tlie pyramid and cone cuts off, 
toward the base, a fruBtum of a cone and an inscribed or drcum- 
scrlbed frustum of a pyramid. 
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Hie tenuB bases, aUitade, and lateral surface will be understood from 
the tennB need witti the pyramid and the frustum of a pyramid. 

439. From the above definitions it is evident that, if the 
inscribed or circumscribed frustum of a pyramid has equilateral 
bases, then if the number of lateral faces increases indefinitely, 
the frustum of the pyramid, its basea, and its lateral surface, 
approach as their respective limits the frustum of the cone, its 
bases, and its lateral surface, but that the altitude does not 
vary. If a frustum of a right pyramid be circumscribed about 
the frustum of a right circular cone, the slant height of the 
frustum of the pyramid may be called the slant height of the 
frustum, of the cone. Hence the following 

440. CoROLLAKT. If F IS the frustum of a cone, and F' the 

inscribed or eireumscribed frustum of a pyramid, of equilateral 
bases, and if bi, bj, 1, v are the bases, lateral surface, and 
volume, respectively, of F, and b/, bg', 1', v' the bases, lateral 
ettrfaee, and volume, respectively, of F', then if the number of 
faces of F' increases indefinitely, 

b,' = b|, \'^\>i, V = \, v' = v. 
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PkOPOSITIOM III. 



44L Theorem. The lateral area of a frustum of a right 
circular cone equals one-half the product of the slant height 
and the sum of the circumferences of its bases. 

Otven a fruBtum of a right circular cone, I its lateral area, 
Ci and Cj the circumferences of its upper and lower 
bases, respectively, and s its slant height. 

To prore that i = i s (c, + c,). 

Proof. 1. Let I', pi, ps, s be the lateral area, the perimeters 
of the upper and lover bases, and the slant height, 
respectively, of the circumscribed frustum F oi a. 
regular pyramid. 

2. Then /' = is(p, +j»,)- VII, prop. XIV 

3. But if the number of faces of F increases indefi- 
nitely, V = l,pi = c,,px = c,, while the slant height 
is the same. § 440 

4. .•.l = is(e,+c,). IV, prop. IX, cor. 1 

CoBOLLARiES. 1. ^f the radii of the upper and lower bases 
are Fj, r,, respectively, then 1 = ws (r| + r,). 

2. If tt = the radius of the circle midway between the bases 
of the frustum, then 1 = 2irr,B. 

For r, = (r, + ri)/2. Why? 

3. The lateral area of a right circular cone equals half the 
product of its slant height and the circumference of the base. 

If the upper base of a fnistum of a cone dacreasee to zero, what does 
the frustum become ? At the same time wbat does Ci of step 4 become ? 

4. The lateral area of a right circular cylinder equals the 
product of its altitude and the circumference of the base. 

If, in 8i«p 4, d = Ci, what does I equal ? What does s equal ? 



THE CONE. 



pEOPOaiTION IV. 



442. Theorem. The volume of the frustum of a cone of 
bases b|, b^ and altitude h is expretaed by the formula 



Proof. 1. Let v', k, 6/, i,' be tlie volume, altitude, and bases, 
respectively, of an iuscribed. frustum of a pyramid 
with an equilateral base. 

2. Then v' = ^ (6,' + J,' + VftTV)- ^I^- P'op. XVII 

3. But if tlie number of faces of v' increases indefinitely, 
v' — V, bi — b„ bj = fij, while A is constant. § 440 



CoBOLLAKiES. 1. If the frustum is circular, and the radii 

^ bi, b, are ry Tj, respectively, then v = ^ frh (fi' + r,* + Tjr,). 

2. If Jt = the radius of the circle, midway between the bases 
of a frustum of a circular cone, and if his the altitude, and r„ 
ij are the radii of the bases, then v = J wh (ri* + r,* + 4 r»*). 

See prop. Ill, cor. 2. 

3. The volume of a cone of base b and altitude b is expressed 
by the formula v = J hb. 

Let 6j = in prop, IV. 

4. The volume of a circular cone, the radius of whose base is 
I, is expressed by the formula v = ^ 7n*li. 

6. The volume of a cylinder of base b and altitude li is 
expressed by the formula v = hb. 

Let b] = 6t. 

6. The volume of a cylinder of altitude h and base radius r 
is expressed by the formula v = 7rr%. 
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443. Definitions. A sphere is the finite portion of space 

bounded by a, surface, which is called a spherical surface and is 
such that all points upon it are equidistant 
from a point within called the center of the 
sphere. 

A straight line terminated by the center 
and the spherical surface is called a radius, 
and a straight line through the center, 
terminated both ways by the spherical 
surface, is called a diameter of the sphere. 

A section of a sphere made by a plane Aaphere. o.tbecenteT. 
is called a plane section. o^.oa.radu. ab,,, 

diameter. 

444. Corollaries. 1. .^^iameter of a sphere U equal to 
the sum of two radii of that sphere. 

2. Spheres having the same radii are congruent, and con- 
versely. 

3. A point is within a sphere, on its surface, or outside the 
sphere, according as the distance from that point to the center 
is less than, equal to, or greater than, the radius. 

445. Postulates of the Sphere. (Compare § 109.) 

1. All radii of the same sphere are equal, and hence all 
diameters of the same sphere are equal, 

2. If an unlimited straight line passes through a point 
within a sphere, it must cut the surface at least twice. 

3. If an unlimited plane, or if a spherical surface, intersects 
a spherical surface, it must intersect it in a closed line. 

4. A sphere has but one center. 

5. A sphere may be constructed with any center, and with a 
radius equal to any given line segment. 
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Proposition V. 
446. Theorem. A plane tection of a sphere is a circle. 




Given a sphere with center 0, and a section ABDC made - 

by a plane M, 
To prove that ABDC is a circle. 
Proof. 1. M intersects the sphere in a closed line. § 445, 3 

2. Suppose joined to two points AB on that line, 
and OCX M; draw^, CB. 

3. Then ■.■ 4 OCB, OCA are rt., and OC s OC, and 
OB = OA, 

.-. A CBO ^ A CAO, and CB = CA. § 88, cor. 5 
So for any other points on the closed line. 

4. .■. ABDC ia a circle and C is its center. 

§ 165, def. O 
447. D^niUons. A ^reat circle of a sphere is a circle 
passing through its center; a small circle, one not passing 
through its center. 

CoEOLLAEiES. 1. The line determined by the center of a 
sphere and the center of any small circle of that sphere is 
perpendicular to that circle. 

For the line OC from the center of the sphere perpendicular to the 
circle has been proved to coincide with the line determined by the center 
of the circle and the center of the sphere, and there is only one line from 
the center of the sphere perpendicular to the circle. 



-.i,2.c I!, Google 



328 SOLID GEOMETRY. [Bk.VIIL 

2. Of two circles of a sphere, the first is greater than, equal 
to, or leas than, the second, according as its distance from the 
center is less than, equal to, or greater than, thai of the second. 

For JC* = r* - OC ; .: the smaller OC, the greater AC, etc. 

3. A ijreat circle has the same center and radius as the 
sphere itself; hence all great circles of a given sphere are equal. 

4. J great circle bisects the sphere and the spherical surface. 
For if the two parts are applied one to the other, they will coincide ; 

If they did not, the deflnition of sphere would be violated. 

5. Two great circles bisect each other. 

They have the same center, and hence a common diameter. 

448. The student should notice the lelation between the 
sphere and circle. Thus in prop. V and its corollaries : 

The Circle. The Sphere. 

A portion of a line cut off by a A portion of a plajie cut oft by 

eircumferoice is a chord. a gpheriad surface is a eircle. 

The greater a chord, the less its The greater a circle, the less its 

distance from the center. distance from the center. 

A diameter (great chord) bisects A great circle bisects the sphere 

the ejrele and the circumference. and the spkerieal surface. 

Two diameters (great chords) Two great circles bisect each 

bisect each other. other. 

Eence may be anticipated a line of theorems oq the sphere, derived 
from thoBe on the circle, by makiog the following substitutions ; 

I. Sphere, 2. gpAericai Karfaee, 
L plane, 4. circle, 5. great circle. 

449. DeflnitLona. The diameter of a sphere, perpendicular 
to a circle of that sphere, is called the axis of that circle, and 
its extremities are called the poles of that circle. 

The two equal parts into which a great circle divides a 
sphere are called hemispheres, their curved surfaces being 
called IwiniBpherlciil surfaces. 

Corollary. The axis of a circle passes through its center. 



THE SPHERE. 



Proposition VI. 



450. Theorem. The straight lines joining any two point* 
on the circumference of a circle of a sphere to one of the 
poles of that circle are equal. 



&ma the circle ABC, and its poles P, P'; PA, PB con- 
necting P with any two points on the circumference. 

To prove that PA = PB. 

Proof. 1. -.■ OP ± O ABC at C, .'. OP X AC and BC. Why ? 

2. And ■.■ PC = PC, and CA = CB, § 109 

.-. A ACP ^ A BCP, and PA = PB. Why ? 

Corollary. Great-circle area from a pole of a circle to 
points on the circumference of that circle are equal. (Why ?) 

45L DeflnithniB. The length of the great-circle arc joinii^ 
a pole to any point on the circumference of a circle is called 
the polar distance of the circle. 

The shorter polar diatance of small circles is to be understood. 

A fourth of the circnmference of a great circle is called a 
quadrant. 

Corollaries. 1. Circles of the same sphere, having equal 
polar distances, are equal. (Why ?) 

2. The polar distance of a great circle is a quadrant. (Why?) 
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Pboposition VII. 



453. Theorem. If, on a spherical durface, each of the 
great^rcle arc» joining a point to two other points {not the 
extremities of a diameter of the sphere) is a quadrant, then 
that point is a pole of the great circle through those points. 




Qlven P, A, B, three points on a spherical surface, and 
such that p3 = PB = a quadrant ; A, B are not 
extremities of a diameter ; is the center. 

To prore that P is the pole of the great circle ABO. 

Proof. 1. "■• p]i = P'B = a quadrant, 

.-. Z POA = Z. FOB = a rt. Z. Ill, prop. II, cor. 2 

2. .-. P0±0 ABO. VI, prop. VI, cor. 1 

3. .-. P is a pole of O ABO. S 449, def. pole 

ExnclHi. 690. How man; poiDts on a Bpherical surface determine 
a small circle ? How many, in general, determine a great circle ? 

691. Prove that parallel circles of a sphere have the same poles. 

692. Iq Che theorem : A diameter which is perpendicular to a chord 
bisects it, malce the substitutions suggested in § 448, and prove the result- 
ing proposition. 

693. Similarly for III, prop. VI. 

694. What is the locus of points at a given distauce r from a fixed 
point C ? 
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Proposition VIII. 



453. Tbeoiem. Of all planes through a point on a ipkeri 
the plane perpendicular to the radiui drawn to that point in 
the only, one that doei not meet the sphere again. 




Given point i* on a sphere with center 0, and M, N, two 
planes respectively perpendicular and oblique to OP 
at P. 

To prove that M does not meet the spherical surface J^ain, 
but that AT does. 

Proof. 1. Let OB ± JV", and OA be any obliqne to M. 

Then ■.■ OP is oblique to N, Why ? 

.-.OB < OP. VI, prop. XI 

2. And ■.■ OP X M, 

.-. OA > OP. VI, prop. XI 

3. ,'. B is within, and A without, the sphere. 

§ 444, cor. 3 

4. .'. N meets the spherical surface in more than one 
point. § 445, 3 

6. And '.■ A is any point in M, except P, Step 3 

.". Jf meets the surface only at P. 
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494. Deflnltloni. A plane (or line) which, meeting a spher- 
ical surface in one point, does not meet it i^aio, is said to 
be tangent to the sphere at that point. The point is called 
the point of tuigency, or point of contact, and the plane (ot line) 
is called a tju^nt plane (or Une). 

Corollaries. 1. One and only one plane can be parsed 
through a given point on a sphere, tangent to that sphere. 
(Why?) 

2, Any tangent plane i» perpendiailar to the radius at the 
point of contact. 

For it cannet be oblique and be a tangent plane. Step 4. 

3. A plane perpendicular to a radius at its extremity on the 
spherical surface is tangent to the sphere. 



EzMcises. 696. To find a point in a given plane, equidistant from 
two fixed points in Uiat plane, and at a given distance d from a point C 
not in that plana. DiscuaB for 0, 1, 2 Bolutiona. 

fi9G. Prove that the lateral area of aaj rigM cylinder eqnals the 
prodDct of its altitude and the perimeter of the base. (Inscribe a prism 
and apply the theorem of limits.) 

697. How man; square feet in the surface of a cylindrical water tank, 
open at the top, its height being 40 ft., and its diameter 40. ft. p 

698. Considering the moon as a circle of diameter 2180.0 milea whose 
center is 234,820 miles from the eye, what is the volume of the cone 
whose vertex is the eye and whose base is the full moon f 

699. Find a point whose distance from a fixed point is d and whose 
distance from each of two intersecting plimes is d". Discuss the solution 
as to Impossible cases, and the namber of such points for possible cases. 

700. Find the locus of points equidistant from two given points, and 
at a given distance d from a given point. 

701. To determine a plane which shall pass 

(I) through a given line and be (2) through a given point and be 

at a given distance from a given at a given distance from a given 
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Proposition IX. 



455. Theorem. Four pointt, not coplanar, determine a 
tpherical waif ace. 




OiTfiD four points, A, B, C, B, not coplanar. 

To prove that A, B, C, D determine a spherical surface. 

Proof. 1. Draw AB, BC, CD, DA, AC. 

Let E be the circumcenter of A ACD, F oi A ABC, 

EHl. ACD, FJ± ABC. 

2. Then E, Fatc on the J. bisectors of AC; call these 
X bisectors GE, GF. I, prop. XLI 

3. And ■.■ EA = EC = ED (Why ?), 

,■. any point on EH is equidistant from A, C, D. 

VI, prop. XI, 3 
Similai'ly, any point on FJ is equidistant from 
A, B, C, 

4. But CA J. plane EGF. Why? 
■. planes ABC, ACD A. EGF. Why ? 

. .-. both EH and FJ lie in plane EGF. 

VI, prop. XIX, cor. 1 
. And '■' i^J" meets EH, uniquely, as at P, 

I, prop. XVII, cor. 4 
.". P is the center of a sphere whose surface passes 
through A, B, C, D, and there is only one such sphere. 



5. . 
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456. Deflnitions. A sphere is said to be circumscribed alxnit 
« polyhedron if the vertices of the polyhedron all lie on the 
spherical surface ; the polyhedron is then said to be inscribed 
in the sphere. 

Corollaries. 1. Two spherical surfaces having four 
common points, not coplanar, coincide. 

For by eUp 7 tbej have the same center, P, and the same radius. 

2, The perpendiculars to the four faces of a tetrahedron, 
through the ctrcumcenters of those faces, are concurrent. 

For each of these perpend iculats passes through P, the center of the 
sphere whose sntface is determiaed by the four vertices. 

3. A sphere can be circumscrihed about any tetrahedron. 

457. The angle between two great-circle arcs is defined as 
being the plane angle between tangents to those arcs at their 
point of meeting. 




^^u^ 



E.g. the angle made b; arcs AP, BP is defined as the plane 
angle A'PB: 

458. From this definition follow these corollaries : 

1. The angle made by two arcs has the same numei-ical 
measure as the dihedral angle of their planes. (§ 359.) 

2. An angle made by two arcs has the same numerical, meas- 
ure as the are iokich these arcs intercept on the circumference 
of the great circle of which the vertex is the pole. 

That is, ^APB = ZA'PBr=ZAOB, which has the same namerical 
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459. A spherical polygon is a portion of a spherical surface 
bounded by arcs of great circles. 

The words sidee, angles, vertices, etc., are used aewitli plane polygons. 

460. A spherical polygon is said to be convex when each 
side produced leaves the entire polygon on the same hemi- 
sphere i otherwise it is said to be o 




In the figure, ABP is a convex polygon, for if any side, as PB, is 
produced it leaves the entire polygon on the liemisphere to the left of PB. 
But QBST is concave, because side SB, or QE, produced, leaves part of 
the polygon on one liemisphere thus formed, and part on the other. 

461. CoROLLABY. 2fo Side of a convex spherical polygon is 
greater than a semicircumference. 

For if AP > semicircumference, suppose XP = a semicircumference. 
Then -.- great circles bisect each other (prop. V, cor. 6), PB must pass 
through X; but then PB produced would leave part of the polygon on 
one hemisphere and part on the other, bo that it conld not be convex. 

462. A lune is a portion of a spherical surface bounded by 
the semicircumferences of two great circles. The angle of a 
lune is that angle toward the lune made by the bounding arcs. 

In the figure, PAP'S is a lune, and ^ APB, or Z BP'A, is its angle. 
The limiting cases of a luae are evidently a semicircumference, when 
the angle is zero, and a spherical surface, when the angle is 360°. 

463. CoEOLLAKY. Lunes on the same sphere, and having 
the same angle, are congruent. 

For one can evidently be made to coincide with the other, 
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PBOPOaiTION X. 



464. Theorem. On the tame tphere or on eqaal spheres 
tunes are proportional to their angles. 



(In this figure the e;e U suppoeed to be looking doim on the sphere 
from above the angle of the lune, as on the North Pole of the earth. This 
ations only half of each lane to be seen.) 

Given two limes, C and D, with angles A and B respec- 
tively. 
Toprove that A:S=C:D. 

Proof. 1. If C and D are on different spheies, they can be 
placed in the relative positions shown, in the figure. 
S 444, cor. 2 
Suppose A and B divided into equal A, x, and sup- 
pose A = nx, and B = n'x. 

(In the figure n = 6, n' = 4.) 
2. Then C is divided Into n congruent lunes, y, 

and D " » n' " " § 463 

_A_nx_n_nt/C 
•*■ ••B-n'x-n'-n-y-D 



Why? 



Bzercise. 702. The six planes perpendicolar to the aii edges of a 
tetrahedron at the mid-points of its edges, meet in a point. (Is this 
point the cenier of a particular sphere ?) 
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465. Proof foi IncommensuraUe case. (Compare § 410.) 



i. Suppose A divided into equal A, x, and suppose 

A = nx, while B = n'x+ some remainder w, such 
that w <x. 

Then C is divided into n congruent lunes, y, and 
2> is the sum of n' congruent lunes, y, •¥^ temain- 
der z, such that z <y. 

2. Then B lies between n'a; and (n' + 1) x, Why ? 

and D " " n'y " (n' + 1) y. Why ? 

5. .-. ^ lies between — and ("' + , ^ l 5 , why? 

while -r; lies between — and ^ ^■ 

C ny ny 

4. .■. — and -p, both lie between — and 

AC n n 

6. -■. -J and -^ differ by less than -■ Why? 

6, And '■' ' can be made smaller than any assumed 
difference, by increasing n, 

.'. to assume any difference leads to an absurdity. 

7. ...^ = |, whence I = |. 
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466. Definition. The solid bounded by a lune and two 
semi-circlee U called a spherical wedge. 

The angle of the lune is catled the angle of the wedge. 
The word unjrula U sometimes osed for epherical wedge. 

GoROLLi.Rii:s. 1. A lune is to the spherteal surface on 
which it lies as the angle of the lune is to a perigon. 

For the apherica) sorfoce may be considered ae a lune whoae angle Is 
a perigon. 

2. A spherical wedge is to the sphere of which it is a part 
as the angle of the wedge is to a perigon. 

Id the proof of prop. X, if we should substitute the word wedge for 
the word lune, and consider the sphere as a wedge whose angle is a 
perigon, the corollary would evidently be proved. 



Exercisea. 703. To draw a plane tangent to a given sphere, from a 
point on the ^here. (See III, prop. XXVI.) Also, to draw one from 
an external point, 

704. To find the locus of centers of spheres whose surfaces (1) pass 
through two given points ; (2) are tangent to two given coplanar lines ; 
(3) are tangent to two given planes. (As special cases, the lines may be 
parallel and the planes may be parallel.) 

706. What is the locus of the centers of spheres whose surfaces (1) pass 
through the vertices of a given triangle ? (2) are tangent to the aides of a 
given triangle ? 

706. To find the center of a sphere whose surface Includes both a 
given circumference and a point not in the plane of that circumference. 
(As a special case, suppose the point is on the perpendicular to the plane 
of the given circle through the center.) 

707. In tlie figure of prop. IX show that E, G, F, P are concyclic. 
Hence show that six circumferences intersect by threes in the circum- 
centers of the faces of a tetrahedron, and all intersect in the center of the 
circumscribed sphere. 

708. To constmct a sphere of given radius whose surface shall contain 
three given points. 

709. Also, of given radius whose surface shall contain two given 
points and be tangent to a given plane. 
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The Relation of Spherical PotYGONS to Polyhedral 

Angles. 

467. If the center of a sphere ia at the vertex of a pyramidal 
space, the pyramidal surface cuts from the spherical surface 
two spherical polygons. 




Id the above figure the two polygons are ABCD, A'B'CD'. 

These polygons have their like-lettered angles and sides 
equal respectively. 

For example, Z A = Z A', since they have the same numerical measure 
as the o^osite dihedral angles of planes ADOIXA' and ABOB'A'. Also, 
Ji = A'B", Bince the central angles BOA and ROA' are equal. 

468. But the equal elements of these polygons are arranged 
in reverse order. And as the polyhedral angles are called 
opposite and are proved (VI, prop. XXVI) symmetric, so the 
spherical polygons are called opposite spherical polygons. And 
since these have just been shown to have their corresponding 
elements equal but arranged in reverse order, they are called 
symmetric spherical polygons. 

Thus all opposite polygons are symmetric ; hut since polygons can 
slide around on the sphere, it fallows that symmetric polygons are not 
necessarily ojqjoaite, although they aie congruent to opposite polygons. 
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469. Siac« the dihedral angles of the polyhedral angles have 
the same numerical measure as the angles of the spherical 
polygons, and the face angles of the former have the same 
numerical measure as the sides of the latter, it is evident that 
to each properly of a polyhedral angle corresponds a reciprocal 
property of a spherical polygon, and vice versa. This relation 
appears by making the following substitutions : 

PolylioanU Angles. Spherical PolTgona. 

0. Vertex. a. Center of Sphere, 

b. Edges. b. Vertices of Polygon. 

c Dihedral An^ea. c Angles of Polygon. 

d. Face Angles. d. Sides. 

470. In addition to the correspondences between polyhedral 
angles and spherical polygons, it will be observed t^t a 
relation exists between a straight line in a plane and a great- 
circle arc on a sphere. Thus, to a plane triangle corresponds 
a spherical triangle, to a straight line perpendicular to a 
straight line corresponds a greatcircle arc perpendicular to a 
great-circle arc, etc. The word arc is always understood to 
mean great-cirde arc, in the geometry of the sphere, unless the 
contrary is stated. 

It is very desirable that every school have a spherical blackbosid, wiUi 
large wooden compaases for the drawing of both great and small circles. 
It is only by the use of sacb helps that students come to a clear knowl- 
edge of spherical geometry. If such a blackboard is at hand, it is recom- 
mended that many problems and exercises of Book T be investigated on 
the sphere. E.g. the problem, To bisect a given arc, corresponds to 
1, prop. XXXI, and the solutions are quite similar. Likewise the prob- 
lems, To bisect a given angle. To draw a perpendicular to a given line 
from a given internal point, etc., have their corresponding problems in 
spherical geometry. 



710. State without proof the proposition in the geometry 
)f the sphere corresponding lo the following : Every face angle of a oon- 
rez polyhedral angle is lees than a straight angle. 
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THE SPHERE. 



PbO POSITION XI. 

471. Tbeorem. 

(a) In any trihedral angle, {a') In any spherical trir 

each face angle beirtg lets angle, each side being leM 

than a straight angle, the than a semidrcumference, 

8wm of any two face anklet i» the sum of any two tides is 

greater, an4 their difference greater, and their difference 

less, than the third angle. less, than the third side. 

Proof. In VI, prop. XXVII, with its cor. 1, (a) has been 
proved. Hence (a") is also proved. § 469 



Pkoposition XII. 

472. Theorem. 

(a) In any polyhedral angle, (a') In any spherical poly- 
each face angle being less than gon, each side being leas than 
a straight angle, any face an- a semidrcumference, any side 
gle is less than the sum of the is less than the sum of the 
remainimi face angles. remaining sides. 

Praof. In VI, prop. XXVII, cor. 2, (a) has been proved. 

Hence (a*) is also proved. S 469 



Proposition XIII. 
473. Theorem. 

(a) In any convex polyhe- (&') In any convex spherical 
dral angle the sum of the face polygon the sum of the sides 
angles is less than a perigon. is less than a circumference. 
Proof. In VI, prop. XXVIII, (a) has been proved. 

Hence (a*) is also proved. § 469 
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Proposition SIV. 

474. Tbeonm. 

{&) No face angle of a convex (a') No tide of a convex 
polyhedral angle is greater spherical polygon is greater 
than a straight angle. than a semicircumference. 

Proof. From § 461, (a*) is true. 

Hence (a) is also proved. § 469 

475. Definitions. If AUG If 0-ABC is a trihedral 
is & spherical triangle, and A', angle, and OA', OB', OC are 




respectively, and if A and A', 
B and B', C and C" lie on the 
same aide of a, b, c, respec- 
tively, then A A'B'C is called 
the polar triangle of ABC. 



B', C are the poles of a, b, c, perpendiculars to a, b, c, the 
faces opposite A, B, C, respec- 
tively, and if A and A', B and 
B', C and C lie on the same 
side of a, b, c, respectively, 
then trihedral Z O-A'B'C ia 
called the polar trihedral angle 
of 0-ABC. 

In referring t« polar triangles ABC, A'B'C, the above arrangement 
of elements will always be intended. Also, in referring to symmetric 
spherical triangles, ^BC^and A'B'C, it will always be understood that 
/:A = Z A', etc., and AB = a'r, etc. 

The polar triangle of ABC is often called the polar of ABC. 

It is evident from the one-to-one correspondence of § 475, that to 
every proposition concerning polar trianglea corresponds S proposition 
concerning polar trihedral angles, and vice vena. 
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PROPOaiTION XV. 



476. Theorem. Jf one spherical triangle is the polar of a 
gecond, then the second is also the polar of the first. 




Given a spherical triangle, ABC, and A'B'C ita polar. 
To pn>ve that A ABC is the polar of A A'B'C. 
Proof. 1. In the figure suppose AC, AB', drawn. 

2. Then, ".■ B' is a pole of 6, 

.'. AB' is a quadrant. Prop. VI, cor. 2 

Similarly, '■' C" is a pole of c, 
.'. AC is a quadrant. 

3. .-. ,4 is a pole of a'. Prop. VII 
Similarly, B and C are poles of b' and c', respectively. 

4. And '.' A, A' are on the same side of a', and so 
for the other vertices and sides, 

.-. A ABC is the polar of A A'B'C. § 475 

Corollary. If one trihedral angle is the polar of a second, 
then the second is also the polar of the first. 

For from the one-to-one correBpondence of § 476, the proof is evi- 
deotlf Identical with the above. 

Note. One triangle may fall entirely within or entirely without its 
polar; or one may be partly within and partly without the other. Simi- 
larly, one trihedral angle may fall entirely within or entirely without its 
polar trihedral angle, or may be partly within and partly withoutlhe latter. 
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477. Theomn. Any angle of a spherieal triangle has the 
same numerical measure as the supplement of the opposite 
tide of its polar. 



Otren ABC, a spherie-al triangle, and A'B'C its polar. 

To prove that the numerical measure of any angle C is 
180" -c'; of C, 180" -c. 

Proof. 1. Suppose a, fi to cut c' in E", D', respectively, and a', 
b' to cut c in E, D, respectively. 

2. Measure of Z C = that of USP. § 458, 2 
But nE = ^% + lyB' - A^B' 

= 90' + 90=-i'B' = 180'-c'. Why 90"? 

3. Similarly for Z C, substituting A, B, D, E, for 
A', B', D', E', and vice versa, in the above proof. 

Corollaries. 1. If two spJierical triangles are mutually 
equiangular, their polars are mutually equilateral ; if mutually 
equilateral, their polars are m.utually equiangular. 

2. The sum of the angles of 2'. TAe sum o/ (Ae dihedral 

a spherical triangle is greater angles of a trihedral angle is 

than one and less than three greater than one and less than 

. straight angles. three straight angles. 
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For by prop. XIII (a"), 0<a' + b' + e'< 360°. 
,-. by subtracting from 3 ■ 180', 

3 ■ 180°>(180°- a') + (180°- 60 + (lBO°-c0>180o. 
■- by prop. SVI, 31SV>ZA + ZB +/.0 >180°. 



478. DrfnitionB. If ABCD 

X is a spherical polygon, 

and A', B', C, D', are the 

poles of £a, AB, i(C', Ch, 

, respectively, and if A', 

B', lie on the same side 



If 0-ABCD Xia & poly- 
hedral Z, and OA; OB', OC, 

OB', are -b to planes OXA, 

OAB, OBC, , respectively, 

and if A', B' lie on the same 

side of planes OXA, OAB, 



XA, /B, that the OBC, that the polyhedral 

polygon does, then A'B'C'D' angle does, then 0-A'B'CD' 

is called the polar polygon is called the polar poly- 

of ABCI> hedral angle of 0-ABCD 

Polar trihtdraX angles are also called suppiemenio/ triliedral angles. 

479. A spherical triangle is said to be bitectangubir if it has 
two light angles, trlrectangular if it has three. 



Pro POSITION XVII. 
480. Theorem. 

(a) Two opposite or two (a!) Two opposite or two 

symmetric trihedral angles symmetric spherical triangles 

are congruent if each has are congruent if each has two 

two equal dihedral angles, or equal angles or two equal 

two equal face angles. sides. 

Vnat for (a'). 1. Their sides and angles are respectively equal 
but arranged in reverse order. § 468 

2. But if to the order ABC corresponds BA'C, 

and if £' =: A\ then B' and A' may be interchanged. 

3. Then to the order ABC will correspond A'B'C, 
and the A are congruent by superposition. 
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pBOPOaiTIOH XVIII. 



481. Tbeorem. Two lymmetric gpherieal triangles i 
tame tphere or on equal spheres are equal. 




two aymmetric spherical triangles, ABC, A'B'C, on 
the same sphere. 

an that A ABC = A A'B'C. 

. 1. The plane of A, B, C determiDes a small circle. 

2. Let be the pole of the O, and similarly for 0' and 
spherical A A'B'C. 

3. Then '.' side AB = side J^', .'. chord AB = chord 
A'B'. (In the figure they are not drawn because 
AB is so nearly straight.) Ill, prop. Ill 
Similarly for chords BC, B'C, and CA, C'A'. 

4. .-. plane A ABC ^ plane A A'B'C. I, prop. XII 

6. -■■ O ABC = A'B'C, being circumscribed about 
congruent plane A. Why ? 

6. .-. <Q= <>B= (5C= (yA'= (fB'= <fC'. Why? 

7. -■. spherical A AOB ^ A'O'B', BOC ^ B'O'C, 
COA ^ C'O'A: S§ 468, 480 (a) 

8. .-.AABC^AA'B'C. Ai. 2 



t, Google 



THE SPEBRE. 



Pboposition XIX. 



Two trianffles on the same sphere, or on 
egital spheres, are either congruent or symmetric and equal if 
(a) two Bides and the tn- (b) two angles and the in- 
eluded angle eluded aide 
of the one figure are equal to the corresponding parts of the 
other. 




Proof. If the parts are arranged in the same order, the 
triangles can be brought into coiacidence, as in I, 
props. I, II. 

If they are arranged in reverse order, then one 
triangle is congruent to the triangle aymmetric to 
the other. Why ? 

COBOLLABT. Two' trihedral angles are either congruent or 
symmetric and equal if 

(a) two face aisles and the (b) two dihedral angles and the 

included dihedral angle included face angle ■ 

of the one figure are equal to the corresponding parts of the 

For from the one-to-one correBpondence of § 476, the proof is 
evldentl; identical with the above, without the labor of drawiiig the 
figures. 
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Peopositiok XX. 
483. Tbeonm. 

(ft) ^ a tribednl angle haa {a!) If a aplieTical triangle 
two dlbedtal angles equal to ha» two angles e<pial to each 
each other, the opposite face other, the opposite sides are 
angles are equal. equal. 

(Mwn the A ABC, with AA = Z.B. 
To prim that a=b. 

Proof. 1. Let A A'BC be symmetric to A ABC, so that 
a = a', b = b', etc. 

2. Then •■■ Z.A = ^B, 

.'. /. A' must equal Z B', and the A aie congruent 
and a' = b. Prop. XIX 

3. But ■-■ a = a', and a' = b, 

.". a = b, which proves (a'). Ax. 1 

Hence (a) is also proved. § 469 

COBOLLARIKS. 

1. (a) Jf a triliedral ai^le (a*) An equiangular spber- 
has its three dihedral angles leal triangle is equilateral. 

equal, it has also its three 
face angles equal. 

In A ABC, it ^A = ZB. then a ^6; and if ZC also eqoala ZB, 
c also equals b. 

.-.a ZA = ZB = Z.C,a = b = e. Ax. 1 

2. (a) If a trihedral angle (a') If a spherical triangle 
kas two face angles equal to has two aides equal to each 
each other, the opposite dlhe- other, the opposite angles are 
dral angles are equal. equal. 

The proof is almotrt identical 
with that of I, prop. Ill, and 
hence is left for the student. 
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484. Theorem. Two trianglex on the same sphere, or on 
equal spheres, are either congruent or symmetric and equal if 

(a) th£ three aides (b) the three angles 

of the one figure are equal to the corresponding parts of the 
other. 




(a) Given A ABC, A'B'C, mutually equilateral, the sides being 
ananged in the same order ; also A ACX symmetric 
to A A'B'C. 

To prove that A ABC ^ A A'B'C, A ABC is symmetric to 
A ACX. 

Proof. 1. Place A ACX as in the figure ; draw BX. 

Then Z BXC = Z CBX, 

and Z AXB = Z XBA. Prop. XX, cor. 2 

2. .■ . /. AXC = A CBA, 

le. ^B = ^X^AB: Ax. 3 

Similarly with the other angles. 

3. .-.AA'B'C-^AABC. Why? 

4. And A ABC is symmetric to A ACX. Why ? 
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(b) Ottm (Let the student state it.) 




To prove (Let the Btudent state it.) 

Proof. 1. TliBir polara are mutually equilateral. Why ? 

2. .'. their polars are congruent or symmetiic. Why ? 

3. .". A ABC and A A'B'C are mutually equilateral. 

Props. XV, XVI, cor. 1 

4. .■.AJBC^orsymmetrictoA^'^'C. Prop.XXI(a) 

CoBOLLAKT. Two trihedral angles are either congruent ot 
ft/mmelrio and equal if 

(a) the three face ai^rles (b) the three dihedral angles 

of the one figure are equal to the corresponding parts of the other. 



BzeidBU. 711. A plane isosceles triangle can have its equal sides of 
any lei^i. Diacuss as h> & spherical isoacelea triangle on a given eplierc. 

712. As with plane triangles, Uie pole (circum center) may fall outside 
the triangle, or on a aide. Pi'ove tteorem 481 for those cases. 

713. Prove I, prop. XII (a corresponding theorem of Plane Geometry) 
by the method of prop. XVIIL 

714. Draw the figure of a spherical quadrilateral and its polar; also 
of a fonr-faced polyhedral angle and its polar. 

716. Prove that If one spherical polygon is the polar of another, then 
the second Is the polar of the Qrst. State the reciprocal theorem for 
polyhedral angles. (The special case of the quadrilateral may be taken.) 



TEE SPHESE. 



PEOP03ITION XXII, 



485. Theorem. For a great circle to be perpendicular to a 
small cirele, it is neeetmry and it it guffident that the drcum- 
/erenee of the former pass through a pole of the latter. 




Olven a small circle S, with P and P' its poles, G a great 

circle, and the center of the sphere. 
To prove that for G to be ± to 5 it is necessary and it is 

sufficient that its circumference jjass through P. 
Pwof. 1. PP' ± S. Def. pole 

2. And if G passes through P it passes through PP', 

and G J. ^. VI, prop. XVIII 

9. .'. it is sufficient that G contain P. 
4. Furthermore it is necessary; for if G A. S, then PP' 

lies in G or else PP' II G. Why ? 

6. But PP' is not II to G, for each contains 0. Why ? 
6. .'. it ia necessary, and it is sufficient, that GcontMnP. 

CoBOLLARiES. 1. Throutfh a point X, within or on a sphere, 
it is possible to pass one great circle perpendicular to a given 
circle S, and only one -unless X. is on the straight line through 
the poles of S. 

For PP* passes through the cent«r O, and PP" and X determine a great 
circled S, unleaaX is on PP'. (Why?) May JT be without the sphere P 
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2. If the eireumferenees of two great circles are drawn per- 
pendicular to a third circumference, they will intersect at the 
poles of the circle of that third circumference. 

486. Definition. If a great circle is perpendiculai to a small 
circle, their drcumfeienceB are said to be peipendicuUr to each 
other. 



Proposition XXIII. 

487. Theorem. If from a point on a sphere arcs of great 
circlet both perpendicular and oblique, are drawn to any 
circumference, then, 

1. The ghorter perpendicular is le»s than any oblique; 

£. Two obliques cutting off equal arct from the foot 
of this perpendicular are equal; 

3. Of two obliques cutting off unequal arcs from the 
foot of this perpendicular, the one cutting off the greater 
arc is the greater. 




Given S, any circle of a sphere; P any point on the 
spherical surface; minor ares, PC 1. circumference 
S, p1, PB, Ph obliques ; Bb = CD, axiA AC > 6h 
or its equal BC. 

To prove that (1) PC <PB; 

(2) PB^PB; 

(3) PA> Pb 01' its equal PB. 
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Proof. 1. Suppose N the pole of S, on the same side of iS as 
P ; draw NA, ifB, J^. 

2. CP produced passes through N. Prop. XXII, cor, 2 

3. NB, or its equal NC, < NP + PB. Prop. XI, (a') 

4. ..PC<PB. Why? 

6. The radius oiQ S through C is ± to chord BD and 
bisects it as at Q (not shown in figure). Why ? 

6. .-.DB^ plane NP C. Why ? 

7. .-. plane d DQP = PQB, Why ? 
and plane A C^i> S 0-P.S- I, prop. I 

8. .■.PB = Fd. Ill, prop. IV 

9. PE+ EB> PB, and e1 > EB. Why ? 
10. .-. P£'+ MA, or pS, > fP. 

488. D^nition. The excess of the sum of the angles of 
a spherical n-gon over . (» — 2) straight angles is called the 
spherical excess of the n^on. 

Hence the sphencat exceaa of a 2^n (Inne), 3-gon (triangle), 4^n, 
is the excess of the sam of its angles over 0, I, 2 straight angles. 



BxeiciSM. 716. Prove tbat if in prop. XYl the word polyg</n is sub- 
stituted for triangle, the resulting theorem is true, and state the corollary 
that follows from it, analogous to corollary 1 of prop. XVI. 

717. What is meant b; the spherical excess of a spherical decagon? 
What is the spherical excels, in degrees, of a triangle whose angles are 
75", 90°, 100" ? 

71B. What is the spherical excess, in radians, of a triangle whose 
angles are 80°, 90°, 100° 7 Also of a triangle whose angles are 1, 2, and 
S radians, respectively ? 
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pBOPOBITIOJt XXIV. 



A tpheriazl triangle equals a lune whose 
angU u half the tpherieal exeeu of the triangle. 




Giren T, a spherical biai^le, with angles a, b, e. 

To pran that T = a lune whose ai^le is ^ (a + 6 + c — st. Z). 

Pnxrf. 1. Let A, B, C = lanes of A a, b, c, respectively (in 

the figure they are AA', BB", CC), and S = surface 

of sphere. 

2. A AB'C and A'BC are mutually equilateral, for 
AO^ CA = semicircumference = jVC + CA ; hence 
JR^ = AC, and so for the other sides. Ax. 3 

3. .-. A AB'C = A A'BC, so that 2"+ A AB'C = \xiD.eA. 

Prop. XXI 

4. .•.A-^{B-T) + {C-T)=i S, Ax. 8 
or T=i(^ + if+ C-ja'). AxB. 3, 7 

6. But ■■• i 5 = a lune whose Z is a st. Z, § 462 

■ ". r = a lune whose Z is ^ (a + 6 + c — st Z). 

COBOLLABT. A Spherical polygon equals a lune whose angle 
is half the spherical excess of the polygon. 

For tbe polygon can be cut into triuigles ss in Plane Oeometry. 

The practical method of measuiing a Bpherical polygon is given In 
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4. THE HEIfSITKATION OF THE SPHEBB. 
Pro POSITION XXV. 

490. Theorem. The area of the surface of a gpkere of 
radius r w 4 irsr'. 




k U' B'O 



Proof. 1. A semiciicle cut off by a diameter X'X, revolving 

about X'X as aa axis, generates a sphere. 

2. Let AB be one of a number of chorda inscribed in 
arc XBX', forming half of a regular polygon. 

Let OM ± AB, thus bisecting it; III, prop. V 

let AA', MM", BB; all be ± to X'X, and AC II JTX. 

3. Then AS, revolving about axis XX, generates the 
surface l=2wAB- M'M. Prop. Ill, cor. 2 

4. But ■.■ AACB-^ AMM'O, Why? 

.-. OM : WM^ ABiAG^AB: A'B'. 

5. .-.AB-M'M^A'B'-OM. IV, prop. I 

6. .•.l = 2wA'B'-0M. Subst. in3 

7. Summing for all frustums, including two cones, the 
sum of the lateral surfaces = 27r ■ OM- (X'A' + 
A'B'-\- ) = 27r- 0M-2r. Axs. 2, 8 

8. But if the number of sides increases indefinitely, the 
smn of the lateral surfaces — surface of sphere, s, 
and OM=r; 

.•.s = 2-n-T-2r = iin^. IV, prop. IX, cot. 1 
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491. DefinltlonB. That part of a spherical surface which 
is included betwieen two parallel plaues which cut or touch 
the surface, is called a 
tone. 

The solid bounded 
by the zone and the 
two parallel planes is 

called a spherical seg- ' lover bue la mto. 

ment. 

The distance between the two parallel planes determining a 
zone and a spherical segment is called the altitude of the zone 
and the segment. 

The circumferences in which the planes intersect the spher- 
ical surface are called the bases of tlie zone, and the circles are 
called the bases of the segment. 

In case of tangent planes the bases may one or both reduce to zero. 
If one base only reduces to zero, the zone, or segment, is said to have 

492. Definition. As a plane ai^le is often said to be 
measured by the ratio of the intercepted arc to the whole 
circumference (g 256), so a polyliedral angle is said to be 
measured by the ratio of the intercepted spherical polygon to 
the whole spherical surface. 

The practical method of measuring a polybedrat angle is given iu 
3 493, cor. 4. 

493. CoEOLLAEiES. 1. The area, of a sone of altitude &, ofi 
a sphere of radius r, is 2 wra. 

For, prop. XXV, step 7, the sum of the lateral anrfaccB may approach 
aa their limit a zone, in which case S'A' + A'B' ■+■ = a, and OM = r. 

2. The area of a lune of angle a {expressed in radian measure) 
on a sphere of radius r, is 2 at'. 

By prop. S, I: ijtr' = a :2ir. 

3. The area of a spherieal polygon of spherical exoeta a 
(expressed in radian measure') m ar*. 
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For by prop. XXIV, the polygon equals the liine whose angle ie a/2, 

.: the area = 2 ■ - ■ r^ = af, by cor. 2. 

4, The measure of a polyhedral angle whose intercepted 

spherical polygon has a spherical excess a is 7 — 

or' 
For by definition, S 490, It Is 7— ^■ 

6. The area generated by a chord of a circle revolving about 
a diameter which does not cut it, equals 2ir times the product 
of its projection on that diameter, and the distance from the 
CBTtter to the chord. (Why ?) 

6. The areas of two spheres are proportional to the squares 
of their radii. 

Exerciaea. 719. What ia the area of a epherical triangle the Bam ol 
whose angles Is 4 radians, od a sphere of radius 1 ft. ? 

72a Also of one the tram of whose angles Ib 270°, r being 2 ft. ? 

721. Also of one the sum of whose angles is 180°, on any sphere f 

722. Also of one the earn of whose angles is 237° 20', r being 10 in. ? 

723. Also of a spherical quadrilateral the sum of whose angles is 
417° 2»', on a sphere of radius 2 in. ? 

724. Also of a spherical pentagon tbe sum of whose angles is 4 straight 
angles, on a sphere of radius 5 iu. ? 

726. Wbat is the measure in radians of a polyhedral angle the spherical 
excess of whose intercepted spherical polygon is 8 ;i 7 

726. What is the ratio of a trihedral angle the sum of Uie angles of 
whose, intercepted spherical triangle is 1.6 n radians, to a tetrahedral 
angle the sum of the angles of whose intercepted spherical quadrilateral 
ia 2,&n radians ? 

727. What is tiie area of a spherical triangle whose angles are 70°, 
80°, 90°, on a sphere of diameter 20 in. ? 

72E Show Ihat a trirectangular triangle is its own polar. 

729. The locus of points on a. sphere, from which great-circle arcs 
perpendicular to the arms of an angle are equal, is the great-circle arc 
bisecting that angle. 
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494. Tbmmn. Two solids lying between two parallel 
planes^ and wueh that the two sections made by any plane 
parallel to the given planes are equal, are themselves equal. 



x/^^ 


<=-. \ 


RAtJ- 


-^^ 


o/ts=J 


ti=J 


,^rt;_.r^,,;,_^ 



S' 



^ 



Given two solids, S, S', lying between parallel planes, 
M, jV, and such that the two sections A, A', or B, 
B\ ..-, , made by any plane Q, or R, , are equal, 

i.e. a = a;b = B', 

To iwore that S= ^. 

Proof. 1. Let K, K' be two segments of S, S", lying between 
the sections A and B, and A' and B'; let the alti- 
tude of K, K' be 1/n of the altitude A of 5 and 5*. 

2. Suppose two straight lines to move so as always to 
be perpendicular to Q, and to touch the perimeters ' 
of A, A', thus generating two cylinders (or prisms, 
or combinations of cylinders and prisms) of altitude 
hfn as in Fig. 2. As the volumes of both prisms 
and cylinders are expressed by the same formula, 
V = bh, we may speak of these solids as cylinders, 
C, C. 

3. Then C= C, since they have equal bases and alti- 
tudes ; and so for other pairs of cylinders described 

in the same way, with altitude A/a. 
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4. .'. the sum of the solids like C= tlie sum of the 
solids like C", whatever n equals. 

6, But if n increases indefinitely, h/n decreases in- 
definitely, and it is evident that the sum of the 
solids like C—S, while the sum of the solids like 

c = s: 

6. -■.«=«'. IV, prop. IX, cor. 1 

495. This important proposition is known as Canlierl's 
tbeorem. It will be seen that VII, prop. XV, is merely a 
special case of this proposition. We shall base the mensura- 
tion of the volume of the sphere upon it Solids of this kind 
are often called Cavalierl tiodles. 

Exercises. 730. A spheriual triangle is to the snrface of the sphere 
as the Bpherical excess is to eight right angles. 

731. The locus of points on a sphere, from which great^rcle arcs to 
two fixed points on the sphere are equal, is the circumference of a great 
circle perpendicular to the arc joining those points at its mid-point. 

732. There is evidently a proposition of plane geometry analogous to 
Cavalieri'B theorem, beginning, " Two plane surfaces lying between two 
parallel lines " State this proposition and prove it. 

733. From ex. 732 prove tliat triangles having equal bases and equal 
altitudes are equal. 

734. What is the ratio of the surface of a sphere to the entire surface 
of its hemisphere ? 

736. Prove that the areas of zones on equal splieres are proportional 
to their altitudes. 

736. Find the ratio of the surfaces of two spheres, in terms of their 
radii, ri and r^. 

737. What is the ratio of tJie area of a great circle of a sphere to the 
area of its spherical surface ? 

738. If a meter is 0.0000001 of a quadrant of the earth's circumfer- 
ence, and the earth is assumed to be a sphere, how many square myiia- 
metets of surface has the earth ? 

739. What is the radius of the sphere whose area is 1 square nnit ? 
Answer to 0.001. 
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Proposition XXVII. 



496. Theoron. The volume of a sphere of radius i is 
expressed hy the formula v = f irr^. 




1. Suppose the sphere circumscribed by a cylinder, 
and suppose two cones formed with the bases of 
the cylinder as theii bases, aud their vertices at the 
center of the sphere. 

Suppose the solid to be cut by a plane Q, parallel 
to the bases, aad x distant from the center of the 
sphere. 

2. Then since x also equals the radius of the O cut 
from the cone, because the altitude of the cone 
equals the radius of its base, 

."■ area of ring CD between eone and cylinder 

3. But the area of the O AB cut from the sphere is 
also IT (r* — x^, because its radius is Vr* — x\ 

4. .'. the sphere and the difference between the cone 
and cylinder are two Cavalieri bodies, and .*. they 
are equal. Prop. XXVI 

6. .■•« = irr* ■ 2r - Trr* ■ ^ = J ir.i*. Why ? 
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Corollaries. 1. The volume of a sphere equals two- 
thirdt the volume of the dreuTiiscribed cylinder. (Archimedes's 
theorem.) 




The volume of the circumscribed cylinder 1b evidently nV ■ 2 r, or 2 nr'. 
And } jiH is j of 2 ?rr». 

2. The volume of a sphere equals the product of its surface 
by one-third of its radius. 

For the surface la 4 ni^, prop. XXV ; and J »T* = i r ■ 4 11^. 

3. The volumes of two spheres are proportional to the cubes 
of their radii. 

4. The volume of a spherical segment of one base, of altituiw 
a, is expressed by the formula v = ^ vra^ {3 r — a). 

For, aa in the theorem, it equals the dlBereace between a circular 
cylinder of radius'r and altitude a, and the frustum of a cone, of the 
sune altitude and with bases of radii r and (r — a). 

.-. V = xrH - i jra [r^ + (r - a)s + r (r - o)] Prop. IV, cor. 1 

497. Definitions. A spherical sector is the portion of a sphere 
generated by the revolution of a circular 
sector about any diameter of its circle as 

The base of the spherical sector is the 
zone generated by the are of the circtilar ^^!^miiii:a>~.. 
sector, and the altitude is the altitude of 
that zone. 

If the base of the spherical sector is a 
zone of one base only, the spherical sector 
is called a apherical cone. 
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CoROLLABiBS. 1. Tke volume of a spherical cone, whose base 
b has an altitude a, is ea^ressed by the formula v = | Tn'a, or 
v = Jbr. 

For it evideDliy equals the stim of a cone and a spherical Begment 
of one baae. What does the latter equal, by § 496, cor, 4 ? Show that 
the cone = j * (r - aKr" - (r - a)"]. Then add the resulte, and show 
that the sum is j nr^i. Bat 6 = 2 urn. (Why ?) 

2, The volume of a spherical sector, whose base is b and alti- 
tude a, is expressed by the formula v = f Tir'a, or v = J br. 
For it equals the difierence between two spherical cones. 
Suppose these to have altitudes ai, Os, 
and bases bi, b^, 
and volumes ci, i], respectively- 
Then B = »i - Ba = i jci^i - i wr^dj = j Jtrii (Oi - oa). 
Bntoi -a, = a. (Why?) 
.-. B = j jij^a. Now show tiiat ti = J t*r. 



EserciMS. 740. Show that if the directrix of a cylinder is the cir- 
cumference of a great circle of a sphere, and the generatrix is perpen- 
dicular to that circle, and the bases of the cylinder are circles tangent 
to the sphere, then the cylinder may be said to be circumscribed about 
the Bphere. 

741. After considering ex. 740, show that the surface of a sphere is 
two-thirds the entire surface of the circumscribed cylinder. (Archimedes.) 
743. Find the ratio of a spherical surface t« the cylindrical surface of 
the circumscribed cylinder. 

743. What is the radius of that sphere the number of square imits of 
whose area equals the number of linear units in the circumference of one 
of its great circles? 

he ratio of the entire surface of a cylinder circum- 

ihere to the entire surface of its hemisphere ? 

e area of the entire surface of a spherical segment the 

s are ri, ri, the radius of the s^ere being r f 

3 for its base a great circle of a sphere, and for its 

tt circle. Find the ratio of the curved surfaces of the 

re ; of the entire surfaces. 

the area of a zone of one base (the other base is zero) 

cie whose radius is the chord of the generatiDg am. 
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PsoPOSmON XXVIII. 

498. Theorem. The volume of a spherical aegment of 

altitude a, whose bases have radii rj, r^, is expressed by 

the formula 

V = i ira [3 (r," + r,*) + a'] , or 



Proof. 1. Let the above figure represent a aegment cut from 
the figure of prop. XXVII. 

2. Then if the distances of the circles of radii r, and 
Vt, from the center 0, are x^ and a:,, respectively, 
the radii, of the bases of the frustum of the cone 
are x, and x^- Why ? 

3. V = cylinder — frustum, Prop. XXVII, step 4 

= ttt'o — ^-Ta {Xi^ + a;,* + x^x^) Prop. IV, COrs. 1, 6 

= i TT* (6 r> - 2 3;i' - 2 x^x^ - 2x^') 

= i Tra [3 (r" - x,^ +3(r'-x,') + (x, - x,yy 

4. But '.' a=Xi — Xj , and »•,' = i' — x', 
and Tj' = r* — x,*, 

.■.r = i7r«[30-,' + r,*) + a»] 

Exercise. 748. Within an equilateral triangle of aide a is inscribed 
a circle ; the triangle revolves about one of its axes of symmetry, thus 
generating a sphere and a cone. Find the ratio of their curved surfaces. 

749. Also find the ratio of their entire surfaces. 
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SOLID QEOMETRY. 



5. SIBQLAS SOLIDS. 



499. The definitions of similar systems of points and similar 
iignies given in g§ 257, 258 aie not limited to plane figures. 
The lines forming the pencil need not be coplanar. In case 
they are not coplanar, a pencil of lines is often called a sliesf 
of lines. The similar figures may then be plane, or they may 
be curved surfaces, or solids, etc. The definitions and corol- 
laries on pages 182-184 are therefore the same for solid 
figures as for plane, and should be reviewed as part of this 
section. 

Polyhedra which have equal face and equal dihedral angles, 
and equal edges, but have these parts arranged in reverse 
order, are said to be symmetric. 

Tbe polyhedral angles are then respectively symmetric. 



Proposition XXIX. 

500. Theorem. If two polt/hedra are similar, their corre- 
tpondingface and dihedral angles are equal, their correspond- 
ing polyhedral angles are either congruent or symmetric, and 
their corresponding edges are in proportion, the constant 
ratio being the ratio of similitjide. 




Given two similar polyhedra, AjBiCi and AfBtCf 

or A,BiC, and AiBtC, 
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To TfTon that (1) Z. B^AiDi = Z £^jZ», or Z -B,^^, ; 

(2) dihedral angle with edge A,Bi = dihedral angle 
with edge A^Bf, or with edge AtBg; 

(3) polyhedral angle A^ ^ polyhedral angle At and 
is symmetric to polyhedral ai^le At as arranged in 
the %ure ; and 

(4) A^B, : JjB, = the ratio of similitude. 

Proof. 1. Let the polyhedra be placed in perspective (§ 259), 

the center of similitude, Jiii,(7, and ^^,(7, 

on one side of 0, and A^BxC^ on the other, 

2. Then as in IV, prop, XX, A^B^ II A^^ II ^»B, and 
D,Ai II D^At II DtAt . 

3. .■ . Z B,^iZ», = Z BiA^Dt = Z -B,-4,Z», , and similarly 
for other face angles, which prov.es (1), VI, prop. V 

4. The trihedral Z Ji = Z ^4, because the face A are 
respectively equal and similarly placed, and is sym- 
metric to Z ^t because the face angles are respec- 
tively equal and placed in reverse order. 

Prop. XXI, cor. 

6. So for the other trihedral Z. And '.' polyhedral 
Z, as i>i, I>2, I>t, can be cut into congruent or 
symmetric trihedral A similarly placed, as by the 
planes AiCiDi, ^jCjZ*j, AtC^Dt, they too are con- 
gruent or symmetric. 

6. .'. the dihedral A are equal, which proves (2), aud 
the corresponding polyhedral A are congruent or 
symmetric, which proves (3). 

7. The corresponding edges, as A^Bi, A^Bx, AjBa, 
being corresponding sides of similar A OAjBi, 
OA,Bf, OAgBs, have the ratio of similitude, which 
proves (4). 
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CoBOLLABiES. 1. If the Totio of ttmilUude is 1, the poljf- 
hedra are either eonyruent or aymmetric. 

2. Corretponding fatxs of tiaiUar polt/hedra are propor- 
tional to the squares of any two eorre^tonding edges. 

Step 7, and V, prop. IV, 

Pboposition XXX. 

SOL Theotem. Two similar polykedra can be. divided 
into tke tame number of tetrdhedra similar each to each 
and timilarli/ placed- 

Pnxtf. 1. In the ti^re below, the plane of Ai,Ct, A and ttie 
plane of A^, C„ i>, cut off tetrahedra AiB,CiI>i, 

2. Any point Pi in the one has a corresponding point 
P, in the other, such that OP, ; OP^ = the ratio of 
similitude. Why ? 

3. Hence the tetrahedra are similar. 



Proposition XXXI. 



502. Tbeorem. The volumes of similar polyhedra are i 
each other as the cubes of their corresponding edges. 



Oiren the similar polyhedra AiB^Ci , A^B^Ct , 

AtBiCt , havii^ volumes v,, w,, v,, respec- 
tively. 
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SIMILAR SOLIDS. 



367 



To prove that v, : w, = AiBi' : A^B/ , «,:», = AiBi' -. A^B^. 

Proof. 1. Place the polyhedra in perspective, as in the figure, 
the center of similitude being 0. 
Divide the polyhedra into similar tetrahedia, simi- 
larly placed, A^B^C-^D^, AiB^C^D^, A^BtCtDt, being 
corresponding tetrahedra. Prop. XXX 

Let (i, ij, tf represent the volumes of these respec- 
tive tetrahedra, pi, p^, pt their altitudes from 2),, 



i>,, i>(, and %, «j, at the 


areaE 


of A^iBiC,, 


JjBjCj, A^BtCt. 






2. Then '■' ti = ^piai. 






and t, = isp,a„ 






.-.(,:(, = p^a^-.p^. 






3. But a,:fflj = ^,Bi':^B/, 




V, prop. IV 


and », : », = A^i : A-^i = 


^,B, 


AB,. 



IV, prop. XX 

. .".pidx :^ja, = .^liJ,*: ^jBj*. IV, prop. VII, cor. 

.-. (i : (, = AyBi* : A^B^. From steps 2, 4 

Similarly the other tetrahedra are proportional to 

the cubes of their corresponding edges, which edges 

are proportional to the particular edges AxB^ and 

. .'. the sum of the tetrahedra making up the polyhe- 
dron AiBiCi has the same ratio to the sum of 

the tetrahedra makii^ up the polyhedron ^jB,C, 

as AjB' has to A,B^, or 



r, : 
Similarly vi : 



: A,B,\ 
■■ A,B,*, 



= AiBj> : 

= ^,B,» 

= A^B^" : A^Bt*, 

= BjCt' : BiC,', 
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Pbopohitiok XXXII. 

503. Theorem. Any two spheres are similar. 

Proof. Let the spheres be placed in concentric position. 

Then '■■ the ratio of their radii is constant any 
point on the surface of the one has on the surface 
of the other its similar point, with respect to the 
center, the ratio being r, : r,. 
.'. the spheres are similar. 



PapposiTioN XXXIIL 

904. HtMoem. Two right circular eylinders are similar 
yf their elements have the same ratio as the radii of their 
iawt. 




. Let the cylinders have the radii r^, r,, and the alti- 
tudes A), A,, respectively, and be placed with their 
axes in the same line, their mid-points coincid- 
ing at 0. 

Let the semi-altitudes be OAi, OA^, and let aline 
from cut the bases in B^, B^, not necessarily 
on the circumferences, and one from cut the 
cylindrical surfaces in (7,, Cj, respectively. 

. Then '.' the altitudes are proportional to the radii, 
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.-. 0^, : OJ, = 7-, : Tj. 

And •■■A^B^WA^j, Why? 

.-. 05, : OA = 0A^ : OA^ = r, : r,. IV, prop. X 

3. And '■' the axes coincide .'. the elements aie parallel, 
and .-. OC,-OCi = r,:ri. 

.'. the points of the respective cylinders are similar 
with respect to as a center. 

Corollaries. 1. The areas of the cylindrical surfaces' of 
two similar cylinders are proportional to the squares of their 
altitudes. 

For Oi = 2 Jirihi and nj = 2 jrrjAj. 

. «! _ '•i^i 
■ ■ a, rjAj 

■Rniv ..HI—SL ht, vrnT. TYTITT 



2. The volumes of two similar right circular cylinders are 
proportional to the cubes of their altitvdes. 



Pbofosition XXXIV. 

505. Theorem. Two right circular cones are similar if 

their altitudes have the game ratio as the radii of their 
bases. 

Place the bases in concentric position. The proof is then bo Bimllar to 
that oI prop. XXXni that it is left for the student. 

Corollaries. 1. The areas of the surfaces of two similar 
right circular cones are proportional to the squares of their 
altitudes. 

2. The volumes of two similar right circular cones are pro- 
portional to the cubes of their altitudes. 
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DZBBCISBiS. 



are respectiyely 3066 
* 49 to 1, nearly. 

761. The mean diameter of ilie planet Jupiter being 8S,S5T miles, 
find the ratio of ita volume to that of the earth. 

762. The sun's diameter is about 100 times the earth's. Find the 
ratio of their volumes. 

763. Wliat is the radius of that sphere whose number of square units 
of surface equals the number of cubic units of volume ? 

764. Also of that whose number of cubic units of volume equals the 
Dumber of square onlta of area of one of its great circlee. 

765. Also of that whose number of cubic units of volume equals the 
number of linear units of the circumference of a great circle. 

756. Two planes cut a sphere of radius 1 m, at distances O.g m and 
0.6 m from the center. Find. (1) the area of the zone between them, 
(2) the volume of the corresponding spherical segment. 

767. A solid cylinder 20 cm long and 2 cm in diameter is terminated 
b; two hemispheres. The solid is melted and molded into a sphere. 
Find the diameter of the sphere. 

768. A meter was originally intended to be 0.0000001 of a quadrant 
of the circumference of the earth. Assaming it to be such, and the earth 
to be a sphere, find its radius in kilometers. 

769. A cone, a sphere, and a cylinder have the same altitndes and 
diameters. Show that their volumes are in arithmetical progression. 

760. Given a sphere of radius 10. How far from its center most the 
eye be in order to see one-fourth of its surface ? 

781. If a tetrahedron is cut by a plane parallel to one of its faces, the 
tetrahedron cut off is similar to the first. 

7ffi. The areas of the surfaces of two similar polyhedra are proportional 
to the squares of their corresponding edges. 
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506. HDMBRICAI. TABIDS. 



FosMDLA OF Mbhsusation. The numbers refer to tbe p^es. Ab- 
breviations : b, base ; k, altitude ; r, radius ; a, area ; c, circumfereDce ; 
p, perimeter ; », slant height ; e, volume ; m, mid-«ectton. 



Parallelogram, 202, 


a = bh. Circle, 217, 224, c = 2jit. 


Triangle, 202, 


a = ibk. a=-nT'. 


Trapezoid, 202, 


a = i{b + V)h. An!,223, ^a-r. 


ParaUelepiped, 307, 


v = bh. 


Prism, 307, 


v = bk. 


Lateral area, right prisa 


L,298,a-pA. 


Prismatoid, 314, 


v = ik{b + V + im). 


Pyramid, 313, 


v = ibk. 


Lateral area, regular pyramid, 309, a = ips. 


Fmstum of pyramid, 316, 


v = ih{b + br+VW). 


Lateral area, frustum of regular pyramid, 309, a = i{p+p') 8. 


Right circular •qrVnder, 324, 


325, t> = 6A = ffj^A. Lateral a =ck = 2 jtrA. 


- Eight circular cone, 324, 325 


, v = ibh = ii&'h. 


-^ Lateral a = ixa = «rs. 




FruBt. of rt. circ. cone, 325, 


v^inhin^ + r^ + riu). 


Sphere, 855, 360, 


t. = 1 irr». Q = 4 !tr". 


Lune, 356, 


a= 2oy. 


Spherical polygon, 35C, 


a = ar^. 


Zone, 356, 


a = 2 nrA. 


Spherical segment, 363, 


i) = J:rA[3(ri^ + r,i')+A2]. 


Spherical sector, 362, 


r, = i^r^h = ibr. 


Most Impohtant Exp sessions involviho n. 


r = 3.141593. 


l/T = 0.31830989. 1807"' = 57''.29578. 


)r/4 -0.785388. 


1= = 0.86960440. 1/180= 0.01746. 


)r/3 = 1.047198. 


■v^ = 1.77246386. Approiimate values ; 


1* = 4.188790. 


l/Vn = 0.56418958. a = y = 3f, ii^. 


Cs&TAIN NUHERI 


CAL Results febocbntlt csed. 


V2 = 1.4142. 


VlO = 3.1623. -^6 =1.7100. 


v^ = 1.7321. 


Vj =0.7071. V6 =1.8171. 


V5 = 2.2361. 


■v^ = 1.2589. v7 = 1.9129. 


"v^ = 2.4496. 


V3 =1.4422. Vb =2.0801. 


V7 = 2.6468. 


^ =1.5874. ^^ = 2.1644. 
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507. BIOGKAPmCU, TABLE. 

The following table includes only those names mentioned in this woik, 
altiiough nnmerona others might profitably be considered l:^ the student. 
llie history of geometry may be said to begin in Egypt, the work of 
Ahmes, copied from a treatise of about 2600 b.c., containing numetouB 
geometric formulsB. The scientific stady of the subject did not begin, 
however, until Th&les visited that country, and carried the learning of 
the Egyptians back to Greece. The period of about four hundred years 
from Thales to Aichimedes may be called the golden age of geometry. 
The contributions of the latter to the mensuration of the circle and of 
cerl&ln solids practically closed the scientific study of the subject in 
ancient timee. Only a few contributors, snch aa Hero, Ptolemy, and 
Henelaus, added anything of importance during the eighteen hundred 
years which preceded the opening of the seventeenth century. Witiin 
the past three hundred years several Important propositions and numerous 
improvements in method have been added, but the great body of ele- 
mentary plane geometry is qult« as Euclid left it In recent times a 
new department has been created, known as Hodem Geometiy, involving 
an extensive study of loci, eollinearity, concurrence, and otiier subjects 
bejond the present range of tlie student's knowledge. 

The pronunciations here given are those of the Century Cyclopedia of 
Names. The first date indicates the year of birth, the second the year of 
death. All dates are *. n, unless the contrary is indicated by the sign — . 
The letter c. stands for cirsa, about, b. for torn, d. for died. Numbers 
after the biograplucal note refer to pages in this work. 

Ekt. L, Latin, Q. Greek, dim. diminutive, fern, feminine, 
a /at, fi faie, fi /or, ft fatX, it mk, a fare, 
e met, i mete, k her, 1 jitn, I jitne, o not, 
b note, 6 move, nor, u tub, U mute, fi puU. 
ii French nasalizing n. £h German ch. 

g as in l^tare. t as in nature. 

A dngle dot under a vowel indicates its abbreviation. 
A double dot under a vowel indicates tliat the vowel approaches the 
short sound of u, as in put. 
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Ahmes (&'mee). c. — 1700. Egyptian priest. Wrote the oldest 
extant work od matlieinatics 321 

Anaxagoras (tui-aks-ag'6-Tiw). - 499, - 428. Greek pliiloHopher 
ajid matheTii&Uciiui 225 

Arciiimedos (Sr-ki-me'dez). - 287, - 212. Syracuse, Sicily. The 
greatest matheinaticiaii and physicifit of antiquity . 87, 221, 363, 864 

Aryabhatta (b'-y^bhtt'ta). b. 476. One of the earliest Hindu 
mathemaiticians. Wrote on Algebra and Geometry 221 

Bhaskara (bhSs'ka-ra). 12th cent Hindu matheimiUcian ... 104 

Brahmagupta (briih-ma-gap'ta), b. 6B8. Hindu mstlieinatician. 
One of the earliest Indian writers 113, 221 

CajTiot (kSr-nO'j, Lazare Nicholas Marguerite, 1763, 1823. French 
phjHicist and mathematician. Contribated to Mod^^ Geom- 
etry 241, 242 

CaTaUeri (kfi-vit-ls-a're), Bonaventura. 1698, 1647. Prominent Ital- 
ian mathematician 351 

Ceulen (hoilen), Ludolph van. 1640, 1610. Dutch geometrician . 221 

Cera (chrvS), Giovanni. 1&48, c. 1737. Italian geometrician, 239, 241 

Dase (dii'ze), Zacharias. 1824, 1861. Famous German computer . 221 

Descartes (dSr-k^'), Ben^ 1596, 1660. Eminent French mathe- 
matician, phyucist, and philosopher. Founder of tlie science of 
Analytic Geometry 285 

Buclid (Q'kUd). c. — 300. Eminent writer on Geometry in the 
Alexandrian Scliool, at Alexandria, Egypt. Hia "Elements," 
the first scientific text-book on the subject, is still the standard 
in the schools of England 76, 162, 208 

Euier (oiler), Leonhard. 1707, 1783. Swiss. One of the greatest 
mathematicians of modem times 90, 108, 285, 289 

Oauss (gous), Karl Friedrich. 1777, 1855. German. Cue of the 
greatest mathematicians of modem times 208, 212 

Hero (hS'rO) of Alexandria. More properly Herou (he'ron). c. ~- 110. 
Celetirated Greek sorveyor and mechanician 221, 227 

Hippocrates (hi-pok'ra-tez) of Chios, b. c. — 470. Author of the 
first elementary t«xt~book on Geometi? 2!t0 

Jones (jOnz), WUliam. 1675-1749. English teacher 221 

Klein (kiln). Christian Felix. 1849. Professor at GSttingen . .226 

Iieibnitz (Ub'nils), Gottfried WUhelm. 1646, 1716. Equally cele- 
brated as a philosopher and a mathematician. One of the founders 
of the science of the Calculus 28, 182 

Lindemann (lin'de-m^), Ferdinand, b. 1852. German professor 226 
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Meistnr (inls't«r), Albrecht. 1724-1788. German mathematician . 98 

Meoelaus (men-«-l&'us). c. 100. Greek mathemaUcian and astrono- 
mer. One of the earl; writers on Trigonometry . . 240, 242, 243 

Meljua (met'ins). Antbonlaz, Adriren. Called MeUus from Metz, 
hia birthplace. 1527-1607 321 

Monge (mOAzb), Gaspard. 174S, 181B. French. Founder of the 
science of Descriptive Geometry. One of the fonndera of tbe 
Polytechnic School of Paris 97 

CBnopidea (e-nop'i-dez). c, - 165. Early Greek Geometer ... 72 

Pascal {pas-kSl'), Bluse. 1828, 1662. Celebrated French inathemaU- 
cian, physicist, and phUosopher 241 

Plato (pla'W). c. - 429, - 348. Greek philosopher and founder 
of a Bchoot that contributed extensively to Geometry, 68, 106, 152, 286 

Polhenot (piRo-nS'), Laurent, d. 1732. French professor . . . 157 

Ptolemy (tol'e-mi). Claudius Ptolemaus. 67, 165. One of the 
greatest of astronomers, geographers, and geometers of the later 
Greeks 221, 228 

Pyth^oras (pi-thag'O-ras). c. — 580, c. — 601. Founder of a cele- 
brated school in Lower Italy. One of the foremost of the early 
mathematicians 49, 103, 286 

Hichter (riih'ter). 1854. German computer 221 

Thales (thaaez). - 640, - 548. One of the Seven Wise Men of 
Greece. Introduced the study of Geometry from Egypt, 26, 117, 131 

Vega, Georg, Freiherr von. 1766-1802. Professor of mathe- 
matics at Vienna 221 
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TABLE OF ETYMOLOGIES. 



This table includes such of the pronunciations and etymologies of liie 
more common t«rms of Geometry as are of greatest value h> the student. 
The equivalent foreign word is not always given, but rather the primitive 
root as being more helpful. The pronunciations and etymologies are 
those of the Century Dictionary. See BiographictJ Table, p. 372. 



Abscissa (ab-sis'a). L. cut oB. 
Acute (a-klit'). L. aeritvs, sharp. 



Adjacent (a-jil'se 

jacere, lie. 
Angle (ang'gl). 



It). L. od, t 



L. angulua, a cor- 
; O. atikyloi, bent. 
Antecedent (an-tfi-se'dent). L. ante, 

before, + cedere, go. 
Bisect (bl-sekf). L. 6i-, two-, + 

Center (sen't^r). L. centrum, center; 

G. fcenfron, from fcentein, to prick. 
Centroid (sen'troid). 0. kentron, 

center, + eidos, form. 
Chord (tdrd), G. cAorde, string. 
Circle (sirTti). L, circulus, dim. of 

circus (G. kirkos), a ring. 
Circumference (sfer-kum'fe-rens). 

L. circwn, around (see Circle), 

Coliinear (ko-lin'f-ftr). L. com-, 

together, + tinea, line. 
Commensurable (kp-mcn'sg-ra-bl). 



Complement (kom'pl^ment). L. 
comptementum, that which fills, 
from com- (inlenHive) + plere, fill. 



Concave (kon'-kAv). L. com- (in- 
tensive) + cai»ia, hollow. 

Concentric (kon-sen'trik). L. am-, 
together, + centrum, center. 

Concurrent (kpn-kur'ent). L. con-, 
together, + currere, run. 

Concyclic (kon-sik'lik). L. con-, 
together, + cyclicua, from G. 
kyklikos, from kyklox, a circle, 
related to kyliein, roll (compare ■ 
Cylinder). 

Congruent (kong'grij-ent). L. con- 
gmere, U> agree. 

Consequent (kon'sf-kwent). L. 
COTi-, together, + sequi, follow. 

Constant (kon'stant). L. con-, to- 
gether, + stare, stand. 

Converse (kon'vers). L. eon-, to- 
gether, + vertere, Cum. 

Convex (kon'veks). L. convex.a», 
vaulted, from eon-, together, + 
veherc, carry. 

Corollary (kor'q-14-ri), L. coroltct- 
Tium, a gift, money paid for a 
garland of flowers, from corolla. 

Cylinder (sil'in-der). G. kylindros, 
from ftyfiein 
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Decagon (dek'a-gon). 0. deka, ten, 

+ gonla, an angle. 
Degree (dfi-grt'). L. de, down, + 

gradua, Bl«p. 
Diagonal (dl-ag'O-nal). G. dia, 

through, + gotiia, a corner, an 

Diaraeter (di-am'e-l«r). G. dia, 

through, + metron, a measure. 
Dihedral (dl-hCdral). G. di-, two, 

+ Aedra, a seat. 
Dimension (di-men'ahpn). L, dia-, 

apart, + metiri, measure. See 

Measure. 
Directrix (di-rek'triks). L. feni, 

of director, from directua, direct. 
Dodecahedron (d5"dek-a-h6'dron). 

G. dodeka, twelve, + kedra, a 

Equal (eicwal). L. (sqaeUia, equal, 

from CBqaus, plain. 
Equiangular (S-kwi-ang'ga-llir). L. 

cequua, equal, + angulus, angit 
Equilateral (e-kwi-tat'e-rAl). I 

aquut, equal, + UUm, side. 
Equivalent (6-kwiv'fi.lent). I 

teqiiug, equal, + eiUere, be strong. 
Escribed (es-kribd'). L. e, out, + 

scribere, write. 
Escess (ek-sesO. L. ex, out, + 

cedere, go ; i.e. to pass beyond. 
Fnulum (frus^tum). L. a piece. 
Qeneratrix (jen'c-rS-triks). L. fern. 

of generator, from generate, beget, 

from genus, a race. 
Geometry (j^-om'e-tri). G. ge, the 

eartli, + metroit, a measure, 
-gon, a tenninnlion, G. gonia, an 

angle. 
Harmonic (har-mon'ik). G. har- 

monia, a concord, related to har- 

mos, a joining. A line divided 



internally and externally in the 
ratio 2 : 1, is cut into segments 
representing 1, f, i. Pythago- 
ras first discovered that a. vibrat- 
ing string stopped at half its 
length gave the octave of the 
original note, and stopped at 
two-thirds of its length gave 
tJie fifth. Hence the expression 
" harmonic division " of a line. 

Iiemisphere(hew'i-6f6r). G. Aeiiii-, 
half, + sphaira, a sphere. 

-hedron, a termination, G. hedra, 

Hepta-, in combination, G. seven. 
Heia-, in combination, G. six. 
Hexagram (hek'ga-gram). G. hex, 

six, + gramma, a, line. 
Hypotenuse (hl-pot'e-nHs). G.hj/po. 

under, + teinein, stretch. 
Inclination {in-kli-n&'shp&). L. 

on, -I- clinare, lean. 
Incommensurable (in-k^men 

ra-bl). L. in-, not, + com-. 



Infinity (in-flnl-ti). L 
-i-fireitua, bounded. 

Inscribed (in-skribd'). 
-(- scribere, write. 

Isosceles (i-sos'e-lfez). 
equal, -^ aketos, leg. 

Lateral (lat'e-rsl). 



L. latjii, I 






Locus (I5'kus). L. a place, 
pare locality. 

Lnne (iQn). L. bma, the moon. 

Major (mS'jor). L. greater, com- 
parative of magnua, great. 

Maximum (mak'si-mum). L. great- 
est, superlative of magnus, 

Mean (men). L. medius, middle. 



TABLE OF ETYMOLOaiES. 



377 



Meaaure (mezb'flr). L. menmra, 
I a measuring. See Dimension, 

f Median (me'di-an), See Mean. 

Mensuration (meu-eQ-r&'sbpn). See 

Measure. 
Minimum (min'i-mnm). L. least. 
Minor (mi'uor). L. lesB. 
nappe (nap). French, a clotli, 

sheet, surface. 
Oblique (ob-lek' or pb-Iik^. L. 06, 

before, + liquis, sianting. 
Obtuse (ub-tQs'). L. uUuaul, blunt, 

from 06, upon, + tundere, strike. 
Octo-, octa-, in combination, L. and 
'■ G,, eight. 

Oppoalle (op'S-zit). L. ob, before, 

agiuust, + ponere, put, set. 
Ordinate (Or'di-nat). L. ordo {or- 

Ortliocenter (0r'tli9-sen-Ur). G. 
orOw-, straight, + kentron,a6M&t. 

Orthogonal (Or-thog'0-nal). G. 
orthot, right, + gotiia, an angle. 

Parallel (par'a-lel). G. para^ be- 
' Bide, + alteUm, one another. 

Parallelepiped (par-a-lel-e-plp'ed or 
-pl'ped). Gr. paridl^os, parallel, 
+ eplpedon, a plaue surface, from 
epi, on, +pedon, ground. 

Parallelogram (par-a-lero-gram). 
G. paralielos, parallel, -|- ftramma, 

Pedal (ped'al or pS'dal). L. pida- 

lis, pertaiuing to the foot, from 

pes tped-), toot. 
Pencil (pen'sil). L. paHeillum, a 

punters' pencil, a brush. 
Perigon (pert-gon). G. peri, 

around, + gonia, a comer, angle. 
Perimeter (p6-rim'e-ter). G. peri, 

around, + metron, measure. 
Perpendicular (p^r-pen-dikii-iar). 



L. perpendioilvm, a plumb-line, 

from per, through, + pendere, 

hang. 
Perspective (pfir-apek'tiv). L. per, 

through, + specere, see. 
X (pi). IniUal of G. peripherela, 

periphery, circumference. 
Pole (pOl). G. polos, a pivot, hinge, 

axis, pole. 
Polygon (pol'i-gon). G. poly», 

taaay, ■+ gonia, comer, angle. 
Polyhedron, (pol-i-bf'dron) (!, 

polya, many, + hedra, seat. 
Postulate (pos't(l-13,t). I., postulo- 

turn, a demand, from potcere, 

Prisra (priziii). G. jtriwiin, some- 
thing sawed, from priein, saw. 

Prismatoid (priz'ma-lold). G. pris- 
ma (t-), + eidoi, form. 

Projection (pr5-jek'shpn). L. pro, 
forth, + jacere, tlaiivi. 

Pyramid (pir'a-inid). G. pyratiiig, 
a pyramid, perhaps from Egyp- 
tian ptr-eni-Hs, the slauting edge 
of a pyramid. 

Quadrant (kwod'rant). L. quad- 
ran(t-)s, a fourth part. See 
Quadrilateral. 

Quadrilateral (kwod-ri-lat'e-ral). L. 
quatiuor {quadri-}, four, + lotus, 
(iaier-), side. 

Hadius (riL'di-us). L. rod, spuke 
of a wheel. 

Ratio (rft'shin). L. a reckoning, 
calculation, from reri, think, 
estimate. 

Reciprocal (rB-sip'rC-kal). L. re- 
clpraeua, returning, from re-, 
back, and pro, forward, with 
two adjective tenniuatlons. 

Rectangle (rek'tang-gl). L. rectus, 
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right, 4 onguJi 

Angle. 
Rectilinear (rek-ti-Ua' ,-tir). L. rec- 
tus, r[gbt, + Imea, a line. 
Reflex (re'fleks or re-fleks'). L. 

re-, back, + Jleetere, bend. 
Regular (reg'Q-lSr). L. regitta, a 

rule, from regere, rule, govern. 
Hbombus (rom'bua). Q. rhombos, 

a spinning top. 
Scalene (ska^len'). G. aktUews, 

uneven, unequal ; related to^el- 

h», crooked-legged. 
Secant (se'kaDt). L. *ecare, out, 

as also Sector, Section, Seg- 

Segment (seg'ment). See Secant. 
Semicircle (sem'i-B^r-kl). L. eemi-, 

half, + circuits, cirele. 
Similar (sim'M&r). L. similU, like. 
Solid (Bol'id). L. lolidw. Arm, 

compact. 
Sphere (sfer). G. aphaira, a ball. 
Square (skwir). L. quadra, a 

square, from quattuor, four. 
Straight (strftt). Anglo-Saxon, 

ttreht, from ttreecan, stretch. 
Subtend (sub-tend'). L.suA, under, 

-I- tenders, stretch. 
Successive (suk-ses'iv). L. sub, un- 
der, -f- cedere, go. 
Sum (snm). L, gumma, highest 

pan. Compare Summit. 
Superposition (sQ'per-pO-ziah'on). 

L. tuper, over, + ponere, lay. 



(sup'lg-ment). L. »u&, 
under, + plere, fill ; to 811 up. 

Surface (sir-fOa), L. supetftciea, 
surface, from super, above, -|- 
/aciea, form, figure, face. 

Symbol (81011)01). G. gyn^los, a 
sign by which one infers some- 
thing, from •vn, together, + bal- 
lein, put. 

Tangent (tan'jent). L. tangere. 

Tetrahedron (tet-ra-hB'dran). Q. 

letra-, four, + kedra, seat. 
Theorem (thE'0-tem). G. fAeorema, 

asight, aprlnciple contemplated. 
Transversal (trans-v^r'sal). I>. 

trans, across, -(- verUre, turn. 
Trapezium (trS-pS'zl-um). G. (ro- 

pexion, a table, dim. of trapeza, 

a table, from telra, four, + pou*, 

Trapezoid {tra-p6'zoid). O.trapeza, 
table, + eidog, form. 

Tri-, in composition, L, (res (tri-), 
G. treis {tri-), three. See Secant, 
-hedron, Angle, for meaning of 
trisect, trihedral, triangle. 

Truncal* (trung'kat). L. (mncore, 
cut off, from Old L. (rtmcu*, cut 
oft, mutilated. 

Unique (ll-nekO, L. unicuj, from 

Vertei (vSr'teks). L. oerfere, turn. 
Zone (zOn). O. tone, a girdle, 
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Abbreviations 

Acute angle 6, ! 

Acute-angled triangle . . . 

Adjacent angles , . . . 6, : 

" polygons .... 

A1ternat« angles 

Alternation 

Altitude SO, 295, 313, 321, 3M, : 

Ambiguous case 

Analysis TO, 

Angle . 5, 115, 151, 25fl, 261, 
265, 334, : 

Antecedent 

Antiparallel 

Apotbem : 

Arc 67, 

Area 112, : 

Assumed constructions . . . 
Axioms ........ 

AjcIb . . . . 29, 265, 321, ; 

Base, 23, 29, 69, 262, 295, 321, 

356, ; 

Birectangular triangle . . . ; 

Bisect 4, 6, ! 

Broken line 

Cavalieri's theorem . , . . ; 
Center 07, 114, : 

" line 

" of mass (gravity) . . 

" of polygon . . . . ! 

" of simiiitude .... 



Center of sjrmmetry . . . ; 

" segment ' 

Central angle 

" symnietry . . . . : 

Centroid 

Chord 

Circle 67, 114, ; 

Circular cone .... 321, ; 

" cylinder ; 

Circumceuter 

Circumference . . . 
Circumscribed, 136, 212, 322, ; 

CoUinear 84, ! 

Commensurable 

Complement ... 8, 115, ' 

Composition 

Concave 54, 283, . 

Concentric 

Conciurent 84, ' 

Concyolic 

Cone 321, 322, . 

" of revolution . . . . . 

Congruent 23, 

Conical surface, space ... 
Conjugate . , , . 8, 115, ' 
Consecutive angles .... 

Consequent 

Constant 

Contact 125, ■ 

Converse 

Convex . . . . 7, 64, 283, ■ 
Coplanar : 
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Corollary 

Corresponding angles 

" segments, points, 

17», I 
Coonter-clochwlse .... 

Cross polygons 

Carve < 

Curved surface 3 

Cylinder 3 

" of revolution ... 3: 
Cylindrical surface, space . . 3 

Degree 5, 2: 

Determined . . . . 3, 26, . 

Diagonal 22, 2: 

Diagonal scale 1< 

Diameter . . . .67, 114, 3: 
Difference . . 4, C, 90, 115, 2< 

Dihedral 2' 

DimeuBions 3' 

Directrix 317, 3: 

Distance .... 29, 269, 2< 

Disbibative law 

Division 164, 1 

IMviaion, internal and external, 

96, 1 
Edges . 265, 274, 283, 291, 2 

Element 317, 3 

Equal . . 6, 24, 90, 114, 2 

Equiangular 

Equilateral 

Equivalent 24, 

Escribed 1 

Ex-center 

EiceBH, Spherical . . . . 3- 
Exterior angles . . . . 22, ' 
Extreme and mean ratio . . 1' 

Extremes 1' 

Faces . 2fi5, 274, 283, 291, 2 

Fourth proportional . . . . 1 
Frustum 295, 3 



General polygon 54 

Generalization of flguies . . 56 

Generatrix 317, 321 

Geometry 1, 9, 21 

Geometric mean 166 

Golden section , . . 196, 197 

Great circle 327 

Harmonic division .... 17^ 

Hemisphere 328 

Hero's formula 227 

Hexagram, Mystic .... 241 

Hypotenuse GO 

In-center 89 

Inclination 266 

Incommensurable . . . .160 

Indirect proof 14 

Infinity 170, 174 

Inscribed, 128, 136, 167, 212, 

323, 334 
Instruments of geometry . , 208 
Interior angles .... 22, 43 

Inversion 163 

Isoperimetric 229 

Iso8c«lea 28, 69 

Lateral area 298 

Law ot Converse 34 

Limit .... 107, 216, 323 

Line 2, 3 

Locus 80, 156 

Ludolphian number .... 221 

Lune 336 

Major 116, 128 

Maximum 229 

Mean proportional .... 166 

Means 161 

Measure, 112, 117, 129, 169, 

202, 260, 366 

Median 28 

" section 196 

Mensuration, 112, 226, 299, 356 
Methods of attack . 35, 70, 152 



Mid-point 4 

Minimum 229 

Minor 115, 128 

Motion 24 

Mutually equiangular, etc. . 22 
Mystic hexagram .... 241 

Nappes 321 

Negative .... 66, 97, 98 
Bine points circle .... 243 
Number, 101, 159, 166, 201, 306 

Oblique T, 262, 266 

" circular cone . . . 321 

" cylinder 318 

" prism 291 

Obtuse angle 7, 266 

Obtuse-angled triangle ... 60 
One-to-one correspondence, 

101, 169 
Opposite ... 8, 59, 276, 

Orthocenter 

Orthogonal 

Parallel ... 43, 46, 262, 270 

Parallelepiped 288 

Parallelogram 59 

Parts of polygon 22 

Pedal triangle 137 

Pencil .... 170, 265, 270 
Perigon ........ 5 

Perimeter 21 

Perpendicular . 7, 252, 266, 352 

PerspecUve 183 

« 217, 220-222 

Plane 4, 244 

" figure. Geometry ... 21 
" of symmetry . . . . 289 

Platonic bodies 286 

Point 2 

Polar distance 329 

" triangle, polyhedral 

angle .... 342, 345 



Polygon . . . 21, 54, 335, 3 
Polyhedral angle . . . 271, 3 

Polyhedron 2 

Positive and negative . . 56, 
Postulates, 9, 10, 24, 46, 68, 

216, 245, 318, 322, 3 
Preliminary propositions . . 

Prism 2 

Prismatic surface, space . . 2 

Prismatoid 3 

Problem 

Produced 

Product of lines . 166, 201, 3 
Projection . . . 104, 256, 2 

Proof 19, 

ProporUon 1 

Proposition 

Pyramid 2 

Pyramidal surface, space . . 2 
Pythagorean Theorem, 102, 

103, 2 

Quadrant 115, 3 

Quadrature of the circle . . 2 

Quadrilateral 

Radian 2 

Radius ... 67, 114, 214, 3 

Ratio 169, 1 

Reciprocal Theorems, 27, 101, 3 

Rectangle 60, 

Rectangular parallelepiped . 2 

Rectilinear figure 

Reductio ad absurdum . 14, 1 

Reflex angle 

Regular polygon 

" polyhedron . . 283, 2 

" pyramid 3 

Rhombus 

Bight angle 7, i 

Right-angled triangle . . . 
Right circular cone . . . . { 
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Right section .... 291, 3 

Rotation ; 

Scalene 

Secant . 1 

Sector 115, a 

• Segment ... 3, 95, 128. 3i 

Semicircle 1 

Semicircu inference .... I 

Sense of lines and surfacee, 56, I 

Sheaf of lines 31 

Side ! 

Similiir systems of points, 

figures ... 23, 183, 3i 

Slant height . . 308, 332, 3! 

Small circle 3! 

Solid 1- 

" angle 2! 

" Geometry 3' 

Sphere 3i 

Spherical cone 31 

" excesB 3i 

" polygon .... 3: 

" sector 31 

" eegment .... 31 

" surface 3; 

" wedge 3; 

Square 60, 1 

Squaring the circle 2'. 

Straight angle 6, 31 






Subtend . 



Sum ... 4, 5, 90, 116, 366 

Superposition 23 

Supplement ... 8, 115, 266 
Surface, 3, 21, 273, 2S1, 292, 

294, 317, 321, 326 

Symbols ..." 12 

Symmetry, 29, 183, 233, 276, 339 

Tables 371 

Tangent .... 126, 143, 333 
Terms of a proportion . . .161 

TetrahedrJ 274 

Theorem 9 

Third proportional .... 195 

Touch 126, 143 

Transversal 43 

Transverse section, 

291, 294, 317, 321 

Trapezium 69 

Trapezoid 69 

Triangle 32, 342 

Trihedral 374 

Trisect 87 

Truncated pyramid .... 296 

nnique 7 

Unit 112, 169, 202 

Variable 167 

Vertex, 5, 21, 23, 170, 283, 

294, 296, 321 

Vertical 8, 266 

Wedge 315, 338 

Zone 366 
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